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1. Introduction
At the dawn of the third decade of the third millennium, particle physics seems stranded in an awkward
intrigue. The celebrated theoretical construction known as the Standard Model (SM) has been established
as the correct description of fundamental phenomena down to scales of the order of 10−16 cm. However,
a certain number of observations including dark matter (DM), neutrino masses mν , and the cosmological
matter-antimatter asymmetry ηb, remain unaccounted within the SM, and constitute indisputable evidences
that the present theory must be extended. Besides this, the SM discomfits particle physicists because of a
certain number of theoretical distresses generically related with exceedingly small numbers, that are usually
referred to as problems of naturalness, as for example the value of the cosmological constant (dark energy)
in units of the Planck mass Λ ∼ 10−31mPl, the electroweak breaking vacuum expectation value (VEV)
v ∼ 10−17mPl, the CP violating QCD angle θ <∼ 10−10.1
Theoretical constructions that extend the SM are clearly more appealing when they are able to solve
more than one of the previous issues with the same amount of theoretical input. A well known case is
supersymmetry equipped with an R-parity symmetry to forbid fast proton decay, which protects the value
of v/mPl from quantum corrections, and at the same time predicts that a new stable particle, which shares all
the properties of a good DM candidate, must exist. Another example is the type-I seesaw model for neutrino
masses which, besides accounting for the suppression of the neutrino mass scale [6–9], can also yield quite
naturally a cosmological baryon asymmetry of the correct size [10]. The serious drawbacks of these two
theories are that supersymmetry has not been found at the LHC, while the experimental verification of
type-I seesaw leptogenesis remains well outside the reach of all current experiments [11–15].
A third example of a ‘two birds with one stone’ theory is provided by the axion [16, 17]. In an effective
field theory (EFT) description, the SM is extended by introducing a single new massless pseudo-scalar
particle a, the axion, for which only one coupling is mandatory, namely an effective coupling to the CP
violating topological gluon density (a/fa + θ)GG˜, where fa is the scale suppressing the effective operator,
G = Gµν is the gluon field strength tensor, G˜µν its dual, and we have added to the axion-gluon operator
the infamous CP violating θ term. Such a simple extension has astonishingly far reaching consequences:
the strong CP problem is solved because the minimum of the vacuum energy occurs when the coefficient
of GG˜ vanishes [18]. Thus, by acquiring a suitable VEV, the axion disposes of the perilous CP violating
operator. In performing this task, the axion acquires a tiny mass, and in this process a cosmological
population of zero momentum excitations, which nowadays still sums to the energy density of the Universe,
is unavoidably produced. Hence axions definitely contribute to the DM. Whether they can wholly account
for it remains, for the time being, an open question. Solving the strong CP problem and providing a natural
DM candidate by no means exhausts the role of axions in fundamental physics. Axion phenomenology
crosses boundaries between particle physics, astrophysics and cosmology, it is replete with interdisciplinary
connections which have already provided fruitful insights into different domains of physics. Axions have
unusually intriguing features, although deeply interwoven with QCD, they interact more feebly than all
SM particles, and although their typical mass is much smaller than the mass of at least two types of
neutrinos, they might dominate the matter content of our Universe. Moreover, differently from the case of
supersymmetry, current experimental searches have so far only been able to cut out relatively small regions
of the parameter space in which the QCD axion can naturally live, but differently from leptogenesis, the
axion hypothesis is within the reach of experimental verification, and it is conceivable, for example, that
the canonical axion DM mass window could be thoroughly explored within the next one or two decades. If
ever discovered, there is little doubt that the existence of axions would reshape more than one branch of
fundamental physics.
The axion has been so far introduced by postulating a non-renormalizable axion-gluon operator. In
quantum field theory (QFT) there is a simple prescription for constructing a renormalizable completion
1These small number problems do not stand on the same footing. For example a tiny value of θ is technically natural, in
the sense that it does not get lifted by quantum corrections. On the other hand, while anthropic or environmental selection
arguments can provide explanations for the values of Λ [1] and v [2, 3], a value of θQCD many orders of magnitude larger than
the experimental limit would still leave our Universe basically unaffected [4, 5].
4
whose low-energy limit matches the required form of the effective action density. What is needed is a
Lagrangian equipped with a global U(1)PQ symmetry, exact at the classical level but broken at the quantum
level by a colour anomaly, that undergoes spontaneous breaking at some high energy scale. Such a symmetry
is known as Peccei-Quinn (PQ) symmetry after its proposers [19, 20].2 As we will see in the next sections,
the pseudo-Nambu Goldstone Boson (pNGB) resulting from such a broken symmetry exhibits precisely the
properties required for an axion.
The result of dressing the QFT prescription with a complete model is, however, far from being unique.
For example, in many cases different realizations of the PQ symmetry give rise to axions that do not interact
only with the gluons, but that couple also to other SM particles. This indeed enriches in many aspects the
subject of axion phenomenology. In particular, it provides additional important channels for experimental
axion searches. However, the continuous proliferation of new theoretical constructions, that has received a
major boost especially in recent years, has brought to a state of affairs in which it is rather arduous for
experimental and theoretical researchers to attain a sufficiently complete and reliable acquaintance with the
vast literature on axion models. Hence, we believe that an updated account of new (and old) theoretical
ideas in axion model building, which we feel is lacking in the literature, could be timely and useful.
The aim of this work is to review the landscape of QFT realizations of the PQ symmetry.3 A reasoned
classification of the babel of axion models is accomplished by pinpointing theoretical constructions that
predict unusual properties of the axion, especially in relation to the different experimental approaches that
could be pursued for their detection, as for example enhanced or suppressed couplings to specific SM states,
or unconventional mass regions where the axion could saturate the DM density. Although presently axion
searches rely almost exclusively on axion couplings to photons, a number of novel detection concepts which
exploit cutting-edge techniques has been recently put forth with the aim of searching for axions through their
couplings to nucleons or electrons. Even if in most cases only pathfinder or demonstrative small-scale setups
have been commissioned, which generally have projected sensitivities that hardly reach into the parameter
space regions hinted by most popular axion models, other less known theoretical constructions could be
probed, constrained or ruled out by these experiments, which can then effectively contribute to circumscribe
the realm of viable axion models. We thus expect that the experimental community of axion hunters could
benefit from the classification scheme that we have adopted.
This Review is self contained, it includes pedagogical, but at the same time sufficiently detailed intro-
ductions to axion theory, cosmology, astrophysics and experimental searches, that are intended to provide
guidance to the neophyte, whether she is a young student planning to orient her researches towards axion
physics, or an experienced colleague active in a different domain of physics, but willing to get insights in
a field that is currently experiencing a blooming phase. Experts in the field can instead browse quickly
through the most pedagogical parts, and focus directly on the sections of their interest.
We start in Section 2 with a description of the origin of the strong CP problem and of the PQ mechanism
that solves it. We then review model-independent properties of the axion (mass and couplings) illustrating
how they can be derived from a chiral Lagrangian formulation. Model-dependent features are addressed
here only for two popular benchmark constructions, universally known as KSVZ and DFSZ axion models.
An introduction to flavour violating axion couplings and a brief discussion of CP violating couplings are also
included. We conclude this section with some remarks about possible sources of explicit breaking of the PQ
symmetry and the way they could endanger the effectiveness of the PQ mechanism. Excellent reviews exist
in the literature that address in more depth some of these topics. Coleman’s Erice lectures [21] contain an
enlightening treatment of the QCD vacuum and of the strong CP problem. Early reviews on axion theory
can be found in Refs. [22–24]. More recent accounts are given in Ref. [25] and in the review of Kim and
Carosi [26].
2Historically, axion theory developed in the reverse order: the PQ symmetry was invented first, and only subsequently it
was realized that the PQ mechanism implied the existence of a very light pseudo-scalar boson [16, 17].
3We will only target genuine QCD axion models, that is, models that generate an effective axion-gluon operator and that
solve the strong CP problem. Other types of very light pseudo-scalar particles that share some of the properties of the QCD
axion, but do not solve the strong CP problem, and that are commonly denoted as axion-like particles (ALPs), are not touched
on in this Review.
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Section 3 addresses axion cosmology. After a basic introduction to the physics of the early Universe, we
recall the properties of the axion potential and of the axion mass at temperatures around the QCD phase
transition. Then we describe the misalignment mechanism as a source of a relic density of axions. The issue
of cosmic topological defects which arise during axion-related phase transitions is also briefly addressed, as
well as the constraints from axion isocurvature fluctuations that apply when the PQ symmetry is broken
before inflation. Next we discuss the canonical mass window within which axions can saturate the DM relic
density. We conclude this section with a brief overview of axion miniclusters and axion stars. An excellent
review on the theory and cosmology of axions can be found in Ref. [27]. Another review of the cosmological
role of axions, which also addresses the cosmology of axions superpartners in supersymmetric models, is
Ref. [28]. A more recent and rather complete account of axion cosmology is given in Ref. [29].
Section 4 is devoted to a thorough description of the role of axions in astrophysics. The layout of the
discussion analyzes axion couplings to SM states one at the time, and describes in which particular stellar
environment and for which reasons each coupling becomes particularly relevant. This section also contains
an updated summary of astrophysical bounds on the different types of couplings. The astrophysics of axions
has been the subject of thorough investigations since the time the axion was invented. An early compilation
of astrophysical bounds from stars can be found in Ref. [30]. The early reviews of Turner [31] and Raffelt [32]
are still actual as concerns many qualitative aspects of axion astrophysics, and remain important references.
Two accounts of astrophysical axion bounds dating around year 2006 can be found in Refs. [33] and [34]. A
recent review which also includes an assessment of the astrophysical hints for the existence of axions which
can be inferred from some anomalies observed in specific phases of stellar evolution can be found in Ref. [35].
Section 5 contains an account of the status of axion experimental searches (helioscopes, haloscopes, light
shining through wall) and a summary of existing experimental constraints and projected limits that, at the
time of writing, is up to date. However, in view of the continuous and rapid evolution of the experimental
landscape, this part will likely become outdated in the not too distant future. Early accounts of experimental
searches for invisible axions have been presented in Refs. [36, 37] and later in Ref. [38]. A recent review,
which is also remarkably complete, can be found in Ref. [39]. Simultaneously with the present work, Ref. [40]
appeared which contains a review of proposed methods to search for the axion.
Section 6 is the central part of this Review. We begin with a systematic classification of models that
predict sizable enhancements in the axion coupling to photons, electrons and nucleons. We describe the
mechanisms at the basis of these enhancements, and we confront the resulting enlarged parameter space
with current bounds. We then focus on models that predict flavour violating axion couplings to quarks and
leptons, and we review the role played by existing limits on Flavour Changing Neutral Currents (FCNC) in
constraining constructions of this type. Mechanisms that allow to extend the mass region in which axions
can account for the whole of DM deserve particular attention, in view of the fact that the best experimental
sensitivities to the axion-photon coupling are attained by haloscope experiments, which however can only
probe rather narrow and pre-defined axion-DM mass intervals. We review models that implement the pos-
sibility of saturating the DM energy density for values of the axion mass both larger and smaller than the
conventional values, and we explain through which mechanisms this result can be obtained. For complete-
ness, we include at the end of this section a review of models in which the axions are ‘super-heavy’, namely
with masses in excess of 100 keV.
In Section 7, we extend the discussion to a different set of axion-related topics. We first review con-
structions that attempt to connect axion physics to other unsolved SM issues, like neutrino masses, the
cosmological baryon asymmetry, inflation, and the possibility of detecting gravitational waves originating
from the PQ phase transition. Next we discuss available solutions to a couple of well know problems that
can generally affect model realisations of the PQ symmetry, namely how to maintain under control danger-
ous sources of explicit PQ breaking, and how to ensure that axion-related domain walls will not represent
cosmological threats. The possibility that axions are composite states arising from a new strong dynamics
is an old idea that has been recently revived, hence we present a survey of the related literature. We include
a brief account of attempts to embed axions in Grand Unified Theories (GUTs), and we quickly touch on a
last topic, that by itself would deserve a dedicated review, that is, axion arising from string theory.
In the Appendix the reader can find a table with the symbols and notations that have been used in the
mathematical expressions including an explanation of their meaning, a table containing the definition of the
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acronyms used in the text, and a table containing a list of current and planned axion experiments, with the
relevant reference where the experimental setup is described.
2. From the strong CP problem to the QCD axion
This Section is devoted to the physical foundations of the QCD axion as a solution of the strong CP
problem. We start by reviewing the non-trivial vacuum structure of Yang-Mills theories in Section 2.1
and the θ dependence of the QCD vacuum energy in Section 2.2. Next, we discuss the θ contribution to
the neutron electric dipole moment (EDM) in Section 2.3 and give a critical assessment of the strong CP
problem and its possible solutions in Section 2.4, among which the axion solution via the PQ mechanism.
The rest of the Section is devoted to the study of standard axion properties, starting from the axion effective
Lagrangian in Section 2.5, including a general description of model-dependent axion couplings in Section 2.6,
and continuing with a pedagogical derivation of the so-called benchmark axion models in Section 2.7. In
Section 2.8 we provide a concise summary of standard axion properties, while Sections 2.9–2.10 are devoted
to a basic introduction to flavour and CP violating axions. We conclude in Section 2.11 with the so-called
PQ quality problem.
2.1. QCD vacuum structure
Until the mid of the 70’s, when the formulation of Quantum Chromodynamics (QCD) was being devel-
oped, the so-called U(1) problem [41] was thought to be one of its major difficulties, while the absence of
strong CP violation was believed to be one of its main successes [42, 43]. Few years later, with the discovery
of Yang Mills instantons [44] and the non-trivial QCD vacuum structure [45, 46], this point of view was
unexpectedly turned around. The solution of the U(1) problem brought as a gift the so-called strong CP
problem. In order to present this story, which also provides the physical foundations of axion physics, let us
start from the QCD Lagrangian4
LQCD =
∑
q
q¯
(
i /D −mqeiθq
)
q − 1
4
GaµνGaµν + θ
g2s
32pi2
GaµνG˜aµν . (1)
This Lagrangian contains two potential sources of CP violation: the phases of the quark masses θq, and the
so-called topological term, proportional to θ (in short GG˜). In fact, both θq and θ violate P and T (and
hence CP). On the other hand, the GG˜ operator can be written as a total derivative
GaµνG˜aµν = ∂µK
µ = ∂µ
µαβγ
(
AaαG
a
βγ −
gs
3
fabcAaαA
b
βA
c
γ
)
, (2)
in terms of the Chern-Simons current, Kµ, and hence it bears no effects in perturbation theory. However,
classical configurations do exist for which the effects of this term cannot be ignored. These configurations
are topological in nature, and can be identified by going to Euclidean space and writing the volume integral
of the GG˜ term as ∫
d4xGaµνG˜
a
µν =
∫
d4x ∂µKµ =
∫
S3
dσµKµ , (3)
where S3 is the three-sphere at infinity and dσµ an element of its hypersurface. In order for these con-
figurations to contribute to the path integral, we require that the gauge potentials are such that the field
strength tensor Gaµν vanishes as |x| → ∞ so that the action is finite. Besides Aaµ
∣∣
S3
= 0, other configu-
rations that can be obtained from this by a gauge transformation also satisfy Gaµν = 0 at the boundary.
In terms of the Lie algebra valued potential Aµ = AaµT a where T a are the group generators, they read
A′µ = U
−1AµU + ig−1s U
−1∂µU , so that at the boundary A′µ = ig−1s U−1∂µU . Configurations of this type are
4We adopt the following conventions: Dµ = ∂µ − igsTaAaµ, Gaµν = ∂µAaν − ∂νAaµ + gsfabcAaµAaν and G˜aµν = 12 µνρσGa ρσ ,
with 0123 = −1. The latter convention is used in [47], while for instance Ref. [39] employs 0123 = +1.
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called a pure gauges. We are interested in pure gauges for which U cannot be continuously deformed into
the identity in group space. To argue that such configurations exist, let us consider an SU(2) subgroup of
SU(3) and let us restrict the gauge potentials defining Kµ in the surface integral in Eq. (3) to this subgroup.
Since SU(2) has S3 as group manifold, these potentials provide a mapping S3 → S3. It can be shown that
for mappings of non-trivial topology the integral in Eq. (3) counts the number of times the hypersphere at
infinity is wrapped around the S3 group manifold. More precisely
∫
d4xGaµνG˜
a
µν =
32pi2
g2s
ν, where ν ∈ Z is
called winding number or Pontryagin index. Thus, in Euclidean space SU(2) field configurations of finite
action fall in homotopy classes of different winding number. An important point is that it is not possible to
deform a field configuration into another of different winding number while maintaining the action finite. As
regards general SU(3) gauge field configurations, they can be classified in the same SU(2) homotopy classes,
the reason being that any mapping from S3 into any simple Lie group G can be deformed into a mapping to
a SU(2) subgroup of G in a continuous way [48], hence with no change of homotopy class. Configurations of
unit winding number were explicitly constructed by Belavin, Polyakov, Schwartz and Tyupkin [44] who also
showed that their finite action S1 = 8pi
2
g2s
corresponds to a minimum, which implies that they are solutions
of the classical equation of motion in Euclidean space. Being of finite action, these gauge configuration are
localised in all the four dimensions, which justifies the name instantons.
To assess the relevance of instantons let us return to physical Minkowski space and let us consider a
gauge field configuration of winding number ν. Choosing the temporal gauge Aa0 = 0 so that Ki = 0 allows
to rewrite Eq. (3) as
ν =
g2s
32pi2
∫
d4xGa(ν)µρG˜
aµρ
(ν) → g
2
s
32pi2
∫
d4x ∂0K
0
(ν) =
g2s
32pi2
∫
d3xK0(ν)(x , t)
∣∣t=+∞
t=−∞ = ν . (4)
This shows that
∫
d4xG(ν)G˜(ν) corresponds to an interpolation from a pure gauge with winding number n at
t = −∞, to a different pure gauge configuration at t = +∞ with winding number m = n+ν. More precisely,
one can interpret (multi)instanton solutions as tunnelling from one Gaµν = 0 vacuum state |n〉 to a gauge-
rotated one with different winding number |m〉 [49, 50]. In the semiclassical approximation the tunnelling
probability is given by the exponential of the (multi)instanton action e−Sν where Sν = 8pi
2
g2s
ν [45, 46], so
that the effects of solutions with higher winding number ν > 1 [51, 52] are strongly suppressed with respect
to instanton effects with action S1, and hence of little interest.
An important remark is now in order. While the integral in Eq. (4) is gauge invariant, and hence the
difference m−n = ν is a physically meaningful number, the Chern-Simons current Kµ by itself is not gauge
invariant, which means that n and m labelling the vacuum states have no real physical meaning. This is also
evidenced by the the fact that the action of a gauge transformation of non-trivial winding number amounts
to a relabelling U(1)|n〉 = |n + 1〉. Clearly a more consistent definition of the physical vacuum is called for.
Let us consider the linear combination
|θ〉 =
+∞∑
n=−∞
einθ|n〉 , (5)
where θ ∈ [0, 2pi) is an angular parameter, which is known as the θ vacuum.5
This vacuum state has the important property of being an eigenstate of the unitary operator of the gauge
transformation
U(1)|θ〉 =
+∞∑
n=−∞
einθ|n+ 1〉 = e−iθ|θ〉 , (6)
so that is physically well-defined. The introduction of the θ vacuum is also necessary to preserve locality
and cluster decomposition [45, 54]. To see this, let us consider the expectation value of a local operator O
5A less conventional and more intuitive way of introducing the θ vacuum that relies on general quantum-mechanical principles
applied to a Yang-Mills theory can be found in Ref. [53].
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within a large Euclidean volume Ω
〈O〉Ω =
∑
ν f(ν)
∫
ν
Dφ e−SΩ[φ]O[φ]∑
ν f(ν)
∫
ν
Dφ e−SΩ[φ] , (7)
where φ denotes all the fields of the theory, SΩ is the integral of the Lagrangian restricted to the volume Ω
and we have included the sum over all topological sectors ν, with a general weight factor f(ν). Suppose now
the volume Ω is split into two large regions, Ω = Ω1 + Ω2, with O localized in Ω1. The integral in Eq. (7)
can hence be split into
〈O〉Ω =
∑
ν1,ν2
f(ν1 + ν2)
∫
ν1
Dφ e−SΩ1 [φ]O[φ] ∫
ν2
Dφ e−SΩ2 [φ]∑
ν1,ν2
f(ν1 + ν2)
∫
ν1
Dφ e−SΩ1 [φ] ∫
ν2
Dφ e−SΩ2 [φ] , (8)
with the constraint ν = ν1 + ν2. The principle of cluster decomposition (which states that distant enough
experiments must yield uncorrelated results) requires that the physics in the volume Ω2 cannot affect the
average of an observable localized in Ω1. In order for this to be true one needs
f(ν1 + ν2) = f(ν1)f(ν2) , (9)
so that the volume Ω2 cancels out in the ratio of Eq. (8). Remarkably, this fixes the form of f(ν) to be
f(ν) = eiθν , (10)
where θ is a free parameter.
A notable property of θ is the fact that its value cannot be changed via the action of a gauge invariant
operator. This can be seen by considering the time ordered product of a set of gauge invariant operators
O1O2 . . . between two different vacuum states
〈θ′|T (O1O2 . . .)|θ〉 =
∑
m,n
ei(nθ−mθ
′)〈m|T (O1O2 . . .)|n〉 =
∑
m,n
ei(nθ−mθ
′)F (ν) , (11)
where in the last step we have emphasized that the matrix element depends only on the difference ν = n−m,
because Ω1T (O1O2 . . .)Ω−11 = T (O1O2 . . .) and hence both n and m are shifted by the same amount under
a large gauge transformation. Then Eq. (11) becomes:
〈θ′|T (O1O2 . . .)|θ〉 =
∑
n
ein(θ−θ
′)
∑
ν
ei
ν
2 (θ+θ
′)F (ν) = 2piδ(θ − θ′)
∑
ν
eiνθF (ν) , (12)
which is zero for θ 6= θ′. This property is referred to as a super-selection rule: θ is a fundamental parameter
that labels the Yang-Mills vacuum and each value of θ labels a different theory.
To see explicitly how the θ term enters the QCD Lagrangian, let us consider the vacuum-to-vacuum
transition in the presence of an external source J
〈θ+|θ−〉J =
∑
m,n
einθe−imθ〈m+|n−〉J =
∑
ν
eiνθ
∑
m
〈m+|(ν +m)−〉J . (13)
The vacuum amplitude is a sum over different vacuum transitions in which ν corresponds to the net change
of winding number between t = −∞ and t = +∞, weighted by the factor eiνθ. The latter can be replaced,
thanks to Eq. (4), by an effective contribution to the Yang-Mills Lagrangian
〈θ+|θ−〉J =
∑
ν
∫
DAe−
∫
d4x 14GG˜+iθ
g2s
32pi2
∫
d4xGG˜+J-termδ
(
ν − g
2
s
32pi2
∫
d4xGG˜
)
, (14)
where the transition amplitude
∑
m〈m+|(ν + m)−〉J has been expressed in terms of a path integral over
all gauge field configurations A with fixed ν (hence the delta function) and the phase factor eiνθ has been
replaced by a GG˜ term in the Euclidean action.
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In summary, the non-trivial structure of the Yang-Mills vacuum requires that the path integral is extended
to include gauge field configurations with non-trivial winding number, and in turn this requires that the
CP-violating GG˜ term must be included in the effective action. A strong argument in support of the
correctness of this picture comes from the fact that in the hadronic spectrum there are no signs of a light
state that could correspond to the Goldstone boson of a U(1)A symmetry spontaneously broken by the quark
condensates, a puzzle that was dubbed by Weinberg ‘the U(1)A problem’ [41]. The topologically non-trivial
gauge configurations responsible for the non-vanishing of the surface integral in Eq. (3) provide the solution:
the complex nature of the QCD vacuum makes U(1)A not a true symmetry of QCD [49, 50, 55], and this
explains the heaviness of the η′ meson compared to the other pseudo Goldstone bosons of the spontaneously
broken chiral symmetry.
2.2. Dependence of the QCD vacuum energy on θ
We are interested in determining the θ dependence of the QCD vacuum energy density, E(θ). This is
because the axion VEV can be treated as an effective θ parameter, so that some exact results that can be
established for the QCD θ angle hold for the axion as well, and are especially important in the study of the
axion potential. In the large 4-volume (V4) limit, E(θ) this is related to the Euclidean functional generator,
Z(θ), via (see e.g. [21])
Z(θ) = lim
V4→∞
e−E(θ)V4 . (15)
The latter also admits a path integral representation given by6
Z(θ) =
∫
DAe− 14
∫
d4xGG+iθ
g2s
32pi2
∫
d4xGG˜ ∼ e−
8pi2
g2s eiθ , (16)
where in the last step we have taken the leading term in the semi-classical approximation ~→ 0, correspond-
ing to the contribution of a ν = 1 instanton. Since the instanton is translational invariant one still needs to
integrate over its center. This can be done within the dilute-instanton-gas approximation, which corresponds
to summing-up the contribution of approximate solutions consisting of n instantons and n¯ anti-instantons
with n− n¯ = 1 and with their centers widely separated. Using this approximation one gets (see e.g. [21])
E(θ) = −2Ke−
8pi2
g2s cos θ , (17)
where K is a positive constant encoding Jacobian factors due to the instanton zero modes (translations
and dilatations) and a functional determinant originating from the gaussian integration over the quantum
fluctuations on the instanton background. The latter are actually crucial for stabilizing the zero mode
associated to dilatations, since the integration over the instanton size ρ formally diverges (at short distances)
at the classical level, due to the classical scale invariance of QCD which is broken via radiative corrections.
In practice, the breaking of scale invariance can be approximated by taking a running coupling gs(µ = 1/ρ)
in Eq. (17), with
g2s(µ) =
8pi2
β0 log(µ/ΛQCD)
, (18)
in terms of the one-loop QCD beta-function β0 = 11 − 2nf/3 with nf active flavours and the integration
constant ΛQCD ≈ 150 MeV. Hence, the integration over the instanton sizes is dominated by values of ρ
corresponding to an unsuppressed exponential factor
e
− 8pi2
g2s(1/ρ) = (ρΛQCD)
β0 , (19)
namely for ρ ∼ 1/ΛQCD, which corresponds to the so-called large instantons, in contrast to possible short-
distance contributions which are exponentially suppressed due to the asymptotic freedom of the coupling
6In passing to the Euclidean, t = −itE , the GG˜ operator picks up an imaginary part, which eventually leads to the periodic
θ-dependence of the QCD vacuum energy.
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gs. It should be noted that the semi-classical approximation breaks down for gs(µ = ΛQCD) → ∞, so that
instanton calculus cannot be used for accurate predictions in QCD.7
An alternative way to systematically deal with the θ dependence of the QCD vacuum is via chiral
Lagrangian techniques, which will be reviewed in Section 2.5 for the case of the axion. Before that, however,
one needs to include massive quarks. In order to understand the role of quark fields in the problem, let us
perform a global chiral transformation on a single quark field
q → eiγ5αq . (20)
The associated axial current, J5µ = ψ¯γµγ5ψ, is not conserved because of the quark mass term and the chiral
anomaly (note that the latter has a structure similar to the topological term)
∂µJ5µ = 2mq q¯iγ5q +
g2s
16pi2
GG˜ . (21)
Hence, we expect that both θq (see Eq. (1)) and θ are shifted upon the transformation in Eq. (20). One has
θq → θq + 2α, while it is less trivial to show that θ → θ − 2α. This can be most easily understood in terms
of the non-invariance of the path integral measure [57] under the transformation in Eq. (20)
DqDq¯ →
(
e−iα
g2s
16pi2
∫
d4xGG˜
)
DqDq¯ . (22)
Hence, only the linear combination
θ¯ = θ + θq (23)
is invariant under a quark chiral rotation, and hence physically observable. The generalization of the θ¯
parameter in the electroweak theory (invariant under a generic chiral transformation involving an arbitrary
set of quark fields) reads
θ¯ = θ + ArgDetYUYD , (24)
in terms of the up and down Yukawa matrices.
Some exact results regarding the θ dependence of the QCD vacuum energy density, E(θ), can be derived
by using its path integral representation in the presence of fermions as well. Denoting collectively by Dφ ≡
DADqDq¯ the functional integration variables comprising gluons, quarks and anti-quarks fields, recalling the
expression of the QCD vacuum energy density in terms of the functional Z(θ) defined in Eq. (15), and being
ν the winding number defined in Eq. (4), one can show the following properties:
• E(0) ≤ E(θ)
This is a special case of the Vafa-Witten theorem [18], which states that parity cannot be spontaneously
broken in QCD. To prove that, one exploits the following inequality
Z(θ) =
∫
Dφ e−Sθ=0+iθν =
∣∣∣∣∫ Dφ e−Sθ=0+iθν∣∣∣∣ ≤ ∫ ∣∣Dφ e−Sθ=0+iθν∣∣ = ∫ Dφ e−Sθ=0 = Z(0) , (25)
where we crucially exploited the fact that the path integral measure is positive definite, which is true
for a vector-like theory like QCD [58]. This, however, does not hold in chiral gauge theories like the
SM. The consequences of this fact will be discussed in Section 2.10.
• E(θ) = E(θ + 2pi)
This simply follows from the fact that θ is a global phase and ν an integer.
7On the other hand, large instantons at finite temperature are suppressed by electric screening so that the semiclassical
approximation is increasingly reliable at high T  ΛQCD, which serves as an infrared cut-off (see e.g. [56]).
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• E(θ) = E(−θ)
To show this let us perform a field redefinition φ CP−−→ φ′ which leaves Dφ invariant. Hence, we have
Z(θ) =
∫
Dφ e−S(φ)θ=0+iθν(φ) =
∫
Dφ′ e−S(φ′)θ=0+iθν(φ′) =
∫
Dφ e−S(φ)θ=0−iθν(φ) = Z(−θ) , (26)
where in the last but one step we used the fact that S(φ)θ=0 is CP invariant, while the topological
term is CP odd. Note, however, that S(φ′)θ=0 6= S(φ)θ=0 in the SM, due to the CKM phase, so E(θ)
picks up a small contribution odd in θ.
2.3. Neutron EDM and the strong CP problem
Among the CP violating observables induced by θ¯, the neutron EDM (nEDM) stands out as the most
sensitive one. The latter is defined in terms of the non-relativistic Hamiltonian
H = −dn ~E · Sˆ , (27)
and the current experimental limit is |dexpn | < 3.0 ·10−26 e cm = 1.5 ·10−12 e GeV−1 (90% CL) [59].8 A new
round of searches are actively underway with the goal of improving the sensitivity to CP violation by up to
two orders of magnitude (see e.g. [61]). Eq. (27) can be written in terms of a Lorentz invariant Lagrangian
operator as follows
L = −dn i
2
n¯σµνγ5nF
µν . (28)
The calculation of the nEDM has been performed using different kind of techniques, such as chiral pertur-
bation theory [62–64], QCD sum-rules [65], holography [66] and lattice QCD [67, 68] (for a review of the
technical challenges involved see e.g. [69, 70]). These approaches show an overall agreement, albeit with
uncertainties of O(50%). Future inputs from the lattice could be crucial for reducing such error [68]. The
natural size of the θ¯ contribution to the nEDM can be understood as follows. The operator in Eq. (28)
is d = 5 so one would naively expect its Wilson coefficient to be of O(1/mn) size. However, in order to
contribute to the nEDM one needs to pick-up an imaginary part which can only originate from the phase
of a light quark mass (working in the basis where the GG˜ term is absent). Moreover, being a dipole, the
operator must be generated via an EM loop. Hence, taking into account these two extra suppression factors,
the effective contribution to dn can be estimated as
L ∼ e
16pi2
mq e
iθ¯
mn
1
mn
n¯σµνγ5nF
µν , (29)
Expanding linearly in θ¯ one gets
|dn| ∼ 1
8pi2
mq
mn
θ¯ e
mn
≈ 10−4 θ¯ e GeV−1 . (30)
In fact, this naive estimate yields a somewhat smaller value compared to a real calculation. For instance,
one of the most precise ones, based on QCD sum-rules, yields [65]
dn = 2.4 (1.0) · 10−16 θ¯ e cm = 1.2 (0.5) · 10−2 θ¯ e GeV−1 , (31)
thus implying the bound9
|θ¯| . 10−10 . (32)
Understanding the smallness of θ¯ consists in the so-called strong CP problem.
8In Feb 2020 the nEDM experiment at PSI has published a new improved limit |dexpn | < 1.8 · 10−26 e cm (90% CL) [60].
9Experiments searching for the EDM of the electron in paramagnetic systems have recently achieved a remarkable sensitivity
and they can be used to obtain novel independent constraints on the QCD theta term at the level of |θ¯| . 3 · 10−8 [71].
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2.4. Musings on the strong CP problem
The strong CP problem turns out to be qualitatively different from other “small value” problems in the
SM. One first observation concerns the radiative stability of θ¯. Since CP is violated in the SM, one expect
θ¯ to receive an infinite renormalization due to the CKM phase [72, 73]. Based just on spurionic properties,
the SM contribution to θ¯ must be proportional to the Jarlskog invariant [74], which is given in terms of the
following CP-odd, flavour singlet (lowest order) combination of the quark Yukawas
Im Det [YUY
†
U , YDY
†
D] =
(
26
v12
) ∏
i>j=u,c,t
(m2i −m2j )
∏
k>l=d,s,b
(m2k −m2l ) JCKM ≈ 10−20 , (33)
where v = 246 GeV and JCKM = ImVudV ∗cdVcsV
∗
us ≈ 3 × 10−5.10 As shown in Ref. [72], this would
correspond diagrammatically to the insertion of 12 Yukawas (connected pairwise via 6 Higgs propagators)
in the propagator of a quark field and hence to a 6-loop diagram, whose imaginary part contributes to θ¯. On
the other hand, the SM Yukawa Lagrangian features an accidental exchange symmetry: H ↔ H˜, uR ↔ dR,
YU ↔ YD, under which Im Det [YUY †U , YDY †D] is odd. Hence, the 6-loop contribution must vanish, and in
order to get a non-zero contribution one has to insert e.g. a U(1)Y gauge boson which breaks the uR ↔ dR
symmetry. Then a typical 7-loop contribution to the radiatively induced θ¯ will look like
δθ¯div. ∼
g′2
(
y2uR − y2dR
)
Im Det [YUY
†
U , YDY
†
D]
(4pi2)7
log ΛUV ≈ 10−33 log ΛUV , (34)
where yuR, dR denotes the hypercharge of a given SM chiral quark and ΛUV is an ultraviolet (UV) cut-off.
Thus if we take the tree-level value of θ¯ to be small at some UV boundary (e.g. the Planck scale), it will
remain radiatively small when run down to the QCD scale. This has to be contrasted instead with the
hierarchy problem of the electroweak scale, for which the Higgs mass parameter is quadratically sensitive to
threshold effects from UV physics, δµ2 ∼ (loop) × Λ2UV. Remarkably, the CP and flavour structure of the
SM provides a non-trivial screening mechanism against radiative corrections to θ¯, which is not guaranteed
in generic SM extensions.
Integrating out the heavy SM quarks can also lead to finite threshold corrections to θ¯, which arise at
lower orders in perturbation theory. The size of the largest contribution were first estimated in [72] to be11
δθ¯fin. ∼
(αs
pi
)4 (α2
pi
)2(m2sm2c
m4W
)
JCKM ≈ 10−18 , (35)
where long-distance QCD effects are such that the strong structure constant is αs(GeV)/pi ≈ 1 at the scale
relevant for the calculation of the nEDM. A refined estimate [76], based on an actual 3-loop calculation, finds
instead an O(αsG2F ) contribution yielding δθ¯fin. ≈ 4 × 10−19 (using a somewhat smaller value αs ≈ 0.2).
Although in both cases the contribution is only of 2-loop order in the electroweak structure constant, α2,
it is still well below the nEDM experimental sensitivity. Generic SM extensions might however spoil this
conclusion (see e.g. [77]).
Another fact that renders the strong CP problem different from other small value problems of the SM
such as that of the light Yukawas (yu, d, e) or the cosmological constant, is the apparent lack of a possible
anthropic explanation. In fact, as long as θ¯ . 1%, nuclear physics and Big Bang Nucleosynthesis are
practically unaffected [4], so that a value θ¯ . 10−10 does not seem to be connected to any ‘catastrophic
boundary’. A possible pathway to enforce explanations based on anthropic selection arguments might then
be attempted by trying to correlate the value of θ¯ with the value of some other small parameter for which an
anthropic explanation does exist, as for example the cosmological constant [78]. Attempts in this direction
have been carried out for example in Refs. [79, 80], However, the recent analysis of Ref. [5] found that
anthropic requirements on the cosmological constant rather favour values of the CP violating angle of O(1),
reinforcing the idea that θ¯  1 is not related to anthropic selection.
10An alternative form of the Jarlskog invariant can be found in [75].
11The different numerical value compared to Ref. [72] originates from employing up-to-date values for the SM parameters.
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2.4.1. Solutions without axions
Before introducing the axion solution of the strong CP problem, we discuss for completeness three class
of solutions which do not rely on the axion.12
• Massless quark solution. If one of the quark fields (say the up quark) were massless, the QCD La-
grangian would feature a global U(1)u axial symmetry, which could be used to rotate the θ term to
zero (cf. the discussion below Eq. (20)). For some time this was believed to be a possible solution of
the strong CP problem, due to the difficulty in extracting the value of mu/md in chiral perturbation
theory. Most notably, this was due to a second-order effect in the chiral Lagrangian, known as Kaplan-
Manohar ambiguity [82] (see also [83–85]). Nowadays this possibility has been ruled out by the fit to
light quark masses on the lattice [86], which yields mMSu (2 GeV) = 2.32(10) MeV, that is more than
20σ away from zero. An independent strategy in order to disprove the massless up quark solution
without simulating light quarks on the lattice was put forth in Refs. [87, 88] and recently implemented
on the lattice [89], which confirmed the non-viability of the massless up-quark hypothesis.
• Soft P (CP) breaking. It is conceivable that either P or CP are symmetries of the high-energy theory,
thus setting θ¯ = 0 in the UV. Models of this type were first proposed in [90–92] and later on in
[93, 94] in the context of grand-unified models. Eventually, P must be spontaneously broken in order
to account for the SM chiral structure and similarly for CP in order to generate the CKM phase (and
the extra CP violation that is needed for baryogenesis). In these setups the θ¯ term becomes calculable
and the main challenge consists in generating the observed CP violation in the quark sector in such
a way that threshold contributions to θ¯ are screened enough so that δθ¯ . 10−10. This can be done,
however at the cost of some tuning or a somewhat exotic model building (for reviews, see e.g. [95, 96]).
• QCD solutions. It is conceivable, at least in principle, that the solution of the strong CP problem
might be hidden in the infrared (IR) dynamics of QCD. Attempts in this direction, e.g. by ‘trivializing’
the QCD vacuum by changing the topology of spacetime [97–100] or by invoking screening effects due
to confinement [101–103], often fail to provide a simultaneous solution to the η′ problem.
It is fair to say that, while it is certainly worth looking for solutions of the strong CP problem within
QCD, no convincing framework has emerged so far. As far as concerns the soft P (CP) breaking solutions
instead, besides the model building complications involved, it is also unappealing the fact that the strong
CP problem is solved by UV dynamics, without a clear experimental way to test the mechanism. From this
point of view, the Peccei Quinn solution, which is reviewed in the next section, is crucially different, since
it delivers a low-energy experimental handle in the form of the axion.
2.4.2. Peccei Quinn mechanism
From a modern perspective, the basic ingredient of the PQ solution [16, 17, 19, 20] of the strong CP
problem consists in the introduction of a new spin zero field a(x), herby denoted as the axion field, whose
effective Lagrangian
La = 1
2
(∂µa)
2 + L(∂µa, ψ) + g
2
s
32pi2
a
fa
GG˜ (36)
is endowed with a quasi shift symmetry a → a + κfa (where fa is an energy scale called the axion decay
constant) that leaves the action invariant up to the term
δS =
κ
32pi2
∫
d4xGG˜ . (37)
12Besides the three possibilities outlined below, more speculative solutions that do not invoke an axion also exist, see for
example [81].
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The transformation parameter κ is arbitrary and can be chosen to remove the θ¯ term, while the Vafa-Witten
theorem [18] (see Eq. (25) for the proof) ensures that 〈a〉 = 0 in a vector-like theory like QCD,13 thus solving
dynamically the strong CP problem. Alternatively, one can explicitly compute the axion potential V (a) with
chiral Lagrangian techniques (which will be done in in Section 2.5.1) and show that the absolute minimum
is in 〈a〉 = 0.
Since the Lagrangian Eq. (36) is non-renormalizable, it requires a UV completion at energies of the
order of fa. Historically, the first renormalizable model incorporating the axion solution of the strong
CP problem was due to Peccei and Quinn [19, 20], which postulated the existence of a U(1)PQ global
symmetry, spontaneously broken and anomalous under QCD. The presence of a pseudo-Goldstone boson
a(x) (dubbed axion, since it washes out the strong CP problem) was soon realized by Weinberg and Wilczek
[16, 17]. However, before considering explicit models we will first discuss some general properties of the
axion effective Lagrangian in Eq. (36), which is already sufficient for characterizing some general aspects of
axion physics.
2.5. Axion effective Lagrangian
The effective operator aGG˜ is the building block of the PQ solution of the strong CP problem, and
provides some model-independent properties of the axion, which we discuss here with the help of the chiral
Lagrangian [47, 104]. Let us consider for simplicity 2-flavor QCD, with qT = (u, d) andMq = diag (mu,md).
The axion effective Lagrangian reads
La = 1
2
(∂µa)
2 +
a
fa
g2s
32pi2
GG˜+
1
4
g0aγaF F˜ +
∂µa
2fa
q¯c0qγ
µγ5q − q¯LMqqR + h.c. . (38)
For later purposes, we have extended Eq. (36) to include two model-dependent couplings: g0aγ that couples
the axion to FF˜ and violates the shift symmetry, and c0q = diag (c0u, c0d) that couples derivatively the axion
to the quark axial current.14 Their origin will be clarified in Section 2.6. It is convenient to first eliminate
the aGG˜ term via a field-dependent axial transformation of the quark fields:
q → eiγ5 a2faQaq , (39)
where Qa is a generic matrix acting on the quark fields. This transformation has the effect of generating a
term −g2s TrQa/(32pi2) afaGG˜ which, by requiring that TrQa = 1, precisely cancels the axion-gluon term.
Since in general this transformation is anomalous under QED, it will also affect the FF˜ term. Moreover,
extra axion-dependent terms are generated by the quark mass operator and the quark kinetic term. Then
Eq. (38) becomes
La = 1
2
(∂µa)
2 +
1
4
gaγaF F˜ +
∂µa
2fa
q¯cqγ
µγ5q − q¯LMaqR + h.c. , (40)
where we have defined axion-dressed parameters
gaγ = g
0
aγ − (2Nc)
α
2pifa
Tr (QaQ2) with Q = diag (2/3,−1/3) , (41)
cq = c
0
q −Qa , (42)
Ma = e
i a2faQaMqe
i a2faQa , (43)
13A crucial step of the proof relies on the positive definiteness of the fermionic determinant in the background of the gauge
fields, i.e. det( /D + m) > 0. This is not ensured for a chiral theory where m = 0, since it is not possible to write a bare mass
term for fermions, and hence the Vafa-Witten theorem does not apply in such case. In fact, in the SM, which is chiral and
contains an extra source of CP violation in the Yukawa sector, one expects an irreducible contribution to the axion VEV, as
discussed in Section 2.10.
14While the anomalous dimension of conserved currents vanishes, that is not the case for anomalous currents. In fact, as
shown in Refs. [105, 106] the iso-spin singlet axial current, jµΣq =
∑
q q¯γµγ5q, renormalizes multiplicatively. Taking this effect
into account it is possible to connect the low-energy derivative axion couplings to quarks with their UV counterparts, which
are understood to be the coefficients c0q (for details see [47]).
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where α = e2/(4pi) and Nc = 3 is the number of colours. The axial quark current can be conveniently
decomposed into an iso-singlet and an iso-triplet component
q¯cqγ
µγ5q =
1
2
Tr [cq]q¯γµγ5q +
1
2
Tr [cqσa]q¯γµγ5σaq , (44)
where we have used the Fierz identity for Pauli matrices, (σa)ij(σa)kl = 2δilδkj − δijδkl. Eq. (40) should be
compared with the chiral axion Lagrangian, including for simplicity only pions and axions15
LχPTa =
f2pi
4
[
Tr ((DµU)†DµU) + 2B0 Tr (UM†a +MaU
†)
]
+
∂µa
2fa
1
2
Tr [cqσa]Jaµ , (45)
where we neglected the iso-singlet current since it is associated to the heavy η′.16 B0 is related to the quark
condensate and
Jaµ =
i
2
f2pi Tr [σ
a(UDµU
† − U†DµU)] , (46)
is the pion iso-triplet axial-vector current (derived from the covariant derivative term in Eq. (45)) that has
the same transformation properties under SU(2)L⊗SU(2)R as the corresponding quark current in Eq. (44),
and we have employed the standard parametrization
U = eipi
aσa/fpi = I cos
pi
fpi
+ i
σapia
pi
sin
pi
fpi
, (47)
with pi =
√
(pi0)2 + 2pi+pi−, fpi = 92.3 MeV and DµU = ∂µU + ieAµ[Q,U ]. In the following, we discuss the
various terms arising from the axion chiral Lagrangian.
2.5.1. Axion potential and axion mass
Expanding the non-derivative part of the axion chiral Lagrangian, one obtains
2B0
f2pi
4
Tr (UM†a +MaU
†) = B0f2pi(mu +md)−
1
2
B0(mu +md)pi
2
− i
4
B0
f2pi
fa
aTr (U{Qa,Mq}) + h.c. + . . . . (48)
It is customary to choose Qa = M−1q /TrM−1q . Note that any linear coupling of the axion to an arbitrary
number of pion fields is set to zero: for an odd number of pions because Trσa = 0, while for an even number
there is a cancellation with the hermitian conjugate. In particular, this sets to zero a mass mixing term
between a and pi0 (ignoring possible kinetic mixing between a and pi0, cf. Section 2.5.2), while from the
second term in Eq. (48) we obtain m2pi = B0(mu + md) at the leading order (LO) in the chiral Lagrangian
expansion. With the above choice of Qa the axion-pion potential turns out to be
V (a, pia) = −2B0 f
2
pi
4
Tr (UM†a +MaU
†)
= − m
2
pif
2
pi
mu +md
{[
mu cos
(
md
mu +md
a
fa
)
+md cos
(
mu
mu +md
a
fa
)]
cos
(
pi
fpi
)
+
pi0
pi
[
mu sin
(
md
mu +md
a
fa
)
−md sin
(
mu
mu +md
a
fa
)]
sin
(
pi
fpi
)}
. (49)
15Nucleons can be included as well in chiral Lagrangian [104]. However, due to the lack of a mass gap between Λχ = 4pifpi
and mN , the convergence of the EFT is not good. For this reason we are going to discuss axion-nucleon couplings separately,
in the context of a non-relativistic EFT for nucleons [47] (cf. Section 2.5.4).
16Interactions between the axion and the η′ meson can be taken into account in the large N approximation by using the
formalism of Refs. [107, 108].
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Expanding for a/fa  1 we obtain
V (a, pia) = −m2pif2pi cos
(
pi
fpi
)
+
1
2
mumd
(mu +md)2
m2pif
2
pi
f2a
a2 cos
(
pi
fpi
)
+O
(
a3
f3a
)
, (50)
where linear terms in the axion field are absent by construction. The axion mass (squared) is then readily
obtained by setting the pion on its ground state pi = 0, which yields [16]
m2a =
mumd
(mu +md)2
m2pif
2
pi
f2a
=⇒ ma ' 5.7
(
1012 GeV
fa
)
µeV . (51)
An alternative expression for the axion-pion potential, corresponding to the choice Qa = 12diag (1, 1), is
given by [47, 108]
V (a, pi0) = −m2pif2pi
√
1− 4mumd
(mu +md)2
sin2
(
a
2fa
)
cos
(
pi0
fpi
− φa
)
, (52)
with
tanφa =
mu −md
mu +md
tan
(
a
2fa
)
, (53)
which clearly shows that the absolute minimum is in (a, pi0) = (0, 0).17 In particular, on the pion ground
state, pi0 = φafpi, the chiral perturbation theory (χPT) axion potential takes the form
V (a) = −m2pif2pi
√
1− 4mumd
(mu +md)2
sin2
(
a
2fa
)
. (54)
Note that while in an expansion around a = 0 at the leading order the chiral potential and the one instanton
cosine potential of Eq. (17) coincide, for large field values, a ∼ fa the two differ even qualitatively. This
is because in the regime of confinement, where the estimate of the potential Eq. (54) based on chiral
perturbation theory is reliable, the instanton semiclassical approximation breaks down, since in that regime
fluctuations of topologically non-trivial gauge configurations away from the instanton solution that extremise
the classical action also become important. On the other hand, the chiral potential cannot be used above
the chiral phase transition, and the one-instanton potential becomes more reliable at T ∼ 1 GeV, which is
the relevant regime for the calculation of the axion DM relic density (cf. Section 3).
2.5.2. Axion-pion coupling
Next we inspect the derivative part of the axion-pion Lagrangian. This is obtained by expanding the
iso-triplet current term in Eq. (45):
∂µa
2fa
1
2
Tr [cqσa]Jµa ' −
1
2
(
md −mu
mu +md
+ c0d − c0u
)
fpi
fa
∂µa∂
µpi0
+
1
3
(
md −mu
mu +md
+ c0d − c0u
)
1
fafpi
∂µa(2∂
µpi0pi+pi− − pi0∂µpi+pi− − pi0pi+∂µpi−) . (55)
Note that the first term in Eq. (55) represents a kinetic mixing between the axion and the pion fields, which
needs to be diagonalized in order to define the canonical axion and pion fields. The quadratic part of the
axion-pion Lagrangian reads
Lquad.a =
1
2
(
∂µa ∂µpi
0
)(1 
 1
)(
∂µa
∂µpi0
)
− 1
2
(
a pi0
)(m2a 0
0 m2pi
)(
a
pi0
)
, (56)
17QED corrections could in principle generate new minima [109]. However, this is prevented by the hierarchy mq/fpi  α/pi,
which makes the vacuum structure for the pion potential trivial.
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with  = − 12
(
md−mu
mu+md
+ c0d − c0u
)
fpi
fa
and ma/mpi = O(). In order to work with canonical propagators
one can perform: i) an orthogonal transformation to diagonalize the kinetic term, ii) a rescaling to make
the kinetic term canonical and iii) an orthogonal transformation to re-diagonalize the mass term (which
does not affect the canonical kinetic term). The net effect of these operations is to shift the current basis
fields by a→ a− pi0 and pi0 → pi0 + (m2a/m2pi)a. Since the axion component into the current pion field is
suppressed at the level of 3, this redefinition has no practical consequences for experimental sensitivities and
astrophysical bounds, which are sensitive at most to O(2) effects. This justifies the fact that the correction
due to kinetic mixing is generally ignored in the literature.
The second addend in Eq. (55) gives instead the axion-pion coupling (see also [26, 110]), defined via the
Lagrangian term
Linta ⊃
Capi
fafpi
∂µa(2∂
µpi0pi+pi− − pi0∂µpi+pi− − pi0pi+∂µpi−) , (57)
with
Capi = −1
3
(
c0u − c0d −
md −mu
mu +md
)
. (58)
Note that once the canonical axion and pion field are properly identified, the only linear coupling of the
axion to the pions is the one in Eq. (57). The axion-pion coupling in Eq. (58) generalizes the expressions
available in the literature in the case of KSVZ [110] and DFSZ [26] axions.
2.5.3. Axion-photon coupling
With the choice of Qa = M−1q /TrM−1q to ensure no axion-pion mass mixing, the LO axion-photon
coupling in Eq. (41) becomes
gaγ = g
0
aγ −
α
2pifa
(
2
3
4md +mu
mu +md
)
. (59)
The same result can be obtained via another choice of Qa (e.g. the one leading to the χPT potential in
Eq. (54)), but requires the inclusion of a non-zero axion-pion mixing.
2.5.4. Axion-nucleon coupling
Following [47] we derive the axion coupling to nucleons (protons and neutrons), via an effective theory
at energies  ΛQCD, relevant for momentum exchanges of the order of the axion mass, where the nucleons
are non-relativistic. This approach turns out to yield a more reliable approximation than current algebra
techniques [111] or the chiral EFT for nucleons [104, 112]. Our goal is to match the quark current operator
in Eq. (40) with a non-relativistic axion-nucleon Lagrangian. Using iso-spin as an active flavour symmetry
and the axion as an external current, the LO effective axion-nucleon Lagrangian reads
LN = N¯vµ∂µN + 2gA cu − cd
2
∂µa
2fa
N¯Sµσ3N + 2gud0
cu + cd
2
∂µa
2fa
N¯SµN + . . .
= N¯vµ∂µN + 2gA
cu − cd
2
∂µa
2fa
(p¯Sµp− n¯Sµn) + 2gud0
cu + cd
2
∂µa
2fa
(p¯Sµp+ n¯Sµn) + . . . , (60)
where N = (p, n)T is the iso-spin doublet field, vµ is the four-velocity of the non-relativistic nucleon and
Sµ the spin operator. The couplings gA and gud0 correspond respectively to the axial iso-vector and axial
iso-scalar combinations, while the dots in Eq. (60) denote higher order terms, including non-derivative axion
couplings which for 〈a〉 = 0 (no extra sources of CP violation) are at least quadratic in a. Matching the two
effective Lagrangians over a single-nucleon matrix element, for example 〈p|La|p〉 = 〈p|LN |p〉, at the LO in
the isospin breaking effects, we get
∂µa
2fa
cu 〈p|u¯γµγ5u|p〉︸ ︷︷ ︸
sµ∆u
+
∂µa
2fa
cd 〈p|d¯γµγ5d|p〉︸ ︷︷ ︸
sµ∆d
=
∂µa
2fa
gA
cu − cd
2
2〈p|p¯Sµp|p〉︸ ︷︷ ︸
sµ
+
∂µa
2fa
gud0
cu + cd
2
2〈p|p¯Sµp|p〉︸ ︷︷ ︸
sµ
, (61)
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where we used the definition 2p¯Sµp = p¯γµγ5p, and sµ is the spin of the nucleon at rest. Reshuffling the
previous equation
gA = ∆u−∆d , (62)
gud0 = ∆u+ ∆d . (63)
and substituting back into Eq. (60), we get
LN ⊃ ∂µa
2fa
{
cu − cd
2
(∆u−∆d) (p¯γµγ5p− n¯γµγ5n) + cu + cd
2
(∆u+ ∆d) (p¯γµγ5p+ n¯γ
µγ5n)
}
. (64)
The axion-nucleon coupling is defined in analogy to the axion-quark ones as
∂µa
2fa
N¯CaNγ
µγ5N , (65)
with CaN = diag(Cap, Can), for which we get (recall that cq = c0q −Qa)
Cap = −
(
md
mu +md
∆u+
mu
mu +md
∆d
)
+ c0u∆u+ c
0
d∆d , (66)
Can = −
(
mu
mu +md
∆u+
md
mu +md
∆d
)
+ c0d∆u+ c
0
u∆d , (67)
where ∆u = 0.897(27), ∆d = −0.376(27) and mMSu (2 GeV)/mMSd (2 GeV) = 0.48(3) [47].
2.5.5. Axion-electron coupling
The axion-electron coupling is defined via the Lagrangian term
Cae
∂µa
2fa
e¯γµγ5e , (68)
where Cae = c0e + δce. In models where the tree-level contribution, c0e, is zero, the axion-electron coupling
can still be generated radiatively. The relevant one-loop diagram is logarithmically divergent, and can be
understood as an RGE effect on the Cae coefficient from the PQ scale down to the IR scale µIR [104]. One
finds [110, 111]18
δce =
3α2
4pi2
[
E
N
log
(
fa
µIR
)
− 2
3
4md +mu
mu +md
log
(
Λχ
µIR
)]
. (69)
where E/N is related to g0aγ via Eq. (74) as explained in the next Section. The part proportional to E/N
corresponds to the running between fa and µIR < Λχ, while the second term arises from axion-pion mixing
and is cut-off at the chiral symmetry breaking scale, Λχ ' 1 GeV, since for loop momenta larger than Λχ the
effect of the color anomaly is negligible. The IR parameter µIR should be taken of the order of the energy
scale relevant to the physical process under consideration, typically µIR = me.
2.6. Origin of model-dependent axion couplings
Before discussing explicit axion models, it is useful to describe in a general way how the ‘model-dependent’
axion couplings g0γ and c0q introduced in the axion effective Lagrangian Eq. (38) arise from the point of view
of a spontaneously broken U(1)PQ symmetry. Let us denote by JPQµ the associated PQ current, which is
conserved up to anomalies
∂µJPQµ =
g2sN
16pi2
GG˜+
e2E
16pi2
FF˜ , (70)
18As pointed out by [110], the original expression in Ref. [111] contains a typo.
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where N and E are respectively the QCD and EM anomaly coefficients. From the Goldstone theorem
〈0|JPQµ |a〉 = iva pµ, where the axion a is the pseudo Goldstone boson of U(1)PQ breaking and we introduced
the order parameter va. The axion effective Lagrangian contains the terms
La ⊃ a
va
g2sN
16pi2
GG˜+
a
va
e2E
16pi2
FF˜ +
∂µa
va
JPQµ , (71)
where the first two terms are required by anomaly matching and the PQ current depends on the global charges
of the fields transforming under U(1)PQ. E.g. for a chiral SM fermion fL one has JPQµ |fL = f¯LXfLγµfL,
where XfL denotes its PQ charge. Using the standard normalization of the GG˜ term in terms of fa as in
Eq. (38) yields
fa =
va
2N
. (72)
Hence Eq. (71) can be rewritten as (taking for illustrative purposes just two chiral fermions fL and fR)
La ⊃ a
fa
g2s
32pi2
GG˜+
a
fa
e2
32pi2
E
N
FF˜ +
∂µa
2fa
1
N
[
f¯LXfLγµfL + f¯RXfRγµfR
]
,
=
a
fa
g2s
32pi2
GG˜+
1
4
g0aγaF F˜ +
∂µa
2fa
f¯ c0fγ
µγ5f , (73)
where in the second step we have dropped the coupling with the conserved vector current since the corre-
sponding term vanishes upon integration by part. The axion-photon couplings is thus defined as
g0aγ =
α
2pifa
E
N
, (74)
and the axion coupling to the fermion f as
c0f =
XfR −XfL
2N
= −XHf
2N
, (75)
where in the last step, assuming a Yukawa term f¯LfRHf , we have replaced the fermion PQ charges with the
charge XHf of the corresponding Higgs. While the expressions above have a general validity in terms of the
defining properties of the U(1)PQ symmetry (i.e. its anomalous content and the global charge assignments),
in the following we will illustrate how to derive them in the context of specific UV models.
2.7. Benchmark axion models
We now move to the discussion of explicit axion models, which provide a UV completion for the axion
effective Lagrangian in Eq. (38). The simplest realization of the PQ mechanism is given by the Weinberg-
Wilczek (WW) model [16, 17], in which the QCD anomaly of the U(1)PQ current is generated by SM quarks
charged under the PQ symmetry, while the scalar sector is extended via an extra Higgs doublet in order to
enforce the additional U(1)PQ symmetry. In the WW model the axion decay constant, fa = (v/6) sin 2β,
with tanβ = vu/vd, is of the order of the electroweak scale v ' 246 GeV. Hence, being the axion coupling
to SM fields not sufficiently suppressed, the WW model was soon ruled out by laboratory searches.19 This
led to the so-called “invisible axion” models, in which the PQ symmetry breaking is decoupled from the
electroweak scale via the introduction of a SM singlet scalar field, acquiring a VEV va ∼ fa  v. Axion’s
interactions are then parametrically suppressed as 1/fa  1/v.
19The original WW model was ruled out by a combination of beam dump experiments [113] and rare meson decays such as
K → pia [114] and Quarkonia → γa [115]. For a historical account see for instance Sect. 3 in Ref. [116]. However, this was
under the assumption of universality of the PQ charges. Variant axion models of the WW type (i.e. with non-universal PQ
charges and the PQ breaking connected to the electroweak scale), took instead almost a decade to be ruled out from rare pi
and K meson decays [117].
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UV completions of the axion effective Lagrangian can be divided in two large classes, according to the
way the QCD anomaly of the U(1)PQ current is realized. In models of the Dine-Fischler-Srednicki-Zhitnitsky
(DFSZ) type [118, 119] the anomaly is carried by SM quarks (as in the WW model), while models of the
Kim-Shifman-Vainshtein-Zakharov (KSVZ) type [120, 121] require new colored fermions. Since these two
constructions provide the building blocks of most of the models considered in this report, we review them
here in detail.
2.7.1. KSVZ axion
The KSVZ model [120, 121] extends the SM field content with a vector-like fermion Q = QL+QR in the
fundamental of color, singlet under SU(2)L, and neutral under hypercharge: Q ∼ (3, 1, 0), and a SM-singlet
complex scalar Φ ∼ (1, 1, 0). In the absence of a bare mass term for Q,20 the Lagrangian
LKSVZ = |∂µΦ|2 + Q¯i /DQ−
(
yQQ¯LQRΦ + h.c.
)− V (Φ) , (76)
features a U(1)PQ symmetry
Φ→ eiαΦ , QL → eiα/2QL , QR → e−iα/2QR . (77)
The potential
V (Φ) = λΦ
(
|Φ|2 − v
2
a
2
)2
, (78)
is such that the U(1)PQ symmetry is spontaneously broken, with order parameter va. Decomposing the
scalar field in polar coordinates
Φ =
1√
2
(va + %a)e
ia/va , (79)
the axion field a corresponds to the Goldstone mode (massless at tree level), while the radial mode %a picks
up a mass m%a =
√
2λΦva. In the PQ broken phase also the fermion Q gets massive, with mQ = yQva/
√
2.
The Lagrangian term (where we neglected the heavy scalar radial mode)
LKSVZ ⊃ −mQQ¯LQReia/va + h.c. , (80)
is responsible for the generation of the aGG˜ operator in the effective theory below mQ. To see that, let us
perform a field-dependent axial transformation:
Q → e−iγ5 a2vaQ , (81)
or, equivalently, QL → ei a2vaQL and QR → e−i a2vaQR. In the transformed variables the field Q is now
disentangled from the axion, so we can safely integrate it out. Moreover, being the transformation in
Eq. (81) anomalous under QCD, one gets (e.g. from the non-invariance of the path integral measure [57]):
δLKSVZ = g
2
s
32pi2
a
va
GG˜ , (82)
where we have used the fact that Q is in the fundamental of color. In such a case one can identify va = fa
(cf. Eq. (38)), and the only coupling of the axion with the SM fields is via the aGG˜ term (model-independent
contribution) discussed in Section 2.5.
For later purposes (cf. Section 6.1.1) we discuss the KSVZ model in the more general setup in which the
heavy fermions Q reside in a generic reducible representation ∑Q(CQ, IQ,YQ) of the SU(3)c × SU(2)L ×
U(1)Y gauge group. The only requirement for the PQ mechanism to work, is that at least one CQ is a
20In the spirit of having the PQ to arise as an accidental global symmetry (cf. Section 2.11), this can be enforced e.g. via the
discrete gauge symmetry [120]: QL → −QL, QR → QR, Φ→ −Φ.
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non-trivial representation. The PQ current will have in general both a QCD and EM anomaly, represented
by the anomaly coefficients E and N (see definition in Eq. (70)) which read
N =
∑
Q
NQ , E =
∑
Q
EQ , (83)
with NQ and EQ denoting the contributions to the anomalies of each irreducible representation (all taken
to be left-handed, so in particular XQcL = −XQR)
NQ = XQd(IQ)T (CQ) , (84)
EQ = XQd(CQ)Tr q2Q = XQd(CQ)d(IQ)
(
1
12
(
d(IQ)2 − 1
)
+ Y2Q
)
. (85)
Here d(CQ) and d(IQ) denote the dimension of the colour and weak isospin representations, T (CQ) is the
color Dynkin index (with standard normalization T (3) = 1/2, T (6) = 5/2, T (8) = 3, T (15) = 10, etc.),
qQ = T
(3)
Q +YQ denotes the U(1)EM charge generator, and XQR = −XQL = ∓1/2 depending if in Eq. (76) the
quark bilinear Q¯LQR couples to Φ or Φ†. Hence, after removing the axion field from the Yukawa Lagrangian
via the transformation in Eq. (81), one gets the effective anomalous interactions (with αs = g2s/(4pi), etc.)
δLKSVZ = αsN
4pi
a
va
GG˜+
αE
4pi
a
va
FF˜ . (86)
It is customary to normalize the first term as in the axion effective Lagrangian Eq. (38), so that
δLKSVZ = αs
8pi
a
fa
GG˜+
α
8pi
E
N
a
fa
FF˜ , (87)
where the relation between the coefficient of the EM term and the effective coupling introduced in Eq. (38)
is g0aγ =
α
2pifa
E
N with fa defined in Eq. (72). From Eq. (79) we see that the axion is defined as an angular
variable over the domain [0, 2piva).21 On the other hand, the QCD induced axion potential is periodic in
[0, 2pifa) (cf. Eq. (52) or Eq. (49)). We operatively define the domain wall (DW) number, will be important
in cosmology, in terms of the QCD anomaly factor
NDW ≡ 2N , (88)
as the number of inequivalent degenerate minima of the axion potential, that correspond to θ = 2pin/NDW
with n ∈ {0, 1, . . . , NDW−1}. The consequences of DWs in cosmology will be discussed in Section 3.4, while
the cosmological DW problem, which arises in models with NDW > 1, is reviewed in Section 7.5, together
with possible solutions. Here we just remark that the original KSVZ construction with one vector-like pair
of heavy quarks, singlets under SU(2)L (d(IQ) = 1), in the fundamental of SU(3) (T (CQ) = 1/2), and with
PQ charges XQL = −XQR = 1/2 as follows from Eq. (77), belongs to the class of NDW = 1 models.
2.7.2. DFSZ axion
The field content of the DFSZ model includes two Higgs doublets Hu ∼ (1, 2,− 12 ) and Hd ∼ (1, 2,+ 12 )
and a SM-singlet complex scalar field, Φ ∼ (1, 1, 0). The latter extends the WW model, allowing to decouple
the PQ breaking scale from the electroweak scale. We write the renormalizable scalar potential as22
V (Hu, Hd,Φ) = V˜moduli(|Hu| , |Hu| , |Φ| , |HuHd|) + λHuHdΦ†2 + h.c. . (89)
21For XΦ 6= 1 the axion domain would be instead [0, 2piva/XΦ).
22We couple the Higgs bilinear to Φ† rather than to Φ to ensure positive values of the anomaly coefficients (see below) while
maintaining the convenient charge normalization XΦ = 1, as in Eq. (96). A different possibility for the Higgs coupling to the
PQ breaking field is to replace the quartic coupling with the super-renormalizable operator HuHdΦ†. This is a physically
distinct choice as it implies NDW = 3, that is half of the one in standard DFSZ (cf. discussion below Eq. (102)). Note, however,
that none of the previous two choices has effects on the axion couplings.
22
Eq. (89) contains all the moduli terms allowed by gauge invariance plus a non-hermitian operator which is
responsible for the explicit breaking of the re-phasing symmetry of the three scalar fields into two linearly
independent U(1)’s, to be identified with the hypercharge and the PQ symmetry
U(1)Hu × U(1)Hd × U(1)Φ → U(1)Y × U(1)PQ . (90)
The action of the PQ symmetry on the fermion fields is taken to be the same for all the generations and, in
the case of the DFSZ-I model, is determined by the following Yukawa Lagrangian
LYDFSZ−I = −YU q¯LuRHu − YD q¯LdRHd − YE ¯`LeRHd + h.c. . (91)
Alternatively, one can couple H˜u = iσ2H∗u in the lepton sector, which goes under the name of DFSZ-II
variant,
LYDFSZ−II = −YU q¯LuRHu − YD q¯LdRHd − YE ¯`LeRH˜u + h.c. . (92)
By means of a proper scalar potential in Eq. (89) one can ensure that all the three scalar fields pick up a
VEV
Hu ⊃ vu√
2
ei
au
vu
(
1
0
)
, Hd ⊃ vd√
2
e
i
ad
vd
(
0
1
)
, Φ ⊃ vΦ√
2
e
i
aΦ
vΦ , (93)
where vΦ  vu,d and we have neglected EM-charged and radial modes that do not contain the axion. Note
that the parametrisation of the singlet field Φ in the last relation differs from the one used in Eq. (79) in
that a → aΦ and va → vΦ. This distinction is necessary whenever, as in DFSZ models, besides the singlet
angular mode aΦ, Goldstone bosons of other scalar multiplets concur to define the physical axion a, and
additional VEVs contribute to its dimensional normalization factor va. In order to identify the axion field
a in terms of au,d,Φ let us write down the PQ current
JPQµ = −XΦΦ†i
↔
∂µΦ−XHuH†ui
↔
∂µHu −XHdH†di
↔
∂µHd + . . . ⊃ JPQµ |a =
∑
i=Φ,u,d
Xivi∂µai , (94)
where the dots stand for the fermion contribution to the current, while in JPQµ |a we have retained only the
au,d,Φ fields and defined Xu,d = XHu,Hd to compactify the result. The axion field is now defined as [111]
a =
1
va
∑
i
Xiviai , v2a =
∑
i
X 2i v2i , (95)
so that JPQµ |a = va∂µa and, compatibly with Goldstone theorem, 〈0|JPQµ |a|a〉 = ivapµ. Note, also, that
under a PQ transformation ai → ai + κXivi the axion field transforms as a→ a+ κva. The PQ charges in
the scalar sector can be determined by requiring: i) PQ invariance of the operator HuHdΦ†2, which implies
XHu +XHd − 2XΦ = 0, and ii) orthogonality between JPQµ |a in Eq. (94) and the corresponding contribution
to the hypercharge current JYµ |a =
∑
i Yivi∂µai, which implies
∑
i 2YiXiv2i = −XHuv2u + XHdv2d = 0. The
latter condition ensures that there is no kinetic mixing between the physical axion and the Z boson.23 All
charges are hence fixed up to an overall normalisation24 that can be fixed by choosing a conventional value
for XΦ:
XΦ = 1 , XHu = 2 cos2 β , XHd = 2 sin2 β , (96)
where we have defined vu/v = sinβ, vd/v = cosβ, with v ' 246 GeV. Substituting these expressions into
Eq. (95) we obtain:
v2a = v
2
Φ + v
2(sin 2β)2 , (97)
23This canonical form is required in order to formally integrate out the Z boson, via a gaussian integration in the path-integral,
when defining the axion EFT.
24Physical quantities such as axion couplings and the DW number do not depend from this normalization, as it can be readily
verified by repeating all the steps above for a generic XΦ.
23
and given that vΦ  v we have va ' vΦ. The axion coupling to SM fermions can be derived by inverting
the first relation in Eq. (95) to express au,d in terms of a and select the a dependent terms. This boils down
to replace au/vu → XHua/va, ad/vd → XHda/va and yields
LDFSZ−I ⊃ −mU u¯LuReiXHu ava −mDd¯LdReiXHd ava −mE e¯LeReiXHd ava + h.c. . (98)
The axion field can be now removed from the mass terms by redefining the fermion fields according to the
field-dependent axial transformations:
u→ e−iγ5XHu a2va u , d→ e−iγ5XHd a2va d , e→ e−iγ5XHd a2va e , (99)
which, because of the QCD and EM anomalies, induce an axion coupling to both GG˜ and FF˜ . Let us
note in passing that since the fermion charges satisfy the relations XuL − XuR = XHu , XdL − XdR = XHd ,
XeL − XeR = XHd as dictated by PQ invariance of the Yukawa couplings, the transformations Eq. (99) are
equivalent to redefine the LR chiral fields with a phase transformation proportional to their PQ charges.
Specifying now Eqs. (84)–(85) to the DFSZ-I case, one obtains
N = ng
(
1
2
XHu +
1
2
XHd
)
= 3 , (100)
E = ng
(
3
(
2
3
)2
XHu + 3
(
−1
3
)2
XHd + (−1)2 XHd
)
= 8 , (101)
where ng = 3 is the number of SM fermion generations while XHu,d are given in Eq. (96). The anomalous
part of the axion effective Lagrangian then reads
δLDFSZ−I = αs
8pi
a
fa
GG˜+
α
8pi
(
E
N
)
a
fa
FF˜ , (102)
with fa = va/(2N) = va/6 (hence the DW number is NDW = 6) and E/N = 8/3. The transformations
in Eq. (99), however, do not leave the fermion kinetic terms invariant, and their variation corresponds to
derivative couplings of the axion to the SM fermion fields:
δ(u¯i/∂u) = XHu
∂µa
2va
u¯γµγ5u =
(
1
3
cos2 β
)
∂µa
2fa
u¯γµγ5u , (103)
δ(d¯i/∂d) = XHd
∂µa
2va
d¯γµγ5d =
(
1
3
sin2 β
)
∂µa
2fa
d¯γµγ5d , (104)
δ(e¯i/∂e) = XHd
∂µa
2va
e¯γµγ5e =
(
1
3
sin2 β
)
∂µa
2fa
e¯γµγ5e , (105)
from which we can read out the effective axion-fermion couplings for DFSZ-I (cf. the definition of the axion
effective Lagrangian Eq. (38) with an obvious extension to include the leptons):
c0ui =
1
3
cos2 β , c0di =
1
3
sin2 β , c0ei =
1
3
sin2 β , (106)
where i = 1, 2, 3 is a generation index. In the DFSZ-II model, the leptons couple to the complex conjugate
up-type Higgs H˜u instead than to Hd. This implies changing XHd → −XHu in the last (leptonic) term in
equations (98), (99) and (101) which yields E = 2, E/N = 2/3 and c0ei = − 13 cos2 β.
For DFSZ phenomenological studies it is important to determine the allowed range for tanβ = vu/vd,
which is set by the perturbative range of the top and bottom Yukawa couplings. A conservative limit is
obtained by imposing a (tree-level) unitarity bound on Yukawa-mediated 2 → 2 fermion scattering ampli-
tudes at
√
s  MHu,d : |Re aJ=0| < 1/2, where aJ=0 is the J = 0 partial wave. Ignoring running effects,
which would make the bound even stronger, and taking into account group theory factors [122, 123], one
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gets [124]: yDFSZt,b <
√
16pi/3 (the strongest bound comes from the channel QLuR(dR) → QLuR(dR), with
the initial and final states prepared into SU(3)c singlets). These translate into a lower and upper bound on
tanβ, that can be obtained via the relations ySMt =
√
2mt/v = y
DFSZ
t sinβ, ySMb =
√
2mb/v = y
DFSZ
b cosβ.
Using mt = 173.1 GeV, mb = 4.18 GeV and v = 246 GeV yields the range
tanβ ∈ [0.25, 170] . (107)
Note that the range in Eq. (107) holds both for DFSZ-I and DFSZ-II, since the τ Yukawa plays a sub-leading
role for perturbativity.
2.8. Summary of flavour and CP conserving axion couplings
Focussing on the most relevant axion couplings from the point of view of astrophysical constraints (see
Section 4) and experimental sensitivities (see Section 5), we collect here their numerical values including
available higher-order corrections. Flavour and CP violating axion couplings will be discussed instead in the
next two Sections.
The relation between the axion mass and the axion decay constant (see Eq. (51) for a LO expression),
has been computed including QED and NNLO corrections in the chiral expansion [125] and reads
ma = 5.691(51)
(
1012 GeV
fa
)
µeV . (108)
A direct calculation of the topological susceptibility (see Eqs. (131) and (132) below) via QCD lattice
techniques finds a similar central value, with an error five time larger [126].
The axion interaction Lagrangian with photons, matter fields f = p, n, e, pions and the nEDM operator
can be written as
Linta ⊃
α
8pi
Caγ
fa
aF F˜ + Caf
∂µa
2fa
f¯γµγ5f +
Capi
fafpi
∂µa[∂pipipi]
µ − i
2
Canγ
mn
a
fa
n¯σµνγ5nF
µν , (109)
where we have schematically defined [∂pipipi]µ = 2∂µpi0pi+pi−−pi0∂µpi+pi−−pi0pi+∂µpi−. The LO values of the
Cax coefficients have been derived in Section 2.5. Taking into account Next-to-LO (NLO) chiral corrections
for the axion-photon coupling and a LO non-relativistic effective Lagrangian approach for axion-nucleon
couplings,25 and including as well running effects, Ref. [47] finds
Caγ =
E
N
− 1.92(4) , (110)
Cap = −0.47(3) + 0.88(3) c0u − 0.39(2) c0d − Ca, sea , (111)
Can = −0.02(3) + 0.88(3) c0d − 0.39(2) c0u − Ca, sea , (112)
Ca, sea = 0.038(5) c
0
s + 0.012(5) c
0
c + 0.009(2) c
0
b + 0.0035(4) c
0
t , (113)
Cae = c
0
e +
3α2
4pi2
[
E
N
log
(
fa
me
)
− 1.92(4) log
(
GeV
me
)]
, (114)
Capi = 0.12(1) +
1
3
(
c0d − c0u
)
, (115)
Canγ = 0.011(5) e , (116)
where we have added to the list of [47] also Cae, Capi (at the LO in the chiral expansion) and Canγ (from
the static nEDM result in Eq. (31)).
Sometimes the axion coupling to photons and matter field (first two terms in Eq. (109)) is written as
Linta ⊃
1
4
gaγaF F˜ − igafaf¯γ5f − i
2
gd a n¯σµνγ5nF
µν , (117)
25Axion-nucleon couplings in the framework of the NNLO chiral Lagrangian have been recently considered in [127].
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where in the second term we have integrated by parts, applied the equations of motion (which is only valid
for on-shell fermion states) and defined
gaγ =
α
2pi
Caγ
fa
, gaf = Caf
mf
fa
, gd =
Canγ
mnfa
. (118)
The ‘model-independent’ predictions for the axion couplings (namely those exclusively due to the aGG˜
operator) are obtained by setting E/N → 0 and c0i → 0 in Eqs. (110)–(116). The latter also correspond
to the predictions of the simplest KSVZ model discussed in Section 2.7.1, while the two DFSZ variants of
Section 2.7.2 yield
DFSZ-I : E/N = 8/3 c0ui =
1
3
cos2 β , c0di =
1
3
sin2 β , c0ei =
1
3
sin2 β , (119)
DFSZ-II : E/N = 2/3 c0ui =
1
3
cos2 β , c0di =
1
3
sin2 β , c0ei = −
1
3
cos2 β , (120)
with the index i = 1, 2, 3 denoting generations and the perturbative unitarity domain tanβ ∈ [0.25, 170]. In
Section 6 we will explore in depth how these ‘model-dependent’ coefficients can be modified compared to
the standard KSVZ/DFSZ benchmarks.
For completeness, in the next two Sections we are going to discuss two other classes of model-dependent
axion couplings which can be of phenomenological interest, although they do not arise to a sizeable level in
the standard KSVZ/DFSZ benchmarks. These are namely flavour violating axion couplings (Section 2.9)
and CP-violating ones (Section 2.10).
2.9. Flavour violating axion couplings
Relaxing the hypothesis of the universality of the PQ current in DFSZ-like constructions leads to flavour
violating axion couplings to quarks and leptons. This option will be explored in detail in Section 6.5. Here,
we preliminary show how such couplings arise in a generalized DFSZ setup with non-universal PQ charges.
Let us assume that quarks with the same EM charge but of different generations couple to different Higgs
doublets, for definiteness H1 or H2, to which we assign the same hypercharge YH1 = YH2 = − 12 but different
PQ charges X1 6= X2. Let us start by considering the following Yukawa terms for the up-type quarks
LYU12 = −(YU )11 q¯1Lu1RH1 − (YU )22 q¯2Lu2RH2 − (YU )12 q¯1Lu2RH1 + . . . . (121)
The quark bilinear q¯1Lu2R in the last term (or alternatively a similar term in the down-quark sector) is needed
to generate the CKM mixing, and for the present discussion it is irrelevant whether it couples to H1 or H2.
Note, also, that from PQ charge consistency X (q¯2Lu1R) = X (q¯2Lu2R)−X (q¯1Lu2R) +X (q¯1Lu1R) = −X2 it
follows that the term q¯2Lu1RH2 is also allowed. However, being its structure determined by the first three
terms we do not need to consider it explicitly. Projecting out from the Higgs doublets the neutral Goldstone
bosons, as was done in Eq. (93), and identifying the axion field, we obtain the analogous of Eq. (98) in the
form
LmU12 = −(mu)11 u¯1Lu1R eiX1
a
va − (mu)22 u¯2Lu2R eiX2 ava − (mu)12 u¯1Lu2R eiX1 ava + . . . . (122)
Because of the presence of the mixing term, in this case it is not possible to remove the axion field from the
mass terms with a pure axial redefinition of the quark fields as in Eq. (99), but it is necessary to introduce
also a vectorial part in the field redefinition:
u1 → e−i(γ5X1+X2) a2va u1 , u2 → e−i(γ5X2+X1) a2va u2 . (123)
By introducing a vector of the two quark flavours u = (u1, u2)T and the two matrices of charges X12 =
diag(X1,X2) and X21 = diag(X2,X1) the variation of the fermion kinetic terms due to the redefinitions in
Eq. (123) can be written as
δ
(
u¯i/∂u
)
=
∂µa
2va
{u¯X12γµγ5u+ u¯X21γµu} = ∂µa
2va
{u¯LXLγµuL + u¯RXRγµuR} , (124)
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where XR = X21 + X12 = (X1 + X2) ( 1 1 ) and XL = X21 − X12 = (X2 −X1)
(
1 −1
)
. The matrix of
charges for the RH fields is proportional to the identity, and hence rotation to the mass eigenstates has
no effects (this could have been argued already from Eq. (121) since the first and third Yukawa terms
imply X (u1R) = X (u2R) = −X (q¯1LH1)). However, since XL is not proportional to the identity, once
the LH interaction states are rotated into the mass eigenstates u′L = U
u
L uL flavour violating couplings,
controlled by the matrix (X2 −X1)UuL
(
1 −1
)
Uu†L unavoidably appear. Clearly, had we coupled the third
term in Eq. (121) to H2 rather than to H1, flavour violating couplings would have instead appeared in the
RH sector, while by extending the scheme to three generations of up-type quarks, both the RH and LH
sectors can be simultaneously affected. We will see in Section 6.5 that interesting models which necessarily
involve generation dependent PQ charges are indeed characterised by flavour changing axion couplings of
this type.
2.10. CP-violating axion couplings
Under some circumstances, discussed below, the axion field can develop CP-violating (scalar) couplings
to matter fields, which can be parametrized via the following Lagrangian term
LCPVa = −gSaf af¯f . (125)
In particular, CP-violating (scalar) axion couplings to nucleons N = p, n, mediate new forces in the form
of scalar–scalar (monopole–monopole) or scalar–pseudo-scalar (monopole–dipole) interactions [128]. This
terminology comes from the fact that in the non-relativistic limit the scalar coupling is spin-independent,
contrary to the case of the pseudo-scalar density. Let us consider, for instance, the monopole-monopole
interaction. The non-relativistic potential between two nucleons N1 and N2 can be calculated in the inverse
Born approximation (with ~q denoting the moment transferred)
V (r) =
∫
d3q
(2pi)3
gSN1g
S
N2
ei~q·~r
~q 2 +m2a
= −g
S
N1
gSN2e
−mar
4pir
, (126)
which for ma . 1 eV is subject to strong limits from e.g. precision tests of Newton’s inverse square law.
Instead monopole-dipole interaction are at the base of new experimental setups sensitive to either gSaNgan
or gSaNgae, that could eventually target the QCD axion, as discussed in Section 5.4.
CP-violating scalar axion couplings to nucleons are generated whenever the axion potential does not
exactly relax the axion VEV to zero.26 In the presence of extra sources of CP violation in the UV it is
expected that θeff = 〈a〉 /fa 6= 0 and one finds [128]
gSaN =
θeff
fa
mumd
mu +md
〈N |(u¯u+ d¯d)|N〉 ≈ θeff
(
17 MeV
fa
)
, (127)
where we used the lattice matrix element (mu +md)〈N |(u¯u+ d¯d)|N〉/2 ≈ 38 MeV from [129]. Higher-order
corrections to Eq. (127) were recently computed in Ref. [130] by using different approximation methods.
Regarding instead the possible values of θeff , for instance, in the SM it is expected to be (based naive
dimensional analysis [131])
θSMeff ∼ G2F f4piJCKM ≈ 10−18 , (128)
(note that JCKM = ImVudV ∗cdVcsV
∗
us has the same spurionic properties of θ, being a CP-violating flavour
singlet) which leads, however, to axion scalar couplings that are far from being experimentally accessible.
New physics above the electroweak scale might provide extra sources of CP violation and be responsible
for a sizeable θeff which could bear some phenomenological consequences. Consider for definiteness the
CP-violating operator (colour EDM)
OCPV = i
2
d˜qgsq¯T
aGaµνσ
µνγ5q , (129)
26Since electrons always couple derivatively to the axion, the VEV of the latter does not generate a scalar axion coupling to
electrons. Hence, only scalar axion couplings to nucleons are relevant for the QCD axion.
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for any light quark flavour q = u, d, s, together with the QCD-dressed 1-point and 2-point axion functions,
defined as
χ′ = i
∫
d4x〈0|T αs
8pi
GG˜(x)OCPV(0)|0〉 , (130)
χ = i
∫
d4x〈0|T αs
8pi
GG˜(x)
αs
8pi
GG˜(0)|0〉 . (131)
The latter is known as topological susceptibility (sometimes also denoted as K [121]) and can be also
written as the second derivative of the QCD generating functional Eq. (16) (see also the QCD action density
in Minkowki Eq. (1)) with respect to θ. A comparison with the effective axion Lagrangian in Eq. (36) and
the replacement ∂
2
∂θ2
∣∣
θ=0
→ f2a δ
2
δa2
∣∣
a=0
highlights its relation with the axion mass:
χ = f2am
2
a . (132)
A detailed computation that exploits chiral Lagrangian techniques, chiral fits and lattice QCD results gives
the value χ = (75.5(5) MeV)2 [47]. The two quantities χ′ and χ enter the axion potential as
V (a) ≈ χ′
(
a
fa
)
+
1
2
χ
(
a
fa
)2
, (133)
where we neglected higher orders in a/fa  1. Hence, the induced axion VEV is obtained by solving the
tadpole equation
θeff = − χ
′
|χ| . (134)
Using standard current algebra techniques one finds [132]
θeff = −m
2
0
2
d˜q
mq
, (135)
with m20 = 〈0|gsq¯(T aGaµνσµν)q|0〉/〈0|q¯q|0〉 ≈ 0.8 GeV2. This shows that it is possible to generate values of
θeff which saturate the nEDM bound |θeff | . 10−10, e.g. for d˜q ∼ 1/(1012 GeV). In terms of a SM gauge
invariant effective operator above the electroweak scale, the scale of new physics is given by v/Λ2NP = d˜q,
which yields ΛNP ∼ 104 TeV.
2.11. The dirty side of the axion
One of the most delicate aspects of the PQ mechanism is the fact that it relies on a global U(1)PQ
symmetry, which has to be preserved to a great degree of accuracy in order for the axion VEV to be relaxed
to zero, a precision compatible with the non-observation of the neutron EDM. This issue is known as the
PQ quality problem [133–138], and it is reviewed below.
Global symmetries are generally considered not to be fundamental features in a QFT, and this is par-
ticularly well justified in the case of anomalous symmetries which do not survive at the quantum level.
However, in some cases the field content of the theory together with the requirement of Lorentz and local
gauge invariance restricts the allowed renormalizable operators to a set which remains invariant under some
global redefinition of the fields. These symmetries are thus accidental in the sense that they result from
other first principle requirements. However, given that they are not imposed on the theory, in general are
not respected by higher-order non-renormalizable operators. A well known example of an accidental global
symmetry is baryon number (B) in the SM: operators carrying nonzero baryon number must have at least
three quark fields to be colour singlets, and then at least four fermion fields to form a Lorentz scalar. Thus
their minimal dimension is d = 6, whence the renormalizable Lagrangian conserves B. The high level of
accuracy of baryon number conservation required to comply with proton decay bounds implies that B-
violating effective operators must be suppressed by a rather large scale Λ/B & 1015 GeV which, however, can
be considered natural when understood in terms of some GUT dynamics.
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It would certainly be desirable to generate also the PQ symmetry as an accidental symmetry. The
benchmark KSVZ and DFSZ constructions discussed in the previous sections do not address this issue and,
in particular, there is no first principle reason that impedes writing in LKSVZ in Eq. (76) a quark mass term
µQQ¯LQR or in LDFSZ in Eq. (89) a direct coupling µ2HHuHd, both of which would destroy PQ invariance
of the renormalizable Lagrangians. The problem becomes even more serious once, after assuming that an
accidental PQ symmetry can be enforced in some way, one proceeds to estimate at which operator dimension
the symmetry can be first broken in order not to spoil the solution to the strong CP problem for a given value
of the suppression scale. Let us consider the following set of effective operators of dimension d = 2m + n
that violate the PQ symmetry by n units, and let us assume for definiteness that they are suppressed by
the largest scale that can consistently appear in a QFT, the Planck scale mPl:
−V nPQ−break =
λn|Φ|2m
(
e−iδnΦn + eiδnΦ†n
)
md−4Pl
⊃ λnf
4
a
2
(
fa√
2mPl
)d−4
cos
(
na
fa
− δn
)
≈ m2∗f2a
(
θ2
2
− θ
n
tan δn
)
, (136)
with λn real and δn the phase of the coupling,27 and we have taken for simplicity a colour anomaly factor
2N = 1 so that Φ = 1√
2
(fa + %a)e
ia/fa . In the last relation we have expanded for θ = afa  1 neglecting
an irrelevant constant, and we have defined m2∗ =
λnf
2
a
2
(
fa/(
√
2mPl)
)d−4
cos δn. The effect of the explicit
breaking V nPQ−break is to move the minimum of the axion potential away from the CP conserving minimum
〈θ〉 = 0 of the QCD induced potential V (θ) = 12m2af2aθ2 (see Eq. (50)) and shift it to
〈θ〉 = m
2
∗ tan δn
n(m2a +m
2∗)
. (137)
Taking for example operators that violate PQ by one unit (n = 1) and assuming λ1 ∼ tan δ1 ∼ 1, implies
that to satisfym2∗/m2a . 10−10 the dimension of these operators should be uncomfortably large: d ≥ 8, 10, 21
respectively for fa ∼ 108, 1010, 1015 GeV.
Of course, in QFT it is always possible to assume that there are no heavy states mediating PQ-violating
interactions, so that operators of the type Eq. (136) do not arise. However, there is a general consensus that
quantum gravity effects violate all global symmetries at some level. The standard argument is that particles
carrying global charges can be swallowed by black holes, which subsequently may evaporate by emitting
Hawking radiation [139].28 One can then speculate that non-perturbative quantum gravity formation of
“virtual" black holes would eventually result in an effective theory containing all types of operators compati-
ble with the local gauge symmetries of the theory, but violating global charge conservation, with suppression
factors provided by appropriate powers of the cutoff scale mPl. This latter feature is often justified from the
requirement that quantum gravity effects should disappear when sending mPl → ∞. However, while this
is indeed reasonable for perturbative quantum gravity corrections, global charge violation is intrinsically a
non-perturbative phenomenon, and the assumption that the corresponding effects could be described only
in terms of operators suppressed by powers of mPl is at least questionable. After all, non-perturbative QCD
effects in the axion potential are approximately described by a cosine term V (a) ≈ −Λ4QCD cos(a/fa) with a
positive power of ΛQCD, rather than by effective operators suppressed by inverse powers of ΛQCD. Similarly,
one cannot exclude that gravity could give rise to operators like m3Pl(Φ + Φ
†) or to other operators not
containing mPl in the denominator [140–142].
In the absence of reliable ways to assess the validity of Eq. (136) for describing quantum gravity effects,
other approaches have been pursued. Most noticeably, in scenarios in which Einstein gravity is minimally
27Precisely because these operators are not PQ invariant, the PQ transformation required to remove θ¯ from the QCD
Lagrangian will in any case give a contribution nθ¯ to δn.
28Local charges, such as the electric charge, cannot disappear because Gauss law ensures that the electric field flux remains
preserved when the charged particle falls into the black hole. Hence, charged black holes cannot evaporate entirely, but instead
get stabilises as extremal black holes.
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coupled to the axion field, non-conservation of global charges arises from non-perturbative effects related to
wormholes that can absorb the global charge and consequently break the symmetry. These effects are to
some extent computable and have been studied for example in Refs. [140–142] and, more recently, also in
Ref. [143]. These studies indicate that in this setup global symmetries remain intact at any finite order in
a perturbative expansion in 1/mPl so that power-suppressed operators are not generated [143]. However,
non-perturbative wormhole effects do generate additional cosine terms ∼ cos(a/f − δ1) similar to the last
term in Eq. (136). However, they come with an exponential suppression factor e−Swh of the wormhole action.
Then, if Swh is sufficiently large, as it appears possible in many cases [142, 143], the axion solution to the
strong CP problem would not be endangered.
The conclusion of this discussion is that, in a complete model, it would be highly desirable that the
PQ symmetry could arise as an accidental symmetry as a consequence of fundamental principles, like for
example gauge and Lorentz invariance. These principles should not only guarantee that the symmetry
remains perturbatively unbroken at the renormalizable level, but they should also impede writing down PQ
violating effective operators of dimension d ≤ 10. This, unless some other mechanism can guarantee an
appropriate strong suppression of the coefficients of any such higher dimensional operator. In this respect,
in order to guarantee the quality of the PQ symmetry different mechanisms have been put forth. They can
be conceptually divided in three different classes:
• Low fa. For fa . 103 GeV, only d > 5 is required in order not too generate a too large 〈θ〉 from
Eq. (137). From this point of view the original WW axion model would have been perfectly natural,
since in absence of SM-singlet fields the first gauge invariant PQ breaking operator that one can write
in the scalar potential is (HuHd)3, which is d = 6. Over the years, the increasing lower bounds on fa
let the PQ quality problem to emerge. In ‘super-heavy’ axion models, reviewed in Section 6.7, one can
evade the astrophysical constraints on fa & 108 GeV, e.g. by modifying the QCD relation between ma
and fa. These models feature an axion decay constant of the order of 104÷5 GeV, thus improving a
lot on the PQ quality problem.
• Gauge protection. New local symmetries can lead to an accidental PQ symmetry protected from
higher-order PQ breaking operators, up to some fixed order. Various mechanisms have been proposed,
based on discrete gauge symmetries [144–148], Abelian [135, 137, 149–151] and non-Abelian [152, 153]
gauge symmetries, composite dynamics [154–158] as well as extra-dimensional setups [159, 160].
• Small coupling. There is the possibility that the overall coupling λn in Eq. (136) is extremely tiny,
even though effective operators are generated at relatively low-dimension [161]. Another possibility
that was already mentioned above, is that PQ breaking terms generated by quantum gravity come
with a suppression factor e−Swh which is exponentially small for a sizeable wormhole action.
A more detailed account of all these mechanisms will be given in Section 7.6. All in all, we believe that
theoretical efforts to search for a compelling mechanism to generate accidentally a PQ symmetry of the
required high quality keep being of primary importance. Meanwhile, this ‘incompleteness’ of a theory, that
is otherwise quite elegant and particularly rich of phenomenological implications, should not discourage
in any way experimental axion searches. Although theoretical UV completions of axion models and PQ
protection mechanisms, for their very nature, tend to remain confined at high energy, thus challenging
experimental tests, with the large number of ongoing and planned axion search experiments we are now
entering a data driven era. If the axion will be discovered, probing its fine properties with good accuracy
could hopefully provide the clues needed to unveil the fundamental origin of the PQ symmetry.
3. Axion cosmology
The main goal of this Section is to review the mechanisms through which axions contribute to the present
DM energy density. In Section 3.1 we briefly recall some basic equations for cosmology and for early Universe
thermodynamics, and we establish the notations. The temperature dependence of the axion potential and
axion mass is reviewed in Section 3.2. In Section 3.3 we describe the mechanism of cold axions production
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from the misalignment mechanism. The contribution to the axion relic density from the decay of topological
defects is reviewed in Section 3.4. Section 3.5 addresses the issue of isocurvature fluctuations in the axion field
and of the related bounds that can be derived on the scale of inflation. Section 3.6 collects some bounds on
the axion mass that can be obtained (mainly) from cosmological considerations. In Section 3.7, we consider
the important problem of identifying for which mass range the axion can account for the totality of the
DM. In Section 3.8 we address some issues related with the existence of a thermal population of relativistic
axions. Finally, the role of axion-related substructures, in the form of axion miniclusters and axion stars, in
reviewed Section 3.9.
3.1. Basics of cosmology and thermodynamics in the early Universe
Observations at scales larger than 100 Mpc support the evidence that the Universe is spatially homoge-
neous and isotropic. Our starting point is the description of such a Universe in terms of Einstein equations
Gµν = 8piGNT µν , (138)
where the Einstein tensor Gµν describes the geometry of the space-time and is defined in terms of (derivatives)
of the metric tensor gµν through the affine connection and its derivatives. The stress-energy tensor T µν
describes the energy content of the Universe, and GN is Newton constant. In the following we rewrite
it as GN = 1/m2Pl that defines the Planck mass with a value mPl = 1.221 × 1019 GeV. The indices µ, ν
run over the four space-time dimensions (t, x, y, z) where t is cosmic time (i.e. the time measured by a
physical clock at rest in the comoving frame) which, for any given value, slices space-time into a three-
dimensional homogeneous and isotropic space manifoldM3 with a constant curvature that can be positive,
negative or zero, corresponding respectively to an open, closed or flat Universe. Observations and theoretical
considerations support the last possibility (flat Universe) for which the line element is
ds2 ≡ gµνdxµdxν = dt2 −R2(t)
(
dx2 + dy2 + dz2
)
, (139)
where R = R(t) is the cosmic scale factor. Eq. (139) defines the Friedmann-Lemaître-Robertson-Walker
(FLRW) metric. Consistency with the symmetries of the metric (homogeneity and isotropy) requires Tµν to
be diagonal and with equal spatial components. A simple realisation is a perfect fluid at rest in the comoving
frame with time dependent energy density ρ = ρ(t) and pressure P = P (t) for which the stress-energy tensor
is T µν = diag (ρ,−P,−P,−P ). The stress energy in the Universe is conveniently described by the simple
equation of state P = wρ so that a FLRW Universe remains completely characterised by the total energy
density and by the fractional size and w-values of its components.
From the FLRW metric Eq. (139) the affine connection is computed, then the Einstein tensor, and
inserting it into Einstein’s field equations (138) with the stress-energy tensor for the perfect fluid on the
right-hand-side, yields
H2 ≡
(
R˙
R
)2
=
8pi
3m2Pl
ρ , (140)
H˙ +H2 =
R¨
R
= − 4pi
3m2Pl
(ρ+ 3P ) , (141)
where the first equation is obtained from the 0-0 component and the second from the spatial j-j component
after making use of Eq. (140) while, due to the symmetries of the system, all the other components vanish.
H ≡ R˙/R with the dot meaning derivation with respect to cosmic time, expresses the rate of the change
in the scale factor, and is called the Hubble rate. Combining the two Friedmann equations leads to the
conservation law in an expanding Universe:
ρ˙+ 3H(P + ρ) = 0 , or equivalently
∂
∂t
(ρR3) = −P ∂
∂t
(R3). (142)
The second form, whose physical meaning is that the change in energy in a comoving volume is equal to
minus the pressure times the change in volume, is the first law of thermodynamics. This form is particularly
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useful for deducing the scaling of the energy density in matter and radiation with the expansion. Matter
is pressureless (w = 0) and immediately we obtain ρm ∝ R−3. For radiation Prad = ρrad/3 (w = −1/3)
and Eq. (142) can be recast as ∂(ρradR4)/∂t = 0. Hence ρrad ∝ R−4 where the additional factor of R−1
accounts for the redshift of radiation wavelength. Finally, from Eq. (141) we see that an accelerated expansion
(R¨/R > 0) requires ρ+3P < 0 that is, given that the energy density is always positive, acceleration requires
a negative pressure P < −ρ/3. The simplest possibility is PΛ = −ρΛ (w = −1) in which case from the first
relation in Eq. (142) we immediately obtain ρΛ = const. which corresponds to a Universe dominated by
vacuum energy.
The FLRW metric Eq. (139) together with the Friedmann equation (140) and Eq. (142) provides the
framework in which the so-called standard cosmological, or ΛCDM, model is defined. According to this
model, the present Universe is dominantly filled with a mysterious vacuum energy component ρΛ which
accounts for about 2/3 of the total energy density. The remaining 1/3 corresponds to a matter component,
which is again dominated by an unknown type of DM. Known particle species as baryons, electrons and
(depending on their masses) neutrinos, contribute a subleading amount ρb ∼ 0.2 ρDM while the photon
contribution is even smaller ρrad  ρΛ, ρDM, ρb. However, in the early Universe, at temperatures above
∼ 1 eV, the Universe was dominated by radiation, ρ ' ρrad. The regime of radiation domination is the most
relevant one for the topics that will be developed in the forthcoming Sections.
Let us now review some basic notions of thermodynamics in an expanding Universe. For particles
in kinetic equilibrium with a thermal bath at temperature T , the phase space occupancy is given by the
distributions f(E) = [exp ((E − µ)/T )± 1]−1 with +1 for fermions and−1 for bosons, while µ is the chemical
potential of the particle species. If a certain number of species p = 1, 2, 3, . . . are in chemical equilibrium,
then
∑
p µp = 0. In the relativistic limit (T  m) the contribution to the energy density of the thermal
bath of a particle p with gp internal degrees of freedom is
ρp =
pi2
30
ηp gp T
4
p , (143)
where the statistical factor ηp = 1 (7/8) for bosons (fermions), and Tp is the temperature that characterises
the p-particle distribution. If a species is kinetically decoupled from the thermal bath, then Tp might differ
from T .29 In the early Universe, a very important fiducial quantity is the total entropy in a comoving volume
S = R3(ρ+ P )/T , and this is because entropy it is conserved, or approximately conserved, in most phases
of the cosmological evolution.30 For relativistic species Pp = ρp/3 so that the contribution to the entropy
density s = S/R3 of a relativistic particle is
sp =
2pi2
45
ηp gp T
3
p . (144)
It is customary to write the energy and entropy densities of relativistic species in a compact form as
ρrad =
pi2
30
g∗(T )T 4 , srad =
2pi2
45
gS(T )T
3 , (145)
where the effective number of energy (g∗) and entropy (gS) relativistic degrees of freedom are defined as
g∗(T ) =
∑
p
ηp gp
(
Tp
T
)4
, gS(T ) =
∑
p
ηp gp
(
Tp
T
)3
. (146)
These expressions account for the possibility that for some species Tp 6= T , in which case gS 6= g∗, while they
are otherwise equal. Since we will mainly deal with the Universe history during the radiation dominated era
29In the SM this occurs only for the neutrinos, and below T ∼ 1MeV.
30This expression for S holds whenever all the particle chemical potentials are negligible |µ|  T , which is generally true to
an excellent approximation.
32
(ρ ' ρrad) in the following we will drop the subscript rad and simply use ρ and s. When gS remains constant
during the Universe evolution, entropy conservation dS ∼ d (T 3R3) = 0 implies T ∝ 1/R ∝ t−1/2. Finally,
from the Friedmann equation (140) and from the expression for the total energy density in the radiation
dominated era Eq. (145), one obtains the following expression for the Hubble parameter:
H(T ) =
(
4pi3g∗(T )
45
)1/2
T 2
mPl
' 1.66 g1/2∗ T
2
mPl
. (147)
In the early Universe, for T > mt all the SM degrees of freedom are in the relativistic regime, and g∗ = 106.75.
Other relevant values are g∗(mb > T > mc) = 75.75, g∗(T > TC) = 61.75 (TC is the QCD critical
temperature), g∗(T > mpi) = 17.25, g∗(T > me) = 10.75. At temperatures below the electron mass g∗ and
gS differ, because neutrinos are kinetically decoupled from the thermal bath and are not reheated by e+e−
annihilation. The neutrino temperature is in fact lower by a factor Tν/Tγ = (4/11)1/3 so that from Eq. (146)
we obtain g∗(T < me) ' 3.36 and gS(T < me) ' 3.91.
3.2. The axion potential and the axion mass at finite temperature
The dependence of the axion potential and mass on the temperature of the early Universe thermal
bath is very important because it concurs to determine the present relic abundance of the axions generated
through the misalignment mechanism. Although this is not the only mechanism of production of cold relic
axions, it is the most model independent and possibly a quite relevant one. However, deriving a reliable
expression for V (a, T ) is not an easy task. The chiral Lagrangian approach that in Section 2.5 proved to be a
powerful tool to determine axion properties at zero temperature cannot be used, because convergence of the
perturbative expansion deteriorates as the temperature approaches the critical temperature TC ' 160MeV
where QCD starts deconfining, and for T ' TC the chiral approach is clearly inadequate to describe QCD.
However, it is expected that at larger temperatures T  TC QCD becomes perturbative, in which case other
computational approaches, as for example those based on the so-called dilute instanton gas approximation
(DIGA) [162] can represent a sensible approach. The result of computing the axion potential around the
background of a dilute instanton gas [56] gives a potential of the form
V (a, T )
∣∣
T>TC
= χ(T )
[
1− cos
(
a
fa
)]
. (148)
The finite temperature QCD topological susceptibility χ(T ) is related to the temperature dependent axion
mass as
χ(T ) = f2a m
2
a(T ) . (149)
The DIGA predicts a power-law dependence of the topological susceptibility on temperature with a rather
large exponent χ(T ) ∝ χ(0)T−8. However, the reliability of the DIGA estimate has been questioned
because χ(T ) exhibits an exponential dependence on quantum corrections that are difficult to estimate per-
turbatively.31 To tackle this problem different techniques have been used, as for example a semi-analytical
approach based on the interacting instanton liquid model [165, 166] or non-perturbative QCD lattice meth-
ods. In particular several groups have carried out dedicated QCD simulations on the lattice in ranges of
temperature relevant for the axion mass [126, 164, 167–169]. Above some threshold temperature of the
order of several 100 MeV, a power-law dependence close to the DIGA prediction is found, however, sizeable
deviations in general appear at lower temperatures. For definiteness we will assume in the following that
well above TC the temperature dependence of the axion mass can be parametrised as
ma(T ) ' β ma
(
TC
T
)γ
, (150)
31The range of validity of the DIGA and the corresponding theoretical uncertainty on χ(T ) and on the axion relic abundance
was given in Ref. [163]. However, some lattice simulations (see e.g. [164]) indicate that for temperatures in the range [TC , 4TC ]
χ(T ) differs strongly from the DIGA both in the size and in the temperature dependence. Further lattice studies are needed
in order to settle this issue.
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where ma is the zero-temperature axion mass, the exponent has a value γ ≈ 4, TC ≈ 160MeV (see e.g.
[170]) while the parameter β, that depends on the number of quark flavours active at the temperature T and
on other details of QCD physics, is found in the DIGA to be of the order of a few × 10−2 [56]. Expanding
Eq. (148) around a/fa = 0 gives
V (a, T )
∣∣
T>TC
≈ 1
2
m2a(T ) a
2
[
1 + b2(T )
a2
f2a
+ . . .
]
, (151)
where the coefficient of the quadratic term in the expansion is identified with the square of the axion mass,
while terms higher than quadratic, that correspond to higher momenta of the topological charge distribution
(αs/8pi)GG˜, describe self-interactions of the axion field. In particular, it is found in lattice simulations that
the fourth order coefficient has a value b2 ≈ − 112 , as it would be expected from the cosine potential (that is
from the DIGA). Being this coefficient negative, the interaction between axions is attractive.
3.3. Axion misalignment mechanism
The effective periodic potential V (a, T ) in Eq. (148) is responsible for the generation of a cosmological
population of cold axions, whose abundance was first computed in Refs. [171–173]. In the so-called misalign-
ment mechanism, the present energy density stored in the zero modes32 of the axion field can be obtained
by solving the equation of motion in an expanding Universe
a¨+ 3Ha˙− 1
R2(t)
∇2a+ V ′(a, T ) = 0 , (152)
where the Hubble rate H has been defined in Eq. (140), ∇2 is the spatial Laplacian operator and V ′ is
the first derivative of the potential with respect to the axion field a. Although a proper treatment would
consist in solving Eq. (152) numerically for a given effective potential, for illustrative purposes and to better
understand the physics involved let us consider the expansion given in Eq. (151) truncated to the quadratic
term. In terms of the axion angle θ(x) = a(x)/fa Eq. (152) then reads
θ¨ + 3Hθ˙ − 1
R2(t)
∇2θ +m2a(t)θ = 0 , (153)
where ma(t) ≡ ma(T (t)). In this approximation, the Fourier transform of the axion field follows a similar
expression as in Eq. (152), with the replacement ∇2 → −k2 in terms of the mode k2 ≡ k · k for each field
decomposition. Hubble expansion implies that the wavelength of each mode k gets stretched as λ(t) =
2pi
k R(t). There are two qualitatively different regimes in the evolution of a mode, depending on whether at a
given time its wavelength is larger than the horizon λ(t) > t, or is inside the horizon λ(t) < t. Recalling that
t = 1/(2H) super-horizon modes are then defined by the condition k . R(t)H(t), while for k & R(t)H(t) the
mode is inside the horizon. For super-horizon modes the contribution from the spatial gradient in Eq. (153)
can be neglected. If the mass term is also negligible, the solution for the mode goes to a constant as t−1/2
(see Eq. (155) below). For modes well inside the horizon, and for an adiabatic expansion, the solution to
Eq. (153) conserves the number of axions in each mode. The number density of these higher frequency
modes is suppressed with respect to the contribution from super-horizon modes so we neglect it. Additional
details on higher modes can be found in Refs. [174–180].
When analysing Eq. (153), we see that the Hubble drag effectively damps the evolution of the axion
field as long as the Hubble rate is significantly larger than the mass term. As the Universe cools and the
expansion rate slows down, the mass term eventually begins to contribute to the evolution of the axion field
once the condition
ma(tosc) ≈ 3H(tosc) , (154)
32The axion field can be expanded in terms of a linear superposition of eigenmodes with definite co-moving wavevector k
a(x, t) =
∫
d3k a(k, t)eik·x, and the axion zero mode refers to the component a(k = 0, t).
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has been fulfilled.33 Eq. (154) defines implicitly the time tosc at which the axion mass becomes important,
and from this moment on, the axion field begins to oscillate in the quadratic potential with oscillations that
are damped by the expansion rate.34
For super-horizon modes k . RH (∇2θ ' 0) and as long as t  tosc (ma(t) ' 0), Eq. (153) reduces to
θ¨ + (3/2t)θ˙ = 0. Defining the initial conditions at the PQ symmetry breaking time as θ(tPQ) ≡ θPQ and
θ˙(tPQ) ≡ θ˙PQ35 the solution to Eq. (153) reads
θ(t) = θPQ +
θ˙PQ
HPQ
(
1− RPQ
R(t)
)
, (155)
θ˙(t) = θ˙PQ
(
RPQ
R(t)
)3
, (156)
where HPQ = H(tPQ) and RPQ = R(tPQ). At the time when the axion mass becomes relevant, defined
by Eq. (154) as tosc, we have
RPQ
R(tosc)
=
Tosc
TPQ
≈ Tosc
fa
. 10−8 , (157)
where we have used Tosc ≡ T (tosc) ≈ 1GeV and TPQ ≡ T (tPQ) ' fa >∼ 108 GeV. The ratio of the scale
factors in parenthesis in Eq. (155) is thus a transient that rapidly decays after the PQ phase transition. We
define the initial conditions at the onset of oscillations θi ≡ θ(tosc) and θ˙i ≡ θ˙(tosc) as
θi = θPQ +
θ˙PQ
HPQ
, (158)
θ˙i = θ˙PQ
(
H(tosc)
HPQ
)3/2
, (159)
where in the second equation we have used R ∝ 1/T and H ∝ T 2/mPl. θi in Eq. (158) is known in the
literature as the initial misalignment angle. The effects of the initial velocity θ˙i would be important if at
tosc the kinetic energy stored in the axion field a˙2/2 exceeds the potential barrier 2m2af2a , see Eq. (148), that
is if θ˙i > 2ma(tosc). Using Eq. (154) we can rewrite Eq. (159) as
θ˙i = ma(tosc)
θ˙PQ
HPQ
Tosc
3TPQ
, (160)
so that we obtain the condition
θ˙PQ
HPQ
>
6 TPQ
Tosc
>∼ 108 . (161)
where for the numerical value we have used Eq. (157). We can conclude that unless the axion velocity at
the PQ breaking scale is at least eight orders of magnitude larger than the expansion rate of the Universe,
the results for axion DM are indistinguishable from what is obtained by setting, as it is usually done, θ˙i = 0.
Some models that assume that at tosc the axion kinetic energy dominates the potential energy are reviewed
in Section 6.6.3.
Regarding the misalignment angle θi, the possible initial values depend on the cosmological history of
the axion field. To better see this, let us consider the following two conditions:
33The factor three appearing in Eq. (154) serves as a crude approximation to estimate the value of tosc. In general, this
factor should be matched to a numerical solution.
34The intuitive meaning of the condition Eq. (154) is the following: in radiation domination H(t) = 1/(2t), hence the
condition can be rewritten as ma(tosc)tosc ≈ 1. In this regime, the angular frequency of the oscillations is ω ≈ ma(t).
Therefore, requiring that the condition is satisfied, amounts to require that the Universe is sufficiently old to host a sizeable
fraction of one oscillation period.
35As we will see below, the PQ symmetry can get broken before or after inflation. Only in the latter case the label PQ can
consistently refer to quantities like temperature, Hubble rate, etc. at the PQ breaking time. We will leave understood that
in the case the symmetry is broken during inflation, the same label PQ rather refers to a suitable early time after the end of
inflation.
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a) The PQ symmetry is spontaneously broken during inflation;
b) The PQ symmetry is never restored after its spontaneous breaking occurs.
Condition a) is realised whenever the axion energy scale is larger than the Hubble rate at the end of inflation,
fa > HI , while condition b) is realised whenever the PQ scale is larger than the maximum temperature
reached in the post-inflationary Universe. Broadly speaking, one of these two possible scenarios occurs:
• Pre-inflationary scenario. If both a) and b) are satisfied, inflation selects one patch of the Universe
within which the spontaneous breaking of the PQ symmetry leads to a homogeneous value of the initial
misalignment angle θi. In this scenario, topological defects are inflated away and do not contribute
to the axion energy density. However, other bounds that come from isocurvature modes [181–183]
severely constrain this scenario, which require a relatively low-energy scale of inflation to be viable.
• Post-inflationary scenario. If at least one of the conditions a) or b) is violated, the PQ symmetry
breaks with θi taking different values in patches that are initially out of causal contact, but that today
populate the volume enclosed by our Hubble horizon. In this scenario, isocurvature fluctuations in
the PQ field randomise θ, with no preferred value in the power spectrum. Moreover, modes with
k & RH decay because of the gradient term in the equation of motion. The proper treatment in this
scenario is to solve numerically the equation of motion of the PQ field in an expanding Universe, in
order to capture all features coming from the misalignment mechanism, including the contribution
from topological defects, see Section 3.4. Here, we discuss how to approximate the computation of the
relic density of cold axions, neglecting for the moment the important contribution from axionic strings
and domain walls. In this scenario, the initial misalignment angle θi within a Hubble patch takes all
possible values on the unit circle. The strategy to compute the present abundance relies on computing
Eq. (153) many times, each time drawing the initial value θi from a uniform distribution over the unit
circle. For a quadratic potential, this is the same as assuming for the initial condition the value
θi ≡
√
〈θ2i 〉 =
pi√
3
' 1.81 , (162)
where the angle brackets represent the value of the initial condition averaged over [−pi, pi). For the
periodic potential that defines the QCD axion this result is modified due to the presence of non-
harmonic terms [179, 184–188] which can be parametrised in terms of a function F (θi) [185] that
accounts for the anharmonic corrections in the axion potential, so that
〈θ2i 〉 =
1
2pi
∫ pi
−pi
dθi F (θi)θ
2
i , (163)
where F (θi) → 1 for small θi and increases monotonically with θi. Including anharmonicities, nu-
merically one obtains θi ≈ 2.15 [47], which is slightly larger than the value in Eq. (162). Thus, in
this scenario the initial condition is fixed by the averaging of θi over the Hubble patch, which leaves
the zero temperature value of the axion mass as the sole unknown for estimating the contribution to
axion cold DM (CDM) from the misalignment mechanism. (It should be kept in mind, however, that
in this case topological defects form after inflation and remain within the horizon, contributing to the
axion energy density, and that this contribution still has to be assessed with sufficient confidence and
precision, see the discussion in Section 3.4 below.)
The evolution of the axion field can be described in terms of its effective equation of state wa given by
wa ≡
〈 1
2 a˙
2 − V (a, T )
1
2 a˙
2 + V (a, T )
〉
, (164)
where the angle brackets stand for a temporal average over times larger than the oscillation period. The
dependence of the axion energy density on the scale factor ranges from a dark energy-like solution, wa = −1,
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valid at t . tosc (corresponding to the axion field frozen) to a CDM-like solution, wa = 0, for t & tosc when,
due to the oscillating behaviour, the average potential energy equals the average kinetic energy. The number
of axions in a comoving volume is then frozen from about Tosc on, with a number density of axions at the
onset of oscillations given by
na(Tosc) =
b
2
ma(Tosc) f
2
a 〈θ2i 〉 . (165)
Here, b is a factor of order one [184] that captures the uncertainties derived from using the approximation
in Eq. (154) to estimate the number density na(Tosc), instead of numerically solving Eq. (152). Assuming
that entropy remains conserved within a comoving volume since the axion field starts oscillating, the ratio
of the axion number density to the entropy density is then conserved to any temperature T < Tosc,
na(T ) = na(Tosc)
s(T )
s(Tosc)
, (166)
where s(T ) ∝ T 3 is given in Eq. (146). Neglecting the contribution from the topological defects the energy
density of axions as a function of the temperature, at T  TC , then is
ρmisa (T ) = ma na(Tosc)
gS(T )
gS(Tosc)
(
T
Tosc
)3
=
bβ
2
m2af
2
a 〈θ2i 〉
gS(T )
gS(Tosc)
T 3T γC
T 3+γosc
, (167)
where in the second equality we have used Eq. (165) and Eq. (150). Tosc appearing in this equation can
be evaluated using the condition for the start of oscillations Eq. (154) together with the mass-temperature
relation in Eq. (150) and the Hubble-temperature relation H(T ) = 1.66 g1/2∗ T 2/mPl in Eq. (147), obtaining
T 2+γosc '
(
β T γC mPl
4.98 g∗(Tosc)1/2
)
ma . (168)
As a reference, with g∗(T > TC) = 61.75, γ = 4, TC = 160MeV and β ≈ 0.026 [184] one obtains Tosc ≈
800
(
ma
1µeV
)1/6
MeV. Plugging now Eq. (168) into Eq. (167) we obtain
ρmisa (T ) =
bβ
2
m2af
2
a 〈θ2i 〉
gS(T )
gS(Tosc)
(
4.98 g∗(Tosc)1/2
β mPlma
) 3+γ
2+γ
T
− γ2+γ
C T
3 . (169)
In Fig. 1 we show the evolution of θ(T ) (blue solid line) and of the energy density of cold axions in units
of the present CDM energy density ρmisa (T )/ρCDM (red dashed line) as a function of the inverse plasma
temperature Tosc/T . To draw the picture, we have set the initial misalignment angle θi = 1, a vanishing
initial axion energy density when the axion field is frozen to the configuration θ = θi at T & Tosc, and the
value of the axion mass has been chosen so that the present value of ρmisa saturates the measured CDM
energy density. Finally, the present axion energy density from the misalignment mechanism normalised to
the critical energy density ρcrit = 3m2PlH
2
0/(8pi) ≈ 8.06 × 10−11 h2 eV4, where h is defined in terms of the
Hubble constant as H0 = 100h km/s/Mpc, can be obtained from Eq. (169) as:
Ωmisa h
2 ≈ 0.12
(
28 µeV
ma
) 7
6
= 0.12
(
fa
2.0× 1011 GeV
) 7
6
, (170)
where we have used 〈θ2i 〉 = (2.15)2, T0 = 2.73 K ' 2.35× 10−4 eV and gS(T0) = 3.91 for the present photon
temperature and effective number of entropic degrees of freedom, mafa ' 5.7 × 1015 eV2 from Eq. (108),
gS(T & TC) = g∗(T & TC) = 61.75, γ = 4, TC = 160MeV, β = 0.026 and b = 1, and we have put in
evidence a factor of the measured CDM abundance ΩCDM ≈ 0.12. Although the value of the axion mass
that saturates the CDM density obtained via this simple analytical estimate falls in the ballpark of the
results of dedicated numerical studies, the derivation outlined above neglects several effects, and thus the
simple form of Eq. (170) should be taken only as an illustrative approximation. More reliable estimates
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Figure 1: The axion angle θ (blue solid line) and the energy density of axions in units of the present CDM energy density (red
dashed line), as a function of the inverse plasma temperature Tosc/T . We set the initial misalignment angle θi = 1.
require describing with a better accuracy the dependence of the axion mass on the temperature, includ-
ing the effects of the axion potential anharmonic terms, and taking properly into account the details of the
quark-hadron phase transition [187, 189, 190]. Finally, Eq. (170) has been obtained assuming a standard cos-
mology and canonical properties for the axion. In Section 6.6.1 we will challenge some of these assumptions,
and we will argue that in non-standard scenarios different ranges of mass values for CDM axions are possible.
3.4. Topological defects and their contribution to axion cold dark matter
In post-inflationary scenarios the production of cold axions from misalignment discussed in the previous
section is not the only CDM production mechanism. Additional contributions are possible because of the
existence of topological defects, specifically strings and domain walls (DW) associated with the axion field
(for a review on topological defects of cosmological relevance see Ref. [191]). If the PQ symmetry is broken
before inflation, topological defects related to the breaking of the PQ symmetry (axionic strings) are inflated
away, while those related to NDW > 1 do not form. Topological defects are therefore relevant only in the
post inflationary scenario, a condition that will be assumed throughout this section.
Axion strings are formed through the Kibble mechanism [192, 193] at the time of the spontaneous
breaking of the U(1) PQ symmetry. At the end of the phase transition, the phase a(x)/va of the PQ field
acquires uncorrelated values between 0 and 2pi in different causally disconnected Hubble patches. Therefore,
when these patches reenter the horizon, the value of the axion field will have random fluctuations within
every Hubble patch, and unavoidably there will be loops around which a(x) wraps all the values in the
domain [0, 2piva]. Any closed loop over which the phase changes by 2piva must necessarily contain a point
in which the axion field assumes all the values between 0 and 2piva, i.e. it is singular. To avoid that the loop
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could be contracted in a topologically trivial manner, such points should form an infinite or a closed string,
called axion string, where the axion is singular, while along any path encircling the string its value changes
by 2piva. Single string configurations are stable, however strings within string networks are not, because in
this case strings can interact among each other, crossing strings can form loops that decay, radiating low
momentum axions. Estimating the contribution of the string decay to the abundance of cold axions is a
complex problem, not yet completely solved, that will be briefly address in Section 3.4.1.
As the Universe expands, once the temperature lowers to ∼ 1 GeV non perturbative QCD effects become
important and the axion acquires a potential which provides an explicit breaking of the PQ symmetry.
This potential has periodicity 2pifa with fa = va/NDW, see Eq. (88), and hence it is characterised by
NDW equivalent minima, which are related by a ZNDW discrete symmetry. The axion relaxes to one of
these minima thus breaking spontaneously ZNDW . In each casually disconnected Hubble patch a different
minimum is randomly chosen, so that after a few Hubble times, when several patches will have reentered the
horizon, DWs form as field configurations that interpolate in space between neighbouring vacua. The DW
tension (energy per unit area) for a QCD cosine potential is σ = 8maf2a , and the contribution to the Universe
energy density from the energy stored in such configurations largely exceeds the critical energy density. This
constitutes a serious issue, known as the axion DW problem, which is briefly addressed in Section 3.4.4.
Here we anticipate that the problem does not subsist in the case of NDW = 1, since in this case the network
of strings and DWs is unstable. Also for the case NDW > 1 there are ways to circumvent the DW problem,
which are rewived in Section 7.5.
3.4.1. Cosmic axion strings
As predicted by the Kibble mechanism [192–194], a network of global strings originates whenever a global
U(1) symmetry is spontaneously broken. In the case of the PQ symmetry, the Kibble mechanism produces
axionic strings, which are vortex-like defects that form as soon as the symmetry is spontaneously broken.
As we shall see below, the string population consists in long strings and in string loops. The last, formed
by the continuous intersection of long intercommuting strings, contribute to the majority of the radiated
axions. As was mentioned above, in models with NDW = 1 the network of axionic topological defects is
unstable. This is because in this case each string is attached to a single DW. This DW forms because,
wrapping in space around the string, at some point the value of the axion field must change abruptly by
2piva. Since the system evolves to minimize the energy stored in the DW, two strings attached to the same
wall are pulled together until they eventually annihilate, so that the string and DW energy is released in
radiation of low-momentum axions [195, 196]. For NDW > 1 instead, each string is attached to more than
one DW that pull in different directions, reaching a stable equilibrium that prevents annihilation. Let us
focus on the NDW = 1 case. The spontaneous decay of the axionic string network contributes to the present
abundance of cold axions [195–201]. Although all numerical simulations [202–216] agree in confirming this
qualitative result, no quantitative agreement has been reached yet regarding the efficiency of cold axion
production from topological defects. The main challenge being the limitations in numerical simulations of
the evolution of the string-DW network, which requires that final results are extrapolated through several
orders of magnitude in the ratio of relevant dimensional quantities. The uncertainty in estimating the
overall cosmological abundance of cold axions has an obvious impact on axion DM searches, and indeed it
constitutes one of the most important open problems in axion physics.
3.4.2. String populations
The population of strings can be divided into two subgroups: long strings and string loops.
Long strings are string-like defects of size comparable to the horizon scale [195–197, 217–219]. The string
energy per unit length, called string tension µ, of an isolated string gets contributions from the string core
where the divergence related to the singularity is cutoff by the heavy degree of freedom, that is by the radial
mode %a sitting on the top of its potential. For a standard potential as V (Φ) in Eq. (78) one has %2a ∼ f2a
at the potential maximum, and the string core can be defined as a region of size rc ∼ f−1a from the center.
Thus, in integrating the volume energy density rc provides a short-distance cutoff. There is, however, also
a large-distance logarithmic divergence, that is cutoff by a length of the order of the Hubble size t ∼ H−1.
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For an single string configuration the string tension then is
µ(t) ' pif2a log (ηfat) (171)
where η is an O(1) factor, possibly dependent on time, which takes into account the fact that the string can
have non-trivial shape features on length scales smaller than the Hubble length.
In the real case one has to consider a full system of axion strings that can interact. Already in earlier
studies it was claimed that a system of interacting strings should evolve towards a particular configuration
that is independent of the initial conditions at early times [192, 194, 195]. This represents a crucial property
to allow model-independent estimates of the cold axion contribution from topological defects. The existence
of a unique asymptotic configuration can be justified qualitatively in a simple way. To minimize the energy,
bended strings tend to straighten emitting radiation, closed strings of size smaller than the Hubble radius
tend to shrink further, long strings crossing each other recombine in new configurations of reduced length.
The rate of these processes depends on the overall length of strings within the Hubble volume `tot(t). When
this quantity is large the rate of the length reducing processes is also large. However, when `tot(t) falls below
some critical value, these processes become inefficient, and `tot(t) tends to grow because new strings enter
the horizon. Thus equilibrium should be reached for a particular value of the density of strings. The results
of different simulations agree in confirming such a behaviour and, in particular, it is found that, regardless
of the initial conditions, at late times the number of strings for Hubble patch ξ(t→∞) converges towards a
value of order of a few [204, 206, 210, 211, 220]. Quite noticeably, other properties of the network, including
the spectrum of axions emitted, also converge.
Given an overall length of strings `tot(L) within a large volume L3, the average number of strings of
length t ∼ H−1 per Hubble volume ∼ t3 is given in terms of the length density `tot(L)/L3 as
ξ(t) =
`tot(L)
L3
t2 . (172)
For a string network, the average separation between strings is then t/
√
ξ, and this distance provides a cutoff
for the large distance log divergence. One can then define an effective string tension as
µeff(t) = γ(t)pif
2
a log
(
ηfat√
ξ(t)
)
(173)
where γ(t) is an effective boost factor, typically of O(1), that accounts for the kinetic energy associated with
the string network configuration. In terms of the effective string tension the energy density in strings then
is:
ρlong = ξ(t)
µeff(t)
t2
. (174)
Hence, to the extent the theoretical expectation for the effective string tension Eq. (173) is a good approxi-
mation (and numerical simulations indicate that this is the case) the energy density of the string network at
a particular time, once the equilibrium regime is reached, remains basically determined from the density of
strings. Various levels of sophistications have been used to describe the dynamics of string networks. In the
original formulation of the so-called one-scale model [221, 222], the evolution of the network of strings does
not depend on the string velocity. A more accurate description is obtained by accounting for the effects of
the velocity of the centre of mass of the string [223–225]. More sophisticated treatments also include the
effects of friction due to the interaction of the strings with the surrounding matter and radiation [226, 227].
The mean-squared velocity of the long string gas 〈v2〉 enters the equation of state wstr that describes the
evolution of the energy density, namely [228]
wstr =
2〈v2〉 − 1
3
. (175)
For ultra-relativistic strings 〈v2〉 ≈ 1, and a free network of long strings evolves as radiation, while in the
case of slow-moving strings 〈v2〉 ≈ 0 and wstr = −1/3. In general, we expect the equation of state for
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the string gas to vary within the range −1/3 ≤ wstr ≤ 1/3. Numerical simulations of string networks in a
radiation-dominated cosmology hint to a mean velocity 〈v2〉1/2 ≈ 0.5, see for example Table 1 in Ref. [229].
String loops. A population of closed loops of sub-Hubble size ` and energy density ρloop forms from the
continuous intersection of long strings. Segments of high curvature in long strings can also split off forming
isolated loops. Loops vibrate and shrink while releasing energy into a spectrum of radiated axions. The power
loss of the network into radiation can be described through the dissipation of the energy Eloop = µeff(t)` of
a closed loop of length ` into axions as [202, 227, 230],
dEloop
dt
= κs µeff(t) , (176)
where κs ≈ 0.15 is a dimensionless quantity [228, 231, 232] computed at a fixed value of the string velocity
〈v2〉1/2 ≈ 0.5. Although in principle the length of the loops formed could be ranging at any size, numerical
simulations [203, 233–238] show that the initial length of the large loop at its formation tracks the time of
formation as
`(tI) = αlooptI , (177)
where αloop is an approximately constant loop size parameter which gives the fraction of the horizon size at
which loops predominantly form. The loop spectrum is described in terms of a loop formation rate r`(`I , tI),
which is related to the rate of the energy density dissipated into axions by [239, 240]
dρloop
dt
=
∫ ∞
0
d` µeff(t) ` r`(`, t) . (178)
Eventually, a loop of initial size `I shrinks and disappears by a time tF defined implicitly as `(tF , `I) = 0.
The total energy density of the string network receives contributions from both string populations ρstr =
ρlong + ρloop. Numerical simulations indicate that roughly 80% of the string length per Hubble patch is
contained in long strings, while the remaining 20% is equally distributed in sub-Hubble loops of different
lengths, ranging from the horizon scale ∼ H−1 to the size of the string core ∼ f−1a [213]. Note that the
ratio 4:1 in favour of long strings justifies the approximation of using the effective tension defined for the
long string in Eq. (173) also for the string loops.
3.4.3. Spectrum of radiated axions
In order to extract the energy density of the radiated axions from the simulation of the evolution of
an axionic string network, the evolution of the energy density in the strings ρstr is compared to what is
obtained for a gas of free strings of energy density ρfree that do not radiate [213]. The evolution of a free,
non-intercommuting string gas is described by the kinetic equation
dρfree
dt
+ 3H (1 + wstr) ρfree = 0 , (179)
where wstr is given in Eq. (175). The solution to Eq. (179) is ρfree ∝ a−3(1+wstr) which, in the case of a
radiation-dominated cosmology and fixing the proportionality constant to match the initial energy density
of the string network in Eq. (174), gives
ρfree(t) = ξ
µeff(t)
t2PQ
(
t
tPQ
)− 32 (1+wstr)
. (180)
When the axion emission is included, Eq. (179) is modified to include the effective energy lost in the emission
of axions per unit time Γstr→a, defined as the difference in the rates at which the energy densities in the free
string gas and the string network change,
Γstr→a(t) ≡ ρ˙free(t)− ρ˙str(t) = H(1− 3wstr)ρstr − ρstr
µeff
dµeff
dt
. (181)
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Once the power radiated by the string network Γstr→a has been obtained, the energy density of the radiated
axions follows the evolution ρstra + 4Hρstra = Γstr→a; the axion energy density from the decay of the string
network contributes to an additional source on top of the abundance expressed in Eq. (167) obtained from
the misalignment mechanism. The number density of axions associated to this process is [213]
nstra =
∫ t
dt′
Γstr→a(t′)
H(t′)
(
R(t′)
R(t)
)3 ∫
dk
k
F (k) =
(1− 3wstr)pif2a
t3/2
∫ t
dt′
ln (fat
′)
(t′)1/2
∫
dk
k
F (k) , (182)
where the spectral energy density F (k) ∝ k−q has been explored in different regimes in the literature
depending on the value of the spectral index q. A choice q > 1 assumes that axions are radiated away
on a timescale comparable to the Hubble time, and describes a power spectrum ranging over all modes
from k ≈ 1/`(tI) ≈ H(tI)/αloop to infinity [202, 230]. On the other hand, assuming that strings efficiently
shrink emitting all of their energy at once leads to a flat power spectrum per logarithmic interval with an
infrared cutoff at the wave mode k ≈ H and an ultraviolet cutoff at k = fa, with a harder spectral index
q = 1 [199, 241, 242]. Demanding that the spectrum is normalised over the given interval results in
F (k) =

q−1
αq−1loop
(
k
H
)−q
, for q > 1 ,
1
ln(fa/H)
H
k , for q = 1 .
(183)
The integration of Eq. (182) with the spectrum in Eq. (183) and q > 1 finally leads to
nstra ≈
(1− 3wstr)pif2a
2tosc
×
{
αloop
q−1
q ln (fatosc) , for q > 1 ,
1, for q = 1 .
(184)
This expression shows that most of the axions are radiated by loops right before tosc, when DWs dissipate
the network. The computation matches the estimation for the decay of the string network at the time of
DW formation [196, 202]. The number density of axions at time tosc from Eq. (184) results from a steeply
falling integrand function of t, so that the dominant contribution comes from loops originating nearly
instantaneously at values tI ∼ tosc [196, 202, 203]. The use of the harder spectrum with q = 1 generically
leads to results for the string contributions which are smaller by a factor log(fatosc) ≈ 70.
3.4.4. Cosmological domain walls
Cosmological DWs emerge with the spontaneous breaking of discrete symmetries [191, 197, 226]. When
the PQ symmetry is explicitly broken by nonperturbative QCD effects, the axion acquires a periodic potential
with NDW equivalent minima. Thus, the original U(1) symmetry, which guaranties the equivalence of all
values of θ, is broken into a discrete ZNDW symmetry. Uncorrelated patches will choose different ground
states randomly selecting one of the NDW equivalent vacua. Axion DWs appear at the boundaries of
physical regions that are in different minima, providing a smooth interpolation between the two vacua. Such
configurations have a thickness δwall ≈ 1/ma(tosc) and an energy per unit area σwall ≈ 8m2a(tosc)va for
the cosine potential [47]. Notice that there are axion DWs even in the case of NDW = 1, which have an
interpolating field configuration starting and ending in the same vacuum, but winding around the bottom
of the Mexican hat potential once [27]. At the time when the axion acquires a mass, axion strings become
the edge of DWs, forming a string-wall network [191, 226] whose dynamics depends on the value of NDW.
In the case of NDW = 1, strings disrupt the DWs soon after their formation by separating them into smaller
pieces [197, 243] and dissipating the network whose decay produces a spectrum of radiated axions which also
includes a cold axion component that adds up to the axion CDM produced by misalignment [209, 213–215].
In contrast, in theories with NDW > 1 the DWs are generally stable, and eventually come to dominate
the energy density of the Universe, largely overshooting any acceptable value. However, some solutions to
this problem also exist, and are discussed in Section 7.5.
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3.5. Axion isocurvature fluctuations
This topic is relevant in the pre-inflationary scenario. We consider an early inflationary period described
by the quasi-de Sitter space-time metric, with a nearly-constant Hubble rate HI . In this setting, the axion
field is a massless spectator. Inflationary models generically predict the appearance of primordial scalar
and tensor fluctuations, which redshift to super-horizon scales to later evolve into primordial curvature
perturbations as well as primordial gravitational waves, leaving an imprint in the CMB radiation anisotropy
and on the large-scale structure [244–249]. CMB features distinct peaks both in its angular power spectrum
of temperature (TT) as well as in the temperature-polarisation cross-power spectrum (TE), with the first
peak in TT located at ` = 220.6±0.6 at 68% CL by the Planck collaboration survey [250]. Other information
extracted from the CMB include the polarisation angular power spectrum (EE).
Adiabatic curvature perturbations generated during inflation show a nearly scale-invariant dimensionless
power spectrum of primordial curvature perturbations with amplitude ∆2R(k0), with a mild dependence
on the co-moving wavenumber k which is parametrised by a scalar spectral index nS around an arbitrary
reference scale k036 as [253–255]
∆2R(k) ≡ ∆2R(k0)
(
k
k0
)nS−1
. (185)
If the axion field a originates during inflation, it also inherits quantum fluctuations with the typical standard
deviation σa of a massless scalar field in the accelerated expansion, see e.g. Ref. [256],
σa =
√
〈a2〉 ' HI
2pi
, (186)
and with a corresponding standard deviation for the distribution of the axion angle σθ = σa/fa. Since these
fluctuations are independent of the quantum fluctuations of the inflaton field, they are of the isocurvature
type. More in detail, the fluctuations in the axion field do not perturb the total energy density during
inflation, but change the value of the axion number density with respect to entropy density, δ (na/s) 6=
0. Axion isocurvature fluctuations convert into curvature perturbations at the time at which the axion
mass becomes relevant, around the QCD phase transition [181–183], due to the feedback of isocurvature
into curvature modes [257, 258]. Since the axion field behaves as CDM at recombination, these axion
perturbations imprint into the temperature and polarisation fluctuations in the CMB and, because of their
isocurvature nature, they are completely uncorrelated with the adiabatic curvature perturbations.
The magnitude of the axion isocurvature perturbations ∆2a(k) = ∆2(k0)(k/k0)nI−1 where nI the isocur-
vature spectral index, is given by the relative fluctuation in the axion energy density [259]. In terms of the
initial angle θi the amplitude can be written as
∆a(k) =
δΩCDM
ΩCDM
= FaCDM
δ ln Ωa
δθi
σθ ' FaCDM
HI
piθifa
, (187)
where FaCDM = Ωa/ΩCDM is the relative contribution of axions to CDM, we have assumed δΩCDM = δΩa and
the last step holds in the small θi regime in which anharmonic corrections can be neglected and Ωa ∝ θ2i (see
for example Eq. (169)). Measurements of the anisotropies in the CMB can be used to constrain ∆2a(k), since
data show that primordial fluctuations are predominantly adiabatic with little space left for fluctuations of
the isocurvature type. The Planck mission constrains the fraction of uncorrelated isocurvature fluctuations
by placing an upper bound on the quantity
β(k) ≡ ∆
2
a(k)
∆2R(k) + ∆2a(k)
, (188)
36The reference scale k0 is also called the “pivot” scale in cosmology, and refers to the comoving scale at which measurements
are taken. For example, the Planck mission often refers to the pivotal scale k0 = 0.05Mpc−1 [251]. For isocurvature and
tensor modes, the constraints are quoted at three different scales: klow = 0.002Mpc−1, kmid = 0.050Mpc−1, and khigh =
0.100Mpc−1 [252].
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Parameter Prior Reference
ΩCDMh
2 0.1200± 0.0012 Base ΛCDM, Planck TT, TE, EE + lowE + lensing [251]
ln
(
1010∆2R
)
3.044± 0.014 Base ΛCDM, Planck TT, TE, EE + lowE + lensing [251]
β < 0.038 at 95% CL CDI nII = 1, Planck TT, TE, EE + lowE + lensing [252].
nS 0.9649± 0.0042 ΛCDM+r, Planck TT, TE, EE + lowE + lensing [251]
r < 0.056 at 95% CL ΛCDM+r, Planck TT, TE, EE + lowE + lensing+BK15 [252]
Table 1: Cosmological parameters from the joint Planck and BICEP2/Keck Array (BK15) analysis of the combined TT, TE,
EE + lowE + lensing + BK15 dataset, from Refs. [251, 252]. The value of ∆2R and the constraint on the primordial isocurvature
fraction β defined in Eq. (188) are at the default pivot scale k0 = 0.05Mpc−1. The limit on the tensor to scalar ratio r is at
the pivot scale k0 = 0.002Mpc−1.
where the spectra are computed at a pivot scale k. Here, we have used the measurements of the CMB
temperature and polarisation anisotropies from the Planck satellite, jointly with the BICEP2/Keck Array
(BK15) for the combined TT, TE, EE + lowE + lensing + BK15 dataset at 68% CL [251, 252, 260–265].
We list the values used in this Review in Table 1, where data in the form A ± B are reported at 68% CL,
while upper limits are reported at 95% CL. Isocurvature bounds place a stringent constraint on the scale of
inflation, so that models of axion DM in the pre-inflationary scenario require a relatively low Hubble rate
HI compared to the scale HI . 1013 GeV which has currently been probed using CMB tensor modes. Using
the results in Table 1, from Eqs. (187) and (188) the following constraint on the inflationary scale can be
derived:
HI .
0.9× 107
FaCDM
(
θi
pi
fa
1011 GeV
)
GeV . (189)
The bound from isocurvature perturbations can, however, be evaded in many ways. The simplest one is
to appeal to the post-inflationary scenario, since in this case there is no massless Goldstone boson during
inflation, although, for NDW > 1, one then has to deal with the DW problem, see Section 3.4.4. However,
other possibilities are viable also within scenarios in which the PQ symmetry is already broken during
inflation. For example, in Ref. [266] it was argued that that the isocurvature bound holds only under the
assumption that fa does not change during the last stages of inflation or after it, and it was argued that this
assumption is not valid in general. Axion models embedded into a hybrid inflation scenario in which the
background value of the axion field slowly decreases, rolling down to its equilibrium value 〈|Φ|〉 = va/
√
2 ∝ fa
were in fact shown to be compatible with an inflationary scale several orders of magnitude larger than the
reference value in Eq. (189), while still keeping fa ∼ 1011 GeV (ma ∼ 6 · 10−5 eV) and without the need to
tune θi to particularly small values. Ref. [267] considered instead the possibility of a non-minimal derivative
coupling of the axion field to gravity. While the new coupling does not affect the density of axion CDM, it can
effectively suppress the isocurvature perturbations during inflation. Another solution studied in Ref. [268]
relies on the observation that if the axion acquires a sufficiently large mass already during inflation, its
quantum fluctuations at super-horizon scales would become significantly suppressed, thereby relaxing the
constraint on the inflation scale. This can be achieved by assuming a phase in the early Universe in which
QCD becomes strong thus rendering the axion massive. Such a scenario was in fact first proposed in
Refs. [269, 270] in the attempt of suppressing the cosmological abundance of axions from the misalignment
mechanism, a task that, as is outlined in Section 3.7.2 below, eventually turned out to be rather difficult to
accomplish. However, an early strong QCD phase yielding an axion mass larger than the Hubble scale over a
certain period of inflation was reconfirmed in Ref. [271] as a viable mechanism to suppress isocurvature axion
fluctuations. Finally, the issue would of course disappear within inflationary models that could naturally
respect the isocurvature constraint on the inflationary Hubble scale in Eq. (189), and indeed this was shown
to be possible in low-scale models of hybrid inflation [272].
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3.6. Cosmological bounds on the axion mass
Before addressing the upper bounds that can be set on the axion mass from early Universe and cosmo-
logical consideration, let us mention a generic (non cosmological) argument that is sometimes invoked to
claim a lower limit on the axion mass. This arguments is based on the belief that an axion decay constant
fa above the Planck scale is incompatible with an effective QFT description so that, according to Eq. (108),
fa . mPl would yield ma & 5×10−13 eV. Note, however, that even this seemingly model-independent bound
can be circumvented in a particular axion construction that exploits the Kim-Nilles-Peloso mechanism [273].
This mechanism requires the existence of at least two axions, and can produce an effective super-Planckian
axion scale, although the original fundamental scale is sub-Planckian [273]. In any case this lower limit
would not compete with the lower limit on the axion mass ma >∼ 2 × 10−11 eV that can be obtained from
considerations of the super-radiance phenomenon (a topic that will be touched on in Section 4.6) and that
as long as axion self interactions are sufficiently feeble, is truly model independent.
Moving now to review the cosmological arguments that allow to constrain from above the value of the
axion mass, it should be mentioned from the start that altogether these bounds are much less constraining
than the limits that can be inferred from astrophysical processes (discussed in Section 4), by translating
the bounds on the different axion couplings gaγ , gae, gaN into lower bounds on the axion decay constant fa
and in turn on upper limits on ma. Although the upper limits derived in this way are admittedly model
dependent, and a precise number cannot be given without specifying the theoretical setup, the indication
that ma . 0.1 eV is rather solid. In spite of this, the cosmological bounds are well worth mentioning because
they rely on completely independent arguments.
Hot dark matter. As will be discussed in more detail in Section 3.8, at temperatures below the QCD phase
transition axions interact with pions (a pi ↔ pi pi) and nucleons (aN ↔ piN) with a strength that increases
as ma is increased. Then, for sufficiently large values of ma a thermal population of axions arises, which
would constitute a Hot DM (HDM) component. However, HDM abundance is severely constrained by data
from cosmological surveys. Using 7-year data from the Wilkinson Microwave Anisotropy Probe (WMAP-7)
together with Sloan Digital Sky Survey (SDSS) observations and the Hubble constant from Hubble Space
Telescope (HST) Ref. [274] set the bound ma <∼ 0.72 eV. A bound on ma using only CMB data was reported
in [275]. More recently, using Planck 2015 results the bound was strengthen to ma <∼ 0.53 eV [276]. A study
of the potential of future cosmological surveys for further constraining the axion mass has been presented
in Ref. [277].
Baryon to photon ratio from Big Bang Nucleosynthesis (BBN) and from CMB. Axions decay to two
photons with a lifetime inversely proportional to the fifth power of the mass,
τa =
64pi
g2aγm
3
a
∼ 1024
(
eV
ma
)5
s. (190)
For ma >∼ 20 eV the axion lifetime drops below the age of the Universe, hence, for a sufficiently large mass,
the decay happens early enough and the HDM bound no longer applies. However, if axions decay not too
early, non-thermal photons injected in the bath would produce a spectral distortion in the CMB, and this
can be used to derive restrictive constraints [278]. However, if decays occur early enough, photons will have
the time to thermalise and the CMB would not be affected. Nevertheless, the additional entropy injected
into the bath increases the number of photons relative to that of baryons, decreasing the ratio ηb = nb/nγ .
Nowadays we know with good precision the value of ηb, which is inferred independently from BBN and
from CMB data, and there is a beautiful agreement between the two results. Since the the relevant physics
processes responsible for the primordial abundances of light elements and for the CMB occur in different
cosmological eras that are characterised by temperatures that differ by about six orders of magnitude, the
amount of entropy that can be injected in the thermal bath between TBBN . 1MeV and TCMB . 1 eV is
tightly constrained. This argument was used in Ref. [279] to exclude ma <∼ 300 keV. A later study that
used Planck data, together with new inferences of primordial element abundances, pushed the limit up to
ma >∼ 1MeV [280], while an assessment of the robustness of the bounds with respect to possible deviations
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in the standard cosmology was recently presented in Ref. [281]. These bounds are nicely complemented
by constraints from beam dump and reactor experiments which exclude axion (and ALP) masses from
MeV up to several GeVs [282–293]. Altogether, these considerations allow to identify ma <∼ 0.53 eV as the
cosmologically allowed axion mass window.
3.7. Benchmark axion mass region for Ωa ' ΩCDM
The present axion relic abundance Ωa depends on multiple production mechanisms that have been
reviewed in the previous sections. Here, we discuss the benchmark axion DM mass regions both in the post-
and pre-inflationary PQ breaking scenarios, including also the constraints coming from various cosmological
considerations.
3.7.1. Post-inflationary scenario
In post inflationary scenarios we would expect that the contribution to CDM from axions could be
assessed with particular precision, given that estimates of the density of axions produced from the mis-
alignment mechanism do not suffer from uncertainties related to particular choices of the initial conditions.
Unfortunately this is not completely true. Other important sources of uncertainties are in fact present and
hamper, for example, precise determinations of the value of ma for which axions can account for the whole
of CDM, a quantity to which we will refer as the DM axion mass. These uncertainties are primarily related
to the serious difficulties that one encounters in trying to assess the contribution to the population of cold
axions from the decay of topological defects, but additional uncertainties are also associated with evaluations
of the dependence on temperature of the topological susceptibility χ(T ), see Eq. (149). As a consequence,
although it is not uncommon to find in the literature values of the DM axion mass with relatively small
errors, differences between different estimates can easily be several times larger than the quoted errors. This
is simply due to the fact that the theoretical uncertainties mentioned above are not accounted for. To be
conservative, one can take as a reasonable range for the DM axion mass ma ≈ (10− 100) µeV, and likely
with an even larger upper value if NDW > 1. It is clear, however, that to to guide experimental searches
for axion DM any improvement in controlling the major sources of uncertainties is highly desirable. To
this aim, several groups are carrying out extended simulations of the network of axionic strings in order to
improve in the understanding of their effect. In this respect, models with NDW = 1 are more promising
because they do not require additional assumptions about the dissipation of the domain wall network, and
for this reason most studies focus on this case. Hiramatsu et al. [206] simulate the evolution of the axionic
string network using an efficient identification scheme of global strings in order to assess the energy spectrum
and the axion decay constant, which is found to be fa . 3 × 1011 GeV or ma & 20µeV, while the string
stretching parameter appearing in Eq. (174) is found to be ξ = 0.87 ± 0.14. Klaer and Moore [211] have
used the expertise in Refs. [210, 294] and developed a numerical scheme to handle on the lattice the large
hierarchy log (fatosc) ∼ 70 between the scale of the string core fa ∼ r−1c and the string separation scale at
the time when the axion acquires a mass of order tosc ∼ H−1osc . Using their technique along with the QCD
susceptibility obtained in Ref. [126], Klaer and Moore find that the total axion production when strings are
included is somewhat less efficient than in the angle-averaged misalignment case. They quote a value of
the axion mass ma = (26.2± 3.4) µeV [212]. Gorghetto et al. [213, 216] find an axion spectrum peaked at
the energy of the order of the string core scale that, when extrapolated to the physical parameter region,
would lead to a negligible number density of relic axions from strings. However, they also showed that the
presence of small logarithmic corrections to the spectrum shape could completely alter such a conclusion,
and their ongoing studies in this direction indicate that this might indeed be the case.37 Buschmann et
al. [215] have performed high-resolution simulations of the evolution of the PQ field starting at the epoch
before the PQ phase transition and ending at matter-radiation equality, about the time at which axion
miniclusters collapse. The value of the axion mass obtained from the simulations is ma = (25.2± 11.0) µeV.
Both results in Refs. [213, 215] find a logarithmic deviation to the number of strings per Hubble patch from
37G. Villadoro, private communication.
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the scaling regime. Kawasaki et al. [295] estimate the abundance of CDM axions both from the misalign-
ment mechanism and the decay of topological defects, obtaining the mass range ma = (115± 25) µeV for
the models with the domain wall number NDW = 1. The results for the present axion energy density as
a function of the axion mass obtained in Refs. [212, 215] are consistent with each other, while the results
in Ref. [295] are larger by a factor of order ten. Such a discrepancy could be partially due to the explicit
separation of the misalignment and string decay production mechanisms enforced in Ref. [295], which leads
to an over-counting of the axion energy density [212]. The simulation by Vaquero et al. [214] differs from
that in Ref. [215] for a number of details, including the use of the “fat” string scheme [296], initial condition,
the measurement of the CDM energy density, the length and the details of the evolution to the matter-
radiation equality. These results strongly depend on the choice of the temperature dependence of the QCD
topological susceptibility. Refs. [206, 215, 295] have derived their results using a susceptibility with an index
corresponding to 2γ = 6.68 in Eq. (150), using the parametrisation in the Interacting Instanton Liquid
Model [166]. This exponent is milder than what obtained in Ref. [126] for which, at temperatures T  TC ,
2γ = 8.2. The bottom line is that, although the misalignment is the most model independent and best
understood of all the axion CDM production mechanisms, no consensus has been achieved yet about the
share of axion CDM ascribable to the misalignment mechanism with respect to the much less understood
contributions from topological defects. This reflects in a large uncertainty in determining the real value fo
the axion mass that can fully saturate the DM density.
3.7.2. Pre-inflationary scenario
This scenario is realised whenever the PQ symmetry is spontaneously broken during inflation, HI < fa,
and it is not restored afterwards [172]. In this scenario, the axion field is homogeneous through various
Hubble patches, with a unique value of θi characterising the whole observable Universe. As shown in Fig. 2,
each value of θi is related to a unique value of the DM axion mass. A global fit of this scenario [297]
performed using the DarkBit module [298] of the GAMBIT numerical code [299] yields the DM axion mass
range 0.12µeV ≤ ma ≤ 0.15 meV at the 95% equal-tailed confidence interval of the marginalised posterior
distribution accounting for the QCD axion (both the KSVZ and the DFSZ models) and taking into account
results from various observations and experiments in the likelihood including the light-shining-through-wall
experiments, helioscopes, cavity searches, distortions of gamma-ray spectra, supernovae, horizontal branch
stars and the hint from the cooling of white dwarfs. An important assumption that impacts on the result is
the choice for the prior on θi, which in Ref. [297] is assumed to be uniform over the interval [−pi, pi).
Small initial values of θi might also occur naturally, i.e. without any fine tuning, in low-scale inflation
models in which inflation lasts sufficiently long [300, 301]. If HI . ΛQCD the axion acquires a mass already
during inflation, the θi-distribution flows towards the CP conserving minimum and, for long durations of
inflation, stabilises around sufficiently small θi values. As a result the QCD axion can naturally give the
DM abundance for axion masses well below the classical window, down to ma ≈ 10−12 eV [300, 301].
Another way to suppress the value of the axion misalignment angle is by assuming a period in the early
Universe during which the QCD coupling constant takes a value larger than the present one, allowing the
color group to become strong for a certain period, during which therefore ma >∼ H [269] (see also [270]).
The axion field is then dynamically driven to its minimum at early times. Attempts to realise this scenario
have generally relied on supersymmetric models in which the gauge coupling constant is related to the
expectation value of some moduli field, like the the dilaton, that initially sits away from its true minimum
and later adjusts to its present value. Ref. [302] questioned this possibility and concluded that, under
generic conditions, an early phase of stronger QCD is not useful for raising the cosmological upper bound
of the axion scale, although, as was mentioned in Section 3.5, it can still be effective for suppressing axion
isocurvature fluctuations [268, 271]. The negative conclusion of Ref. [302] can however be circumvented, and
a viable realisation in which fa ∼ O(1016−1017)GeV can be obtained has been recently given in Ref. [303].
Going in the opposite direction, values of the initial misalignment angle that are close to the hilltop of
the potential θi ' pi could drive the axion energy scale to values fa . 1012 GeV (ma & 10µeV), because of
the relevance of the non-harmonic terms in the axion potential. With the choice pi− θi ' 10−3, one obtains
fa ≈ 1010 GeV. It is possible that the axion field has been driven to such a value of θi during inflation.
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Figure 2: The relation between the DM axion mass and the initial misalignment angle in the pre-inflationary scenario.
This can be again obtained by enhancing the QCD confinement scale so that the axion acquires a potential
during inflation [304], or by assuming that the inflation scale is below the QCD scale [305].
3.7.3. Summary of cosmological bounds
The various constraints on the parameter space of the QCD axion can be summarised as in Fig. 3, in
which we focus on the KSVZ model (with E/N = 0 and NDW = 1), and we show the axion energy scale fa
(left Y axis) as a function of the Hubble rate at the end of inflation HI (bottom X axis). The parameter
space of the DM axion depends on four quantities, namely the axion energy scale fa, the initial misalignment
angle θi, the Hubble rate during inflation HI , and the contribution from topological defects to the total axion
energy density αtot ≡ ρa/ρmisa . For the QCD axion, the axion mass ma is related to fa as in Eq. (108), see
the different grids used on the Y axes. For single-field inflation, the tensor-to-scalar ratio r is proportional
to H2I , as expressed in the top X axis. The parameter space is bound to the right by the non-detection of
primordial gravitational waves by the Planck-BICEP2 joint analysis [263], which set an upper limit on the
scale of inflation HI . The axion energy scale fa is bound from below by various astrophysical considerations,
for example the duration of the neutrino burst from the supernova (SN) 1987A, see Fig. 11 and Section 4.4.
This translates into an upper bound on the mass of the QCD axion. The phenomenon of superradiance
excludes the portion of the axion mass given in Eq. (236) (see Section 4.6). The solid red line marks the
watershed fa = HI and separates the region where the axion is present during inflation (top-left region, pre-
inflationary scenario) from the region where the axion field originates after inflation (bottom-right region,
post-inflationary scenario). This line has to be thought as a qualitative bound between the two scenarios
considered, since the exact details depend on the inflationary model, the preheating-reheating scenarios, and
axion particle physics.
For fa & HI (pre-inflationary scenario), we show the values θi ∈ {1, 10−1, 10−2, 10−3}. The parameter
space in this scenario is bound to the right by the non-observation of axion isocurvature fluctuations in
the CMB by the Planck mission [251, 252, 310], subject to the requirement that axions constitute the DM.
The change in the slope corresponds to the effect of the non-harmonic terms in the axion potential when
θi & O(1) [188]. The possible presence of axion isocurvatures in the spectrum of the CMB relies on the
fact that the PQ symmetry has never been restored after the end of inflation. For example, in the unified
Standard Model–Axion–seesaw–Higgs portal inflation (SMASH) model of Refs. [311–313], although the axion
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Figure 3: Region of axion parameter space where the axion constitutes the totality of the DM observed. The axion mass
scale on the right corresponds to Eq. (51) for the case NDW = 1. If the PQ symmetry breaks during inflation and the axion
spectates inflation (fa & HI , pre-inflationary scenario), axion isocurvature perturbations constrain the parameter space to the
region on the top left, which is marked by the values of θi necessary to achieve the observed CDM density for a given value of
fa. If the PQ symmetry breaks after inflation (fa < HI , post-inflationary scenario), the axion is the CDM particle only for a
specific value of fa, which takes into account the contributions from the decay of topological defects αtot. The lower bound on
fa results from astrophysical considerations [33, 35, 306, 307], the upper bound on fa relies on the non-detection in LIGO of
gravitational waves associated with the super-radiance phenomenon from stellar-mass black holes [308, 309], the upper bound
on HI comes from the non-observation of tensor modes in the CMB [251, 252, 310]. The coloured transparent bands indicate
future reaches of planned or ongoing experiments covering the allowed regions of the parameter space: CASPEr-Electric Phase
2 (bronze), ABRACADABRA (ABRA Ph.1, orange), KLASH (red), ADMX (blue), CULTASK (Cyan), MADMAX (green),
and IAXO (magenta).
energy scale can be as large as fa ∼ 4× 1016 GeV, the PQ symmetry is restored immediately after the end
of inflation and isocurvature modes are absent. Caveats that allow to evade the bound from isocurvature
fluctuations include the presence of more than one axion [314], or the identification of the inflaton with the
radial component of the PQ field [315], see Section 7.3.
Note, that in single-field inflation models in which the axion constitutes the DM, the pre-inflationary
scenario requires a value of the tensor-to-scalar ratio r which is well below the projected sensitivity of
forthcoming cosmological surveys, r ∼ 10−3, which is forecast for example by the next-generation ground-
based cosmic microwave background experiment CMB-S4 [316].38 For example, an explicit realisation of an
inflation model with an extremely low value of the tensor-to-scalar ratio r ∼ 10−13 such that the axion is
38If the DM is in the form of QCD axions, a joint analysis of axion direct detection experiments and future CMB-S4
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the DM has been recently presented in Ref. [317].
For fa . HI (post-inflationary scenario), the axion is present during inflation as the Goldstone boson of
the PQ field. The initial value of the misalignment angle is averaged out over many Hubble patches. We have
used 〈θ2i 〉 ≈ (2.15)2 as in Ref. [47], and we show results for two cases: 1) αtot = 1 (no contribution from the
decay of topological defects), and 2) αtot = 10, where the parameter αtot ≡ ρa/ρmisa parametrises the ratio of
the present energy density in axions ρa to that coming from misalignment only ρmisa . We have also reported
the forecasts for the sensitivities of various experiments, either planned or already running, including the
Cosmic Axion Spin Precession Experiment (CASPEr) in its Phase 2 [318], A Broadband/Resonant Approach
to Cosmic Axion Detection with an Amplifying B-field Ring Apparatus (ABRACADABRA) in its Phase
1 (Bmax = 5T and Volume= 1 m3) and in the resonant configuration [319, 320], the KLoe magnet for
Axion SearcH (KLASH) [321, 322], the Axion Dark Matter Experiment (ADMX) [323–327], the region
labeled CULTASK which combines the expected sensitivity of the Center for Axion and Precision Physics
(CAPP) haloscope in both configurations CAPP-12TB and CAPP-25T [328, 329] (see also Ref. [330]), the
MAgnetized Disc and Mirror Axion eXperiment (MADMAX) [331], and the International Axion Observatory
(IAXO) [332–334]. Notice that we have chosen the bounds from laboratory searches by setting the ratio
E/N = 0 as in the original KSVZ model. Additional details on the experimental setups for axion helioscopes
are given in Section 5.1, for axion haloscopes in Section 5.3, and for laboratory searches in Section 5.4.
3.8. QCD axions as dark radiation
So far, we have discussed the population of non-thermal axions that stems from the classical evolution
of the axion field, which can represent an important contribution to the total amount of CDM. A thermal
population of axion is also expected from more conventional production mechansims like particle scatterings,
and for the typical sub-eV range of axion masses it will represent a dark radiation component.
The energy density in relativistic particles at the epoch of matter-radiation decoupling is conventionally
described in terms of an effective number of neutrino species Neff as
ρrad ≡
[
1 +
7
8
(
Tν
Tγ
)4
Neff
]
ργ , (191)
where ργ is the energy density of the CMB photons, and Tν/Tγ = (4/11)1/3 is the ratio of neutrino to
photon temperature. If there are no new relativistic particles besides the three SM neutrinos the prediction
is Neff = NSMeff = 3.045 [335].
39 A new relativistic particle species, such as thermal axions, would then
appear as a modification in the number of effective neutrinos Neff :
ρrad = ργ + ρν + ρa =
[
1 +
7
8
(
Tν
Tγ
)4
NSMeff +
1
2
(
Ta
Tγ
)4]
ργ , (192)
where ρν and ρa are respectively the energy density of neutrinos and axions and Ta is the temperature of
the thermal population of axions, characterised by one bosonic degree of freedom. Confronting Eq. (191)
and Eq. (192) we see that the contribution of thermal axions would appear as an excess in effective number
of neutrinos
∆Neff ≡ Neff −NSMeff =
4
7
(
Ta
Tν
)4
. (193)
Several groups have provided estimates of Neff by using cosmological data (see e.g. Refs. [274, 340, 341] and
Refs. [274–276, 342–345] in particular for the contribution of thermal axions). The current best-fit value
Neff = 2.99± 0.17 at 68% CL comes from combining Planck 2018 TT, TE, EE+lowE+lensing datasets plus
experiments is able to probe the range 2.5 × 106 . HI/GeV . 4 × 109 [316], which is otherwise not accessible through CMB
tensor modes alone.
39See also Ref. [336] where the value NSMeff = 3.046 was obtained, and Refs. [337–339] for earlier works.
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Baryon Acoustic Oscillations (BAO) data [251]. This determination is is fully consistent with the SM value,
hence it constrains any additional contribution from dark radiation.
To evaluate quantitatively the possible effects of a thermal axion population on Neff we need to estimate
the ratio Ta/Tν . Let us denote with Γa the rate of reactions that keep the axions in thermal equilibrium
Γa =
∑
i
ni〈vσi〉 , (194)
where for simplicity we consider only to two-body processes with cross sections σi = σ(pia ↔ pjpk) with
pi, pj , pk particle species in thermal equilibrium, ni the number density of pi, v ≈ 1 the velocity of scatterers
assumed to be relativistic, and the brackets denote a thermal average. Axions decouple from the thermal
bath when the reaction rate Γa falls below the Hubble expansion rate, and after decoupling they maintain a
thermal distribution which remains unaffected by other phenomena occurring in the plasma. Let us consider
a decoupling temperature Td for which the number of entropy degrees of freedom, including the axion, is
gS(Td)+1 and all the particles share the same temperature. At a temperature T2 well below 1MeV only the
photon (gγ = 2), the three SM neutrinos (
∑
i gνi = 6) and the axion (ga = 1) are relativistic, with respective
temperatures Tγ = T2, Tν =
(
4
11
)1/3
Tγ and Ta. Including statistical factors, entropy conservation gives
[gS(Td) + 1] (Td ad)
3
=
[
2
(
Tγ
Ta
)3
+
7
8
6
(
Tν
Ta
)3
+ 1
]
(Taa2)
3
, (195)
where ad and a2 are the cosmological scale factors at the respective temperatures Td and T2. Since axions
do not get reheated by subsequent particle annihilation, their temperature simply scales as T ∝ a−1 so that
T1a1 = Taa2. Eq. (195) then gives
Ta
Tν
=
{
2
gS(Td)
[(
Tγ
Tν
)3
+
21
8
]}1/3
=
(
43
4 gS(Td)
)1/3
, ∆Neff ' 0.027
(
106.75
gS(Td)
)4/3
, (196)
where in the second equation we have normalised gS to the total number of SM degrees of freedom gS(T >
mt) = 106.75. Finally, in terms of the present number density of CMB phtons nγ ' 411 cm−3 the number
density of thermal axions is easily obtained as na ' (43/22)nγ/gS(Td).
In the early Universe, there are various processes involving different types of particles which can produce
a thermal population of axions [346–349]. Interactions with the gluons exist for any type of axion and are
model independent. Coloured fermions interacting with the axion are also a necessary ingredient of any
axion model, but in this case there is a difference if these states are exotic and heavy, as in KSVZ models
(mQ ∝ va) or if they are instead SM quarks and much lighter, as in DFSZ models (mq ∝ v  va). Also,
the axion mixes with the neutral pion and this gives rise to an axion-pion interaction (see the discussion in
Section 2.5.2). This interaction can be particularly important when, at temperatures mpi <∼ T <∼ TC , the
abundance of pions in the plasma is of the order of the photon abundance. Let us discuss these thermaliza-
tion channels in more detail.
Axion-gluon coupling. The relevant processes for axion thermalization involving the axion coupling to the
gluons are (i) a q ↔ g q and a q¯ ↔ g q¯, (ii) a g ↔ q q¯, (iii) a g ↔ g g, all of which have a cross section of
order
σag ' α
3
s
8pi2
1
f2a
. (197)
At temperature well above mt all the six quark flavours populate the thermal bath, then, including the
statistical factor 3/4 for the fermion number densities, for reaction (i) with quark and antiquarks we have
nq + nq¯ = 54neq, while (ii) and (iii) contribute a factor 2ng = 32neq, where neq =
ξ(3)
pi2 T
3 is the equilibrium
distribution for one bosonic degree of freedom, ζ is the Riemann zeta function and ζ(3) ≈ 1.2. From this
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and by using the cross section Eq. (197) we can estimate the total scattering rate Γa Eq. (194). Recalling
the expression for H given in Eq. (147) the decoupling condition Γa <∼ H yields
Td ' 12.5
√
g∗(T )
α3s
f2a
mPl
' 4.0 · 1011
(
fa
1012 GeV
)2
GeV, (198)
where in the second relation we have used g∗(T ) = 106.75 + 1 and αs(T ) ' 0.03 which are the values
appropriate for temperatures of the order 1011 ÷ 1012 GeV. From Eq. (198) we obtain ∆Neff ' 0.027 and
na ' 7.5 cm−3 for the present abundance of thermal axions. Let us note, however, that since above the PQ
breaking scale there is no axion, this result is only valid for Td < va = 2Nfa, that is for fa <∼ 4N · 1012 GeV.
Also, if the scale of inflation and the reheating temperature are below Td, this thermal population gets
inflated away. It is then important to consider other processes that can be effective for producing a thermal
axion population at lower temperatures.
Axion-quark coupling. The Compton-like scattering process q g ↔ q a and its CP conjugate, which involve
the axion coupling to coloured states, can be important as long as T >∼ mq when the coloured fermions are
relativistic (for T < mq, Γa is Boltzmann suppressed by nq). Since the axion coupling to the KSVZ quarks
is parametrically larger than the coupling to SM quarks by a factor ∼ va/v we concentrate on this case.
The cross section is
σaQ ' αs
(
mQ
va
)2
1
T 2
, (199)
and using nQ + nQ¯ = 9neq the decoupling condition yields
Td ' 3 · 108
( mQ
108 GeV
)2(1012 GeV
va
)2
GeV, (200)
where we have used αs ≈ 0.05 valid for temperatures around T ≈ 108 GeV. The resulting values of ∆Neff and
na are only slightly smaller than in the previous case if entropy injection from Q decays into SM particles
is taken into account (see Section 6.1.1 for a discussion on this point). Note however, that the requirement
Td > mQ implies that this result holds only for mQ >∼ 3 · 107
(
va
1012 GeV
)2.
Axion-pion and axion-nucleon couplings. There are also processes that can keep axions in thermal equilibrium
after the quark-hadron phase transition, and that could be important because in this case it is unlikely that
the corresponding population of thermal axions could be wiped out by inflation. The most model independent
mechanisms are pion-axion conversion pi pi ↔ pi a, whose interaction term is described by Eq. (57), and
scatterings involving nucleons N pi ↔ Na, with N = n, p. The corresponding cross sections were computed
in Ref. [110]. The rates of these two processes have a different behaviour with the temperature, and in
particular scattering off nucleons becomes subdominant below T . 200MeV because of the exponential
suppression in the number density of protons and neutrons. For the pion channel Ref. [342] gives the
following expression based on dimensional considerations and with numerically fitted coefficients:
Γapi ' 0.215 C2api
T 5
f2af
2
pi
h
(mpi
T
)
, (201)
with Capi given in Eq. (58), and h(x), normalised as h(0) = 1 a rapidly decreasing function of its argument.
To give an example of the values of fa for which axion thermalisation can occur after the QCD phase
transition, let us fix Td = TC ' 160MeV, in which case we have g∗ = 17.25 and h
(
mpi
TC
)
' 0.8, and let
us consider the hadronic axion with Capi ' 0.12, see Eq. (115). This decoupling temperature is obtained
for fa ' 3 × 107 GeV which, as we will see in Section 4, is in conflict with various astrophysical bounds.
Phenomenologically acceptable values of fa would imply higher decoupling temperatures Td  TC for which,
however, nucleons and pions are deconfined into the fundamental QCD degrees of freedom and the previous
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analysis breaks down.
We have seen that when axion thermalization occurs above the electroweak phase transition, one can
expect a contribution ∆Neff ∼ 0.027. Other processes not considered here, as the Primakoff process γ q ↔
a q that could be enhanced by a large value of the axion-photon coupling, or reactions involving the SM
quarks [345, 349] or leptons [350], for which large enhancements of the model-dependent couplings can
be obtained within some type of construction (see Section 6), could contribute to thermalize the axions at
lower temperatures, implying larger contributions toNeff . In particular, the sensitivity of future cosmological
measurements to axion couplings to all the SM degrees of freedom has been assessed in [351]. A hot axion
component generated in this way has been also invoked [350] to alleviate the existing discrepancies between
early and the late Universe determination of the Hubble constant H0 (see Ref. [352] for a recent review).
Projected sensitivities of forthcoming experimental determinations of Neff suggest that axion contributions
to the radiation density at the level of a few percent might still be detectable. In particular, conservative
configurations of the next generation of ground-based CMB experiments, CMB-S4 [316], can reach a sufficient
accuracy in the measurement of Neff to test the minimal contribution of axions (or of any other light particle
with zero spin thermalised above the electroweak phase transition) at the 1σ level. Neff is indeed a unique
measurement in cosmology. The overall importance of precise determinations of this observable cannot be
understated and, as we have seen, it can provide fundamental information also on axion phenomenology.
3.9. Axion miniclusters and axion stars
An important feature of the post-inflationary scenario is that at the time when the axion acquires a
mass, around T ∼ Tosc (see Section 3.3) the value of the initial misalignment angle θi changes by O(1)
from one causal patch to the next. Accordingly, the density of cold axions produced by the misalignment
mechanism is characterised by sizeable inhomogeneities δρa/ρa ∼ O(1). The free streaming length of the
misalignment population of cold axions is too short to erase these inhomogeneities before the time teq of
matter-radiation equality, so that at T ∼ Teq the density perturbations decouple from the Hubble expansion
and start growing by gravitational instability, rapidly forming gravitationally bound objects, called axion
miniclusters [353–356]. The scale of minicluster masses is set by the total mass in axions within one Hubble
volume of radius 2Rosc ∼ H−1osc =
√
3m2Pl
8piρosc
at the time when the axion mass becomes relevant, since after
the onset of oscillations the number of cold axions per comoving volume remains conserved. At Tosc the
Universe energy density is radiation dominated so that ρosc ' ρrad = pi230 g∗T 4osc. The energy enclosed in a
Hubble volume then is
Mrad(Tosc) =
4piR3osc
3
ρrad =
3
32pi
√
5
pig∗
m3Pl
T 2osc
. (202)
As the Universe expands, the energy in radiation gets redshifted, and at the matter-radiation equality
temperature Teq it provides an estimate of the gravitationally bound minicluster mass MMC ≈ Mrad(Teq),
that is
MMC ≈Mrad(Tosc) Teq
Tosc
' 1.3× 1046
(
800 MeV
Tosc
)3
Teq
0.8 eV
GeV ≈ 10−11M , (203)
where we have used g∗(Tosc) = 61.75, and M ≈ 2 · 1030 kg = 1.3 · 1057 GeV represents one solar mass. The
typical radius of the overdensities when they decouple from the Hubble flow at Teq is also easily estimated.
From Rosc ≈ 0.1 km as is obtained from the expression given above Eq. (202) and using entropy conservation
(ReqTeq)
3gS(Teq) = (RoscTosc)
3gS(Tosc) gives
RMC ≈ Req = RoscTosc
Teq
(
gS(Tosc)
gS(Teq)
)1/3
≈ 2.5 · 108 km , (204)
where we have used gS(Teq) ' 3.91. The numbers in Eqs. (203) and (204) are of course indicative and
can easily vary by a couple of orders of magnitude. For example it was recently argued in Ref. [357] that
the characteristic size of the density fluctuations is smaller than the Hubble horizon at Tosc, implying that
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typical miniclusters are both lighter and smaller with respect to the quoted numbers.40 The dynamics
of the collapse of non-linear density fluctuations that leads to the formation of axion miniclusters has
been recently assessed through a semi-analytical Press-Schechter approach [357, 360, 361] or by numerical
simulations [214, 215, 362].
Axion miniclusters would lead to important detection features. First, their typical density ρMC '
3MMC/(4piR
3
MC) ≈ 0.2 × 106 GeV cm−3 is about a factor 106 larger than the local DM density, so that in
an encounter with the Earth the rate of conversion of axions into photons in dedicated resonant cavities or
haloscopes (see Section 5.3), would be accordingly temporarily enhanced [27]. The expected signal would be
time-dependent due to the revolution and rotation motions of the Earth, which leads to a detectable annual
modulation [363] and possibly even to a detectable diurnal modulation [364]. Since the cavity would have to
be tuned to the correct frequency in order to capture the signal, a broadband axion cavity resonator has been
proposed to exploit this possibility, see Ref. [39]. Second, the presence of axion miniclusters could be assessed
through picolensing of individual clusters [365], or microlensing of a halo formed of axion miniclusters that
hierarchically merge [360, 361]. This latter possibility could also be used to assess the fraction of cold axions
that are bound into clumped objects, a fraction that can also be accessed through numerical simulations.
Third, axion minicluster could be disrupted by the gravitational field of a nearby star encounter, or by
the mean galactic gravitational field, leading to tidal streams of axions that would enhance the local CDM
density by about one order of magnitude [366].
As we have seen in Section 3.3 when m(tosc) ' 3H(tosc) a non-relativistic and cold population of axions
(〈pa〉  ma  Tosc) is created. Using as reference values Tosc ∼ 1GeV and fa ∼ 1012 GeV their number
density can be estimated as na(T ) = ma(Tosc)f2a
s(T )
s(Tosc)
' 3 f2amPlToscT 3 ∼ 105 T 3. This corresponds to a huge
value of the initial phase-space density Na ∼ na/ 〈pa〉3  105(Tosc/ma)3 ≈ 1047 which, given that effects of
collisions are completely negligible, remains enormous at all subsequent times during the Universe expansion.
Around the time of matter radiation equality gravitational instabilities grow and bound systems can form.
As we have seen in Section 3.2 axions have an attractive self-interaction and, although extremely tiny
∼ (ma/fa)4, it can still produce significant effects due to the large phase space density, causing in particular
a relaxation of gravitationally bound axions clouds. If the relaxation is efficient, an axion star could form
within a time scale compatible with the age of the Universe. The possibility of formation of axion stars
was first studied in Ref. [367]. Axion stars can be modelled as oscillaton-like solutions of the Klein-Gordon
equation associated with the axion potential in Eq. (50) and coupled to the Einstein or Poisson equation to
account for the feedback into the gravitational field. Contrarily to axion miniclusters, the mass of the axion
star is not fixed once setting the mass of the QCD axion. The typical mass of the axion star is fixed once
a formation mechanism is imposed [368, 369]. Axion stars are described by a real pseudo-scalar field that
oscillates with time, with a frequency that is related to the mass of the axion. This configuration is different
from what is obtained from a self-gravitating condensate made of a complex boson field, which is known in
the literature as a ‘boson star’ [370, 371]. Both configurations possess black hole-like solutions for a null
field and, in the case of the complex scalar field of mass mφ, the boson star cannot grow to masses larger
than the critical mass M∗ = 0.633/(Gmφ) [372]. If the axion potential were quadratic as in Eq. (151), the
axion star would also possess a slightly smaller critical mass M∗ = 0.607/(Gma) [373], see also Ref. [374].
The formation of axion stars might proceed either by gravitational cooling out of the virialised minicluster
or during a process of violent relaxation [369, 375–377], leading to a solution in the weak gravity regime [378,
379], with the mass and the radius of the axion star being related by [371, 379, 380]
Ras =
9.9
Gm2aMas
. (205)
This solution is known in the literature as the “dilute” regime, since the average energy density inside the
axion star is much smaller than the energy scale (m2pif2pi)1/4 at which the axion potential saturates. As the
40Even larger variations in mass and size are obtained when considering non standard cosmological scenarios, as was done
for example in Refs. [358, 359].
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density of the star increases, self-interactions become more relevant and destabilise the equilibrium when
the mass of the star approaches the critical value [374, 381, 382]
Mas,crit ≈ 18.4mPl fa
ma
. (206)
This result is valid for an axion field moving in the potential described in Eq. (54) with mu/md = 0.48.
4. Astrophysical signatures and bounds
Astrophysics, and stellar evolution in particular, offer powerful methods to probe the axion couplings
to SM fields [32, 33, 383]. The observational properties of stars are conveniently shown in the Hertzsprung
Russell (HR) or Color Magnitude Diagram (CMD), which shows the stellar luminosity (or magnitude) versus
the surface temperature (expressed through the colour index).
No matter their initial mass, stars spend most of their life burning H into He in their core (main sequence).
The post main sequence evolution depends on the stellar initial mass. A schematic picture of this evolution
is shown in the left panel of Fig. 4. After the hydrogen in the core is exhausted, stars of roughly the same
mass as our Sun enter the subgiant phase, burning hydrogen in a thick shell. It follows the Red Giant
Branch (RGB) stage, with hydrogen burning in a thin shell surrounding an inert He core. The evolution in
the RGB continues until the temperature in the core is high enough to ignite the He in the core (He-flash).
Afterwards, the star moves to the Horizontal Branch (HB) region of the diagram. Such low mass stars
never reach the conditions (temperature and density) required to ignite heavier elements and end up as
carbon-oxygen White Dwarfs (WDs).
Stars a few times the mass of the Sun do not undergo a He-flash and ignite helium soon after the end
of the main sequence stage, transitioning to the cold (red) region of the HR diagram. The evolution during
Figure 4: In the left panel, the theoretical Hertzsprung Russell (HR) or Color Magnitude Diagram (CMD), showing the
evolution of luminosity and surface temperature of stars with different initial masses. To the right, the observational CMD of the
M5 globular cluster, which shows the luminosity and surface temperature of stars at a fixed time (isochrones). More massive stars
evolve more rapidly and are found in more advanced stages. The density of stars in different regions of the observational CMD
reflects the duration of the corresponding evolutionary stage. The luminosity (energy emitted per unit time) is conventionally
measured in magnitude. In the figures we show the magnitude in the visual (V) band. The surface temperature is show as
the B-V color, that is the difference between the blue (B) and visible (V) brightness. Note that, for historical reasons, the
temperature increases toward the left of the diagram. So, stars with higher surface temperature (blue) are found to the left. See
text for more details. The figure to the left is reproduced (with permission) from https://physics.aps.org/articles/v2/69.
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Figure 5: From left to right: axion Primakoff processes in an external electric field; axion bremsstrahlung process; and Compton
processes. In the case of the bremsstrahlung process, Ze represents either an ion or an electron.
the He-burning stage may show a peculiar journey to the bluer region of the diagram and back, called the
blue loop (see, e.g., the 5M track in the left panel of Fig. 4). Stars with an initial mass larger than about
8M do not become WD but undergo a core collapse, giving rise to a type II Supernova (SN) explosion and
leaving a compact Neutro Star (NS) or, if very massive, a black hole.
The diagram in Fig. 4 is theoretical. It shows the evolutionary tracks of individual stars. Observationally,
one extracts colour and magnitude of individual stars (at a fixed time) and shows the results in a diagram
similar to the one shown in the right panel of Fig. 4. From the stellar population it is possible to reconstruct
the evolutionary times of each stage (the longer the evolutionary time, the larger the stellar population
corresponding to that phase), which can then be compared with the theoretical predictions extracted from
numerical stellar evolution codes.
The method presents evident difficulties related to statistics (particularly for fast evolutionary stages),
stellar contamination, interstellar absorption of the stellar light, etc. Nevertheless, numerical simulations
reproduce with a remarkable level of agreement the observed CMD of particular stellar populations and
allow to set stringent bounds on new physics. The emission of axions (or other light particles) from stars
might, in fact, impact their expected evolution and spoil the agreement with observations.
The aim of this section is to provide an updated summary of the bounds on axions derived from stellar
astrophysics considerations. In addition, we will briefly present the results of the axion interpretation of
some observations of anomalous stellar evolution that have been reported in the last two decades (see, e.g.,
references [35, 297, 384] for more detailed discussions). Our general approach will be to present first all the
results in a model independent way. The impact on the axion benchmark models (KSVZ and DFSZ-type)
will also be discussed at the end of the section.
4.1. Axion-photon coupling
In the contest of stellar evolution, the most relevant process induced by the axion-photon coupling, gaγ
(Section 2.5.3) is the Primakoff process (Fig. 5), consisting in the conversion of thermal photons in the
electrostatic field of electrons and nuclei
γ + Ze→ a+ Ze . (207)
Neglecting degeneracy effects and the plasma frequency (a good assumption in plasma conditions when the
Primakoff process is the dominating axion production mechanism), it is possible to provide a semi-analitical
expression for the energy-loss rate per unit mass in axions [385]:
εP ' 2.8× 10−31Z(ξ2)
( gaγ
GeV−1
)2 T 7
ρ
erg g−1 s−1 , (208)
where T and ρ are in K and in g cm−3 respectively. The coefficient Z(ξ2) is a function of ξ2 ≡ (κS/2T )2,
with κS being the Debye-Huckel screening wavenumber. It can be explicitly expressed as an integral over
the photon distribution (see Eq. (4.79) in Ref. [32]). Ref. [385] proposed the analytical parametrization
Z(ξ2) '
(
1.037ξ2
1.01+ξ2/5.4 +
1.037ξ2
44+0.628ξ2
)
ln
(
3.85 + 3.99ξ2
)
, (209)
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Figure 6: Contours of the axion energy-loss rates per unit mass, εa, in erg g−1s−1, for a pure He plasma. Different lines
represent different channels, as shown in the legend. The Primakoff process is calculated for gaγ = 0.65 × 10−10GeV−1,
corresponding to the bound from HB stars [386, 387]. The Bremsstrahlung and Compton processes are calculated for gae =
4.3 × 10−12, corresponding to the RGB bound from M5 [307]. The onset of the degeneracy region is visible in the bending
of the bremsstrahlung contours. The central temperature and density of the Sun [388], RGB stars, HB stars and WDs are
also shown, for reference. In the case of HB and RGB, these are the result of a numerical simulation of a 0.8 M model as
obtained with the FuNS code [389]. The WD region is estimated using a polytropic model of WDs with mass from 0.6 to
0.7M, as discussed in Ref. [383], and spans luminosities in the range between 0.5×10−4 and 0.5L. Except for the WD case,
the thickness of the lines has no significance.
which is better than 2% over the entire range of ξ. In general, Z(ξ2) is O(1) for relevant stellar conditions.
For example, in the core of the Sun, ξ2 ∼ 12 and Z ∼ 6 and in the core of a low-mass He burning star,
ξ2 ∼ 2.5 and Z ∼ 3 [32], while in a 10M He burning star, ξ2 ∼ 0.1 and Z ∼ 0.4 [385].
As shown in Fig. 6, the Primakoff process has a steep dependence on the stellar temperature, which
controls the number of thermal photons, but is suppressed at high density because of the effects of a large
plasma frequency and of the reduction of electron targets [390] (in such conditions, Eq. (208) ceases to be
valid). Hence, this process is strongly suppressed in the degenerate core of WDs and RGB stars. Indeed,
the strongest bounds on the axion-photon coupling are derived from the analysis of stars with a low density
and high temperature core. In the following, we present the relevant stellar arguments used to constrain
this coupling.
The Sun. Given its low density and, more importantly, its proximity, the Sun provides a good environ-
ment to test the axion-photon coupling. Moreover, as we shall see, the Sun is an important source for axions
to be detected in terrestrial experiments (see Section 5.1). The (number) spectrum of axions produced in
the Sun is shown in the left panel in Fig. 7. Interestingly, the axion spectra produced by processes induced
by the axion-photon and the axion-electron couplings are similar, if we consider couplings of the order of the
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Figure 7: Solar axion spectrum. To the left shows the axion number and to the right the axion energy. The couplings are the
same in both graphs.
current bounds (cf. Section 4.2 for the astrophysical bounds on the axion-electron coupling). This is a very
impactful result for experimental searches, as we discuss in Section 5.1. For considerations about stellar
cooling, however, the relevant quantity is the axion luminosity, not the axion number, and this is dominated
by Primakoff axions since they are, in average, more energetic (cf. right panel of Fig. 7).
Strong bounds on exotic cooling processes in the Sun can be set from helioseismological considera-
tions [391, 392]. The current bound is gaγ ≤ 4.1 × 10−10 GeV−1 at 3σ [392], which corresponds to
gaγ ≤ 2.7 × 10−10 GeV−1 at 2σ. A somewhat weaker bound, gaγ ≤ 7 × 10−10 GeV−1, was inferred in
Ref. [393] from the axion impact on solar neutrinos.
R-parameter and HB stars. The major problem with the Sun as a source for axions is the relatively
low temperature of its core. This limits strongly the Primakoff emission rate. Stars in the HB stage, which
follows the RGB phase, have a low core density of about 104 g cm−3 and a high temperature (see Fig. 6),
providing excellent conditions to produce axions through the Primakoff process.
To assess the effects of axions on the evolution of HB stars, it is convenient to introduce the R-parameter,
defined as the ratio of the number of stars in the HB and in the upper portion of the RGB: R = NHB/NRGB.
In the presence of axions, this parameter is expected to be
R = R0(Y )− Faγ
(
gaγ
10−10GeV−1
)
− Fae
( gae
10−12
)
, (210)
where R0(Y ) is a function of the helium abundance (Y ) in the GC and the F are some positive-defined
functions of the axion couplings.41 For completeness, we are including the contribution from processes
induced by the axion coupling to photons, gaγ , as well as the axion coupling to electrons, gae, which will
be reviewed in more detail in Section 4.1. The positivity condition of the F insures that the axion emission
can only lower the value of the R−parameter and that there could be a degeneracy between the effects of
the axion couplings to electrons and photons. Although at the present a full numerical study that includes
41It is easy to infer that Faγ must be positive. A finite axion-photon coupling would contribute to the stellar energy-loss,
particularly in the HB stage, since Primakoff is suppressed in the degenerate plasma typical of the RGB core. Thus, a large gaγ
would shorten the life of HB stars and, consequently, their expected numbers in a cluster. The argument for the positivity of
Fae goes as follows. An efficient energy-loss channel, such as the one induced by a large coupling of axions to electrons, would
delay the He-ignition in the RGB core (He-flash), allowing the core to grow more, and ultimately increasing the luminosity
of the RGB tip and the number of RGB stars. The impact of a finite gae on the energy-loss in HB star is considerably less
significant.
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axions coupled to both electrons and photons does not exist, reference [394] provided approximate analytical
expressions for the F in Eq. (210):
R0(Y ) = 0.02 + 7.33Y ; (211)
Faγ(x) = 0.095
√
21.86 + 21.08x ; (212)
Fae(x) = 0.53x
2 + 0.039
(√
1.232 + 100x2 − 1.23− 4.36x3/2
)
. (213)
Neglecting the axion-electron coupling and adopting the value Y = 0.2535 for the helium abundance [395],
reference [386] derived the upper bound on the axion-photon coupling
gaγ < 0.66× 10−10 GeV−1 (95% CL) . (214)
This is known as the HB bound,42 since by neglecting the axion-electron coupling we are essentially ignoring
the RGB evolution. In addition to the result in Eq. (214), the analysis in [386] inferred an R parameter
somewhat larger than observed, indicating a 2σ preference for a small, non-vanishing axion-photon coupling,
later confirmed in [387] using an updated value of the He abundance [396, 397]. The result,
gaγ = (0.29± 0.18)× 10−10 GeV−1 (68% CL), (215)
is known as the HB hint.
Massive Stars. Further insights on the axion-photon coupling can be extracted from the analysis of
intermediate mass stars, M ∼ 8 − 12M [385, 398]. As discussed at the beginning of this section, the
(core) He burning stage of these stars is characterized by a migration toward the blue (hotter) region of
the CMD and back. This journey is known as the blue loop. The existence of the loop is corroborated by
many astronomical observations. In particular, this stage is essential to account for the observed Cepheid
stars (see, e.g., [399]). The disappearance of the blue loop stage in the luminosity ranges where Cepheid
stars are observed is forbidden [398]. A nonvanishing axion-photon coupling would reduce the time a star
spends in the blue loop stage and, consequently, the number of blue versus red stars of a given luminosity.
According to the analysis in [385], based on numerical simulations of solar metallicity stars in the 8− 12M
mass range, a coupling larger than ≈ 0.8 × 10−10GeV−1 would cause the complete disappearance of the
blue loop. The result is comparable to the globular cluster bound. Somewhat lower values of gaγ might
help explaining the observed deficiency of blue with respect to red supergiants discussed, e.g., in [400]. The
numerous uncertainties in the microphysics and in the numerical description of the blue loop stage have not
permitted a more quantitative assessment of this possibility [401].
More recently, the analysis of SN progenitors has also indicated a preference for additional cooling,
in the form of axions or, possibly, other light particles [389]. Surveys show that in many cases the SN
type II progenitors are red supergiants with a certain maximal (surface) luminosity. To stay below this
luminosity, stars would need to be relatively light, contrary to observations. Standard modifications to the
stellar codes, e.g., adding rotations, overshooting, etc., do not help but rather worsen the agreement with
the observations. The addition of a novel cooling channel, however, might help reconciling the simulations
with the observations. Because of the more efficient cooling, the development of the envelop would freeze at
lower luminosities, allowing for more massive stars to end up with the required surface luminosity [389]. In
the case of axions, the hint is to rather large couplings to both electrons and photons, close to the current
HB and RGB bounds. However, the data sample is still too sparse to draw definitive conclusions and the
identification of reliable axion couplings is prohibitive. The situation will largely improve with the data
from the Large Synoptic Survey Telescope (LSST) [402, 403], which will likely identify a large number of
SN progenitors (see Section 3 in Ref. [403]).
42This bound was slightly updated in reference [387] to gaγ < 0.66× 10−10 GeV−1 (95% CL) .
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4.2. Axion-electron coupling
The axion-electron coupling, gae (Section 2.5.5), induces several processes relevant for stellar evolution
(see Ref. [383] for a comprehensive presentation). The most important are the Atomic recombination and de-
excitation, the electron and ion Bremsstrahlung, and the Compton process, collectively known as the ABC
processes.43 The atomic recombination and deexcitation processes are an important contribution to the
solar axion spectrum [405] (see Section 5.1) but can be ignored in numerical simulations of stellar evolution.
At high densities, particularly in electron degeneracy conditions, the most efficient axion production
mechanism is the electron/ion bremsstrahlung process
e+ Ze→ e+ Ze+ a , (216)
shown in the central panel of Fig. 5. The axion energy-loss rates per unit mass for the case of a pure He
plasma is shown in Fig. 6. As clear from the figure, at high density and relatively low temperature, when
electrons become degenerate, the bremsstrahlung rate has a very mild dependence on the density. On the
other hand, in nondegenerate conditions the rate depends linearly on the density. In both cases, there is
also a dependence on the stellar chemical composition. Explicit expressions for the energy-loss rates per
unit mass in the degenerate (d) and nondegenerate (nd) limits are provided in Ref. [406]. Approximately,
εND ' 47 g2aeT 2.5
ρ
µe
∑ XjZj
Aj
(
Zj +
1√
2
)
erg g−1 s−1 , (217)
εD ' 8.6× 10−7F g2aeT 4
(∑ XjZ2j
Aj
)
erg g−1 s−1 , (218)
where T and ρ are in K and in g cm−3 respectively, µe = (
∑
XjZj/Aj)
−1 is the mean molecular weight per
electron, Xj is the relative mass density of the j-th ion, and Zj , Aj its charge and mass number respectively.44
The mild density dependence of the degenerate rate is accounted for by the dimensionless function F . An
explicit expression for this function can be found in [406] (see also section 3.5 of Ref. [383] for a pedagogical
presentation). Numerically, it is of order 1 for the stellar plasma conditions, ρ ∼ 105−106 and T ∼ 107−108,
of interest for our discussion here, when the degenerate bremsstrahlung process dominates. The intermediate
regime between degenerate and nondegenerate conditions in Fig. 6 is calculated as εB = (1/ε
(d)
B +1/ε
(nd)
B )
−1,
following the prescription in Ref. [406].
The Compton process
γ + e→ γ + a (219)
(right panel of Fig. 5) accounts for the production of axions from the scattering of thermal photons on
electrons. The Compton axion emission rate is a steep function of the temperature
εC ' 2.7× 10−22g2ae
1
µe
(
neffe
ne
)
T 6 erg g−1 s−1 , (220)
where ne is the number density of electrons while neffe is the effective number density of electron targets.
At high densities, degeneracy effects reduce neffe , suppressing the Compton rate (cf. Fig. 6). The Compton
process can effectively dominate over the bremsstrahlung only at low density and high temperature.
Below, we review the bounds on the axion-electron coupling derived by the most relevant stellar systems.
43Another astrophysical process discussed in the literature is the electron-positron annihilation, e+e− → γ + a [404], which
plays, however, a less significant role in stellar evolution.
44In the typical plasma conditions where the bremsstrahlung is relevant, one finds Zj/Aj ≈ 1/2. So, the rate has a dependence
on the chemical composition of the plasma and increases in the case of high Z. In particular, the rate is larger in a CO WD
core than in the core of a RGB star, composed mostly of He.
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Star P (s) P˙obs(s/s) P˙th(s/s) g
(best)
ae g
(max)
ae (2σ)
G117 - B15A 215 (4.2± 0.7)× 10−15 (1.25± 0.09)× 10−15 4.9× 10−13 6.0× 10−13
R548 213 (3.3± 1.1)× 10−15 (1.1± 0.09)× 10−15 4.8× 10−13 6.8× 10−13
PG 1351+489 489 (2.0± 0.9)× 10−13 (0.81± 0.5)× 10−13 2.1× 10−13 3.8× 10−13
L 19-2 (113) 113 (3.0± 0.6)× 10−15 (1.42± 0.85)× 10−15 5.1× 10−13 7.7× 10−13
L 19-2 (192) 192 (3.0± 0.6)× 10−15 (2.41± 1.45)× 10−15 2.5× 10−13 6.1× 10−13
Table 2: Hints, g(best)ae , and bounds, g
(max)
ae , on the axion-electron coupling from WD variable stars [407, 408]. P is the period
of the variable star and P˙ its time derivative. We report the measured (observed) values and the theoretical predictions.
White Dwarfs. The strongest bounds on the axion-electron coupling are inferred from observations of
stars with a dense core, where the bremsstrahlung is very effective. These conditions are realized in WD and
RGB stars. As discussed above, the WD phase is the last stage of the evolution of a low mass star, after the
nuclear energy sources are exhausted. Hence, the evolution of a WD is essentially a cooling process, governed
by photon radiation and neutrino emission, with the possible addition of novel energy-loss channels, e.g. in
axions.
There are at least two ways to test the cooling of WDs and, consequently, exotic cooling theories.
First, one may study the WD Luminosity Function (WDLF), representing the distribution of WDs versus
luminosity. While cooling, the WD luminosity decreases. Thus, the efficiency of the cooling reflects in the
shape of the WDLF. Additionally, one can measure the secular drift of the oscillation period, P˙ /P , of WD
variables, which is practically proportional to the cooling rate T˙ /T .
Let us begin with the WDLF. Current numerical analyses suggest the bound gae . 2.8 × 10−13 [408].
However, this result does not come with a credible confidence level because of the large theoretical and
observational uncertainties (see, e.g., discussion in [409]). Moreover, the analyses show, fairly consistently
(though not universally) an anomalously large energy-loss. In particular [409], using data from the Sloan
Digital Sky Survey (SDSS) and the SuperCOSMOS Sky Survey (SCSS), showed that the axion coupling
gae ' 1.4×10−13 is favored with respect to the standard model case at about 2σ confidence level.45 A more
recent analysis of the data in Ref. [409], found [35]
gae = 1.5
+0.6
−0.9 × 10−13 (95% CL) . (221)
These results were confirmed in a later study [412], which attempted to reduce some systematic uncertainties,
particularly those due to the star formation rate, by studying the WDLF of the thin and thick disk, and of
the halo. A considerable improvement is expected from the next generation of astrophysical observations.
Data from the GAIA satellite have already increased the catalog of WDs by an order of magnitude with
respect to SDSS [413, 414]. The Large Synoptic Survey Telescope (LSST) is expected to detect even fainter
WDs, ultimately increasing the census of WDs to tens of millions [402, 403].
An independent method to study the cooling of WDs is the analysis of the period change of the WD
variables. Unfortunately, the period changes very slowly, P˙ /P ≈ 10−18 s−1 in most measured cases (see
Table 2), and an accurate assessment of this change requires decades of accurate data taking. Therefore,
although there are many known WD variables, P˙ /P has been measured only for a handful of them (see
Ref. [408] for an update review of this subject). Interestingly, in all cases the observed period change rate is
always larger than the expected one, P˙obs > P˙th, hinting at an unexpected cooling channel. Such result could
be attributed to an axion coupled to electrons with the couplings shown in Table 2. The highest level of
discrepancy is observed in G117 - B15A but that may be due to some assumptions about the trapping mode
and should perhaps be reconsidered [409]. The combined analysis of all other WD variables in the table
gives a fairly good fit, χ2min/d.o.f.= 1.1, for gae = 2.9× 10−13 and favors the axion (or ALP) interpretation
45The additional energy can also be accounted for by hidden photons [394, 410] but not by anomalous neutrino electromagnetic
form factors [411].
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at 2σ.
Red Giants. Another strong bound on the axion-electron coupling is inferred from the luminosity of
the tip of the RGB in Globular Clusters (GC). After the hydrogen in the core of a main sequence star is
exhausted, the stellar core contracts and the star enters the RGB phase. During the RGB evolutions, the
star expands, its surface cools down, and its luminosity increases (see Fig. 4). For sufficiently low mass
stars, as those populating a GC, the electrons in the stellar core eventually become degenerate. Meanwhile,
the core continues to contract and heat up, while its mass grows by the H-shell burn. The process continues
until the core reaches the conditions necessary to ignite He. At this time, known as the He-flash, the star
reaches the point of highest luminosity in the CMD, known as the RGB tip. The luminosity of the RGB
tip is an excellent observable to probe the cooling of the star during the RGB phase, being the He ignition
extremely sensitive to the temperature. Thus, any additional cooling, in the form of axions or other light,
weakly interacting particles, can be effectively constrained by observations of the luminosity of the RGB tip.
In the case of axions, the most efficient production mechanisms during the RGB production are the electron
bremsstrahlung and the Compton processes. The two clusters studied so far,46 M5 [307] and M3 [416],
indicate fairly consistent, though not identical, results for the axion-electron coupling.47 The combined
analysis indicates the bound
g(best)ae = 1.4× 10−13 , (223a)
gae ≤ 3.1× 10−13 , at 95% CL (223b)
Several uncertainties, including the cluster morphology and distance as well as uncertainties in the nu-
clear reaction rates, affect the exact determination of the RGB bound on the axion-electron coupling [307,
416, 418]. The use of multi-band photometry of multiple globular clusters would provide a substantial
improvement (see, e.g., [415, 416]). The error in the globular cluster distance, currently the largest observa-
tional uncertainty, will be reduced considerably (perhaps by as much as a factor of 10) with the release of
the GAIA data relevant for GCs, expected in 2022 [419].
The combination of hints from the WDLF, the WD pulsation, and RGB stars gives the 1σ preferred
interval
gae = 1.6
+0.29
−0.34 × 10−13, (224)
with χ2min/d.o.f.= 14.9/15 = 1.0, and favors the axion (or ALP) solution at slightly more than 3σ [35].
Combining the results from the WDLF, the WD pulsation, and RGB stars, discussed in this section,
with the analysis of the R parameter (Section 4.1), one finds the hinted regions presented in Fig. 8 [384].
The analysis shows a preference for an axion coupling to electrons at the level of 3σ. On the other hand,
the coupling to photons is compatible with zero at 1σ. Notice, however, that the last conclusion cannot
be drawn in the case of specific axion models, such as DFSZ I and II, which predict well-defined relations
among couplings.
4.3. Axion-nucleon coupling
Finite axion-nuclei interactions allow for further ways axions may impact the evolution of stars. Non-
thermal processes, such as nuclear transitions in stars (particularly, the Sun) with the emission of axions,
46We point out, however, that very recently, Ref. [415] considered 50 GC to find the upper bound gae = 2.5× 10−13 on the
axion-electron coupling. The result is slightly more stringent than the one we discuss in this sections.
47In particular, the analysis of M5 [307] suggests a stronger hint to a non-vanishing axion-electron coupling
gae = 1.88
+1.19
−1.17 × 10−13 , at 68% CL
gae ≤ 4.3× 10−13 , at 95% CL , (222)
while the observations of M3 are rather consistent with expectations (gbestae = 0.05× 10−13) and suggest a somewhat stronger
bound gae ≤ 2.6 × 10−13 at 95% CL [416]. Reference [417] attributes the disagreement between theory and observations
in [307], at least partially, to the convention used for the screening of the nuclear reaction rates.
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Figure 8: Stellar hints on general Axion Like Particles interacting with electrons and photons [384]. The hints are derived from
the global analysis of WD pulsation, the WD luminosity function, RGB and HB stars. The best fit parameters are indicated
with the red dot.
provide an interesting channel to produce a possibly detectable axion flux. However, their impact on stellar
evolution is minimal. Thermal processes turn out to be quite more relevant, in this respect.
The most relevant thermal process involving the axion-nucleon coupling is the nucleon bremsstrahlung
N +N ′ → N +N ′ + a , (225)
with N,N ′ = n, p, where n represents a neutron and p a proton. The Feynman diagram for these processes is
shown in Fig. 9. One of the major difficulties in dealing with the nucleon bremsstrahlung is the description
Figure 9: Axion nuclear bremsstrahlung (one of the possible diagrams). N,N ′ represent either a proton or a neutron. To the
right is the Feynman diagram corresponding to the OPE approximation.
of the nuclear interaction, shown as a blob in figure 9. A substantial simplification, known as the One
Pion Exchange (OPE) approximation, is to assume that the interaction is mediated by the exchange of a
single pion, as shown in the right panel in figure 9. The OPE framework is not always justified (see, e.g.,
Ref. [32, 420]) but it does provide a starting point for more accurate computations (cf. Ref. [421] for a recent
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review of the role of OPE and its corrections). Nevertheless, it is evident from the figure that the pion mass
in the propagator is going to suppress the emission rate unless the temperature is such that the typical
momentum exchanged in the collision, which is of the order of the nucleon momentum qN ∼ (3mNT )1/2,
is larger than the pion mass. This demands T & 10MeV, a temperature typical of the core of Supernovae
(SNe) and NS. Therefore, only SNe and NS may (and, indeed, do) provide an environment to test the axion
nucleon bremsstrahlung.
Approximate emission rates for the nn scattering (the pp scattering is similar) in the limit of nondegen-
erate and degenerate nuclei are given below [383]
εND ≈ 2.0× 1038g2anρ14 T 3.530 erg g−1s−1 , (226a)
εD ≈ 4.7× 1039g2anρ−2/314 T 630 erg g−1s−1 , (226b)
where T30 = T/30MeV and ρ14 = ρ/1014g cm−3. Notice that eqs. (226) are only a crude approximation of
the emission rate, calculated in the OPE approximation and ignoring the pion mass and medium effects.
However, they do show the steeper temperature dependence of the degenerate emission rate and the stronger
density dependence in the nondegenerate limit.
Below we report the recent bounds on the axion couplings to nuclei from SN and NS. However, we empha-
size that, at the time of writing, there is an intense effort to provide a more reliable description of the nuclear
processes that produce axions at very high density,48 and such bounds are often reconsidered and reassessed.
SN 1987A. The most well known argument to constraint the axion interaction with protons and neutrons
is the one based on the observed neutrino signal from SN 1987A [32, 424–426]. The signal duration depends
on the efficiency of the cooling and is compatible with the assumption that SN neutrinos carry about 99% of
the energy released in the explosion. For a light, weakly interacting particle, a bound can be extracted from
the requirement that it does not contribute more than neutrinos, about 2 × 1052 erg s−1, to the cooling of
the young SN, with a typical core conditions of T ∼ 30 MeV and ρ ∼ 1014g cm−3. The most recent analysis
for the axion case [421] derived the bound49
g2an + 0.29 g
2
ap + 0.27 gan gap . 3.25× 10−18 , (227)
shown in Fig. 10.
Strongly interacting axions may be trapped in the SN core. In this case the emission is reduced, as they
thermalize and are effectively emitted from an axiosphere, similarly to what happens to neutrinos. The most
recent analysis found that this condition is satisfied for gan = gap & 10−7. However, even trapped axions
may extract more energy than neutrinos from the young SN and couplings all the way to gan = gap ≈ 10−4
should be probably excluded [421].
Neutron Stars. Observations of the cooling of NS also provides information about the axion-nucleon
coupling [427–431]. In particular, the unexpectedly rapid cooling of the NS in CAS A was attributed to the
presence of axions with coupling to neutrons [432]
gan ' 4× 10−10 . (228)
However, the anomalous rapid cooling may also be originated in the phase transition of the neutron con-
densate into a multicomponent state [433]. More recently, the data have been explained assuming a neutron
48Many-body effects can be quite large in a high density medium. The inclusion of such effects in the description of axion
production processes in SN and NS has a long history. Discussions can be found in Ref. [32, 421, 422]. Very recently, Ref. [423]
reevaluated such medium effects, showing a significant dependence of the axion couplings to nucleons upon the environment
density. These latest effects are not included in the results presented in this review, which reports the latest bounds on the
axion-nucleon couplings available in the literature at the time of writing.
49Eq. (227) shows a surprisingly subdominant contribution of the proton scattering to the emission rate, quite more ac-
centuated than what reported in previous analyses [32, 35]. The reason is that, besides being less abundant than neutrons,
protons are nondegenerate while neutrons are partially degenerate and the emission rate in SN conditions is more efficient for
degenerate nuclei, as evident from Eqs. (226).
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Figure 10: SN 1987A bound on the axion-nucleon couplings. In hatched gray, the region allowed by the SN 1987A bound
derived in [421]. The parameter space for KSVZ and DFSZ axions is superimposed. The width of the lines represent the
current uncertainties according to [47].
triplet superfluid transition occurring at the present time, t ∼ 320 years, and that proton superconductivity
is operating at t 320 years [429]. The neutron triplet superfluid transition accelerates the neutrino emis-
sion through the breaking and reformation of neutron Cooper pairs. Under these assumptions the data can
be fitted well, leaving little room for additional axion cooling. Quantitatively,
g2ap + 1.6 g
2
an ≤ 1.1× 10−18 . (229)
An even stronger bound, though only on the axion-neutron coupling,
gan ≤ 2.8× 10−10 , (230)
was inferred from observations of the NS in HESS J1731-347 [430]. A considerable less stringent result,
gan . (2.5− 3.2)× 10−9, (231)
was derived more recently in Ref. [431], the range depending on the adopted value for tanβ.50 Interestingly,
this latest analysis accounted also for a possible axion emission by electron bremsstrahlung in the neutron
star crust, which cannot a priori be ignored for non-hadronic axion models, such as the DFSZ. The resulting
rate is, however, in most cases subdominant with respect to the processes induced by nuclear couplings and
becomes relevant only when the axion-neutron coupling is very small.
4.4. Axion coupling to the neutron EDM
As discussed in Section 2.8 a fundamental consequence of QCD axion models is that axions couple to the
neutron EDM, effectively driving it to zero and solving the strong CP problem. The axion-neutron EDM
50Notice that Ref. [431] uses the opposite for tanβ and so what they call cosβ is our sinβ and viceversa.
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vertex can be parameterized with the coupling gd defined through the Lagrangian term (cf. Eq. (109))
Ld = − i
2
gd a n¯ σµνγ5nF
µν . (232)
This coupling induces the process n+ γ → n+a, allowing the production of axions that, in turn, contribute
to the SN cooling. As discussed, observations of the SN 1987A neutrino burst limit the amount of possible
exotic cooling rate to be less than the neutrino’s. A rough estimate gives [434]
gd ≤ 4× 10−9 GeV−2 . (233)
We emphasize that the interaction in (232) is generic to any QCD axion model and does not demand any
other assumption besides the solution of the strong CP problem. Therefore, the bound (233) is, effectively,
a bound on the PQ constant or, equivalently, on the axion mass.51 If we express the coupling in terms of
the axion mass, gd ≈ 6 × 10−10(ma/eV)GeV−2, the SN bound implies fa & 9 × 105 GeV or, equivalently,
ma . 7 eV.
4.5. Axion CP-odd couplings
Stellar evolution provides also strong bounds on the axion CP odd couplings, discussed in Section 2.10.
The axion scalar couplings to electrons gSae can be constrained in globular cluster stars, where such particles
can be produced through Compton scattering or bremsstrahlung [435]. The strongest bound is derived by
the luminosity of the tip of the RGB. A semiquantitative argument, based on the assumption that any novel
emission rate would spoil observations unless ε . 10 erg s−1g−1, gives the rather restrictive bound [436]
gSae ≤ 0.7× 10−15 . (234)
HB stars provide a slightly less restrictive bound, gSae ≤ 3× 10−15.
The scalar coupling to nuclei is likewise constrained in RGB stars [436]
gSaN ≤ 1.1× 10−12 , (235)
while HB stars provide the less restrictive bound gSaN ≤ 6× 10−12.
These astrophysical bounds are the dominant constraints on the coupling to nuclei for masses above 1
eV or so. However, for lower masses the experimental bounds on 5th force are much stronger (see Fig. 1 in
Ref. [435]).
4.6. Axion coupling to gravity and black hole superradiance
In some cases, astrophysical considerations can provide insights on the couplings of axions to gravity,
without assuming any interaction with standard model fields. Such considerations are, therefore, completely
model-independent. The case of black holes (BH) discussed below is particularly interesting since, just like
in the case of the other bounds discussed in this section, there is no assumption that axions are initially
present, i.e. there is no requirement for axions to be the DM.
Axions form gravitational bound states around black holes whenever their Compton length is of the order
of the black holes radii. The phenomenon of superradiance [437] then guarantees that the axion occupation
numbers grow exponentially, providing a way to extract very efficiently energy and angular momentum from
the black hole [308, 309]. The rate at which the angular momentum is extracted depends on the black hole
mass and so the presence of axions could be inferred by observations of black hole masses and spins. Current
observations exclude the region [309, 438]
6× 1017 GeV ≤ fa ≤ 1019 GeV , (236)
51Here, we are assuming the standard relation, Eq. (51), between axion mass and decay constant. We discuss mechanisms
to modify this relation in Section 6.7.
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Star Hint (1σ) Bound (2σ)
Sun – gaγ ≤ 2.7× 10−10 GeV−1
WDLF gae = 1.5+0.3−0.5 × 10−13 gae ≤ 2.1× 10−13
WDV gae = 2.9+0.6−0.9 × 10−13 gae ≤ 4.1× 10−13
RGB Tip gae = 1.4+0.9−1.3 × 10−13 (M3+M5) gae ≤ 3.1× 10−13 (M3+M5)
– gSae ≤ 0.7× 10−15 ; gSaN ≤ 1.1× 10−12
HB gaγ = (0.3± 0.2)× 10−10 GeV−1 gaγ ≤ 0.65× 10−10 GeV−1
– gSae ≤ 3× 10−15 ; gSaN ≤ 6× 10−12
SN 1987A – g2an + 0.29 g2ap + 0.27 gan gap . 3.25× 10−18
– gd . 4× 10−9 GeV−2 (⇒ fa & 9× 105 GeV)
NS in CAS A – g2ap + 1.6 g2an . 1.1× 10−18
NS in HESS J1731-347 – gan ≤ 2.8× 10−10
Black Holes – fa ≤ 6× 1017 GeV orfa ≥ 1019 GeV
Table 3: Summary of stellar hints and bounds on axions. The hints are all at 1σ and the bounds at 2σ, except for the case of
SN 1987A and NS in CAS A, for which a confidence level was not provided. We have not reported the hint from the NS in
CAS A [432] since it is in tension with the more recent bound in [429].
corresponding to the mass region (Cf. footnote 51) 6 × 10−13eV ≤ ma ≤ 10−11eV.52 We underline that
superradiance can start from a quantum mechanical fluctuation and does not require the prior existence of
an axion population.
The condition for the BH superradiance relies on the assumption that the axion self interaction is small,
which is why the bounds concern such large values of fa. For sufficiently large couplings, the axion cloud
could collapse in what is known as a bosenova,53 producing periodic bursts which should be observable by
Advanced LIGO and VIRGO [309].
Other observational signatures of BH superradiance are the gravitational waves produced in the transition
of axions between gravitational levels or from axions annihilation to gravitons [309, 439].
4.7. Summary of astrophysical bounds
A summary of all bounds on the axion couplings from stellar evolution is shown in Table 3 where,
whenever possible, we have reported the bounds at 2σ and the hints at 1σ. The bounds were derived
without assuming any model dependence and are therefore quite general.
Particularly interesting among the astrophysical considerations are the bounds from BH superradiance
and the SN 1987A bound on the neutron EDM, since they are the only ones that provide a bound on
the axion mass rather than on the couplings.54 Combined, they constrain the axion mass in the range
2× 10−11eV ≤ ma ≤ 7eV.
52The results reported are the ones in the most recent analysis, Ref. [438].
53Axion couplings to other fields, e.g. photons, would also induce an effective axion self-interaction. However, such couplings
would need to be too large to have any significant effect. For example, the value of gaγ required to induce a self-coupling as
large as what expected from the axion potential in Eq. (50), for masses ∼ 10−12eV, is several orders of magnitude larger that
the value excluded by the HB bound. This justifies plotting E/N up to very large values, as we do in Section 5.
54Astrophysical considerations are, of course, affected by many uncertainties. In particular, the bound on the neutron EDM
is based on a simple estimate and should be probably revised. Additionally, we are assuming a standard relation between the
axion mass and decay constant (Cf. footnote 51).
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Figure 11: Astrophysical bounds on the hadronic axions (at 2σ). The region to the left of the curves are excluded. The
bound from SN 1987A is shown with dashed lines since the bound is less robust than the others [421, 440] and its statistical
significance is not well defined. The area probed by CAST is shown in light gray. The lightly hatched region is excluded by
the hot DM bound [275] (see Section 3.8).
.
In the case of the other bounds, specific model-dependent relations connect the different couplings, as
well as the axion mass. The astrophysical bounds for hadronic axion models are shown in Fig. 11. The
models are parameterized in terms of the axion mass and E/N . We superimpose also the region excluded
by the CERN Axion Solar Telescope (CAST) for reference. The astrophysical hinted region is not shown
since hadronic axions cannot fit very well the required parameters [35].
Hadronic axions are naturally electrophobic. For axion masses between 10−9 and 1 eV, and with E/N
between 0 and 15, the parameter Cae, defined in Eq. (118), which parameterize the interaction with electrons,
is always confined in the range ≈ 5 − 15 × 10−3. Consequently, the RGB bound is always suppressed with
respect to the HB and the hot DM bounds for such axions.
The analogous plot for DFSZ axions is shown in Fig. 12. Again, we superimpose the region experimentally
excluded, in this case by the Large Underground Xenon (LUX) experiment (CAST does not probe these
models). In this case, the stellar anomalous observations can be fitted quite well [35]. The hinted region is,
however, quite difficult to explore experimentally and probably only the International AXion Observatory
(IAXO) will be able to access parts of it in the near future [334].
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Figure 12: Astrophysical bounds on the DFSZ axions. The left panel represents the DFSZ I model. The right panel the
DFSZ II. The region to the left of the curves are excluded by astrophysical considerations. The WD curve refers to the WD
luminosity function bound (refer to the text for more information). The hatched region refers to the combined hints from the
WD luminosity function, the WD pulsation, HB and RGB stars. The bound from SN 1987A is shown with dashed lines since
the bound is less robust than the others [421].
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5. Experimental Searches
In the interest of keeping this review self-consistent, we briefly describe the status of the axion experi-
mental searches. More complete reviews can be found in Refs. [26, 38–40].
5.1. Solar axions and helioscopes
The Sun is a natural source of axions. These are produced through Primakoff (Section 4.1) and ABC
(Section 4.2) processes:
dNa
dtdω
=
(
gaγ
GeV−1
)2
naγ(ω) + g
2
ae nae(ω) , (237)
where naγ represents the Primakoff contributions while nae gets contribution from atomic recombination
and deexcitation, bremsstrahlung, and Compton processes, nae = nAae +nBae +nCae. Good analytical approx-
imations for these coefficients exist for all but the atomic recombination and deexcitation processes (see,
e.g., Ref. [441] and [442]):
naγ(ω) ≈ 1.69× 1058e−0.829ωω2.45 keV−1s−1 ; (238a)
nBae ≈ 7.4× 1062
ω e−0.77ω
1 + 0.667ω1.278
keV−1s−1 ; (238b)
nCae ≈ 3.7× 1060ω2.987 e−0.776ω keV−1s−1 . (238c)
The total number of axions emitted by the Sun per second is,
dNa
dt
= 1.1× 1039
[(
gaγ
10−10GeV−1
)2
+ 0.7
( gae
10−12
)2]
s−1 . (239)
Evidently, the axion flux gets a similar contribution from Primakoff and ABC axions for couplings of phe-
nomenological interest (cf. Fig. 7). Notice, however, that the ABC flux is peaked at slightly lower energies
than the Primakoff, a fact that allows to distinguish between the two fluxes (and so infer some information
about the underlying axion model) if enough data is collected in an helioscope experiment [443].55
The weight of the two contributions in Eq. (239) depends on the specific axion model. In terms of
ge12 = gae/10
−12 and gγ10 = gaγ/10−10GeV−1, we have
KSVZ : ge12/gγ10 ≈ 0 ; (240a)
DFSZ I : ge12/gγ10 = 20 sin
2 β ; (240b)
DFSZ II : ge12/gγ10 = 12 cos
2 β . (240c)
Experiments that aim at detecting the solar axion flux are known as axion helioscopes. The most
notable example is the Sikivie helioscope [444], or simply helioscope, which adopts a strong laboratory
magnetic field for the coherent conversion of solar axions into X-ray photons. However, the solar axion flux
may be detected through other means, for example through the Primakoff-Bragg conversion [445] or the
axio-electric effect [446, 447].
The Sikivie helioscope makes use of the axion coherent conversion in a transverse magnetic field B. The
conversion probability is
Pa→γ =
(
gaγ B L
2
)2
sin2(qL/2)
(qL/2)2
, (241)
55For example, the number of axions produced in the energy bin 1 ≤ ω/keV ≤ 2 is 12.5% of the total, in the case of hadronic
axions (no coupling with electrons) but it moves quickly to ∼ 30% if gae/gaγ > 5 × 10−2 GeV, which is typical for DFSZ
axions.
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where q = qγ − qa is the momentum transfer provided by the magnetic field and L is the length of the
magnet. Coherence is ensured whenever qL 1. In this condition, the probability does not depend on the
axion mass and energy. In vacuum, the relativistic approximation (ωa  ma) gives q ' m2a/2ω. A small
mass, therefore, ensures coherence on macroscopic scales.
Whenever the coherence condition is verified, the conversion probability scales as (gaγBL)2, rapidly
increasing with the magnetic field and the size of the magnet. When coherence is lost, the sensitivity is
reduced proportionally to m−2a .56 Since for QCD axion models g2aγ ∝ m2a the sensitivity line follows exactly
the axion model line in the gaγ −ma plane once coherence is lost at large masses.
To regain sensitivity, the coherence can be restored using a buffer gas in the magnet beam pipes [449].
In this case the momentum transfer is q ' (m2a−m2γ)/2ω, where mγ is the effective photon mass in the gas.
Tuning the effective photon mass to the axion mass allows to effectively regain coherence.
The CERN Solar Axion Experiment (CAST) [450], a 3-rd generation and currently the most advanced
running axion helioscope,57 reported the bound gaγ ≤ 0.66× 10−10 GeV−1 for masses ma ≤ 20 meV, while
reaching the ma ∼eV range at high masses [451]. Going beyond that mass may be less interesting because
of the hot DM bound [275, 342] (see Section 3.8).
The proposed International Axion Observatory (IAXO), a 4-th generation axion helioscope [452], is
expected to increase the sensitivity by a factor of & 104, probing the axion-photon coupling down to gaγ ∼a
few 10−12 GeV−1 at low mass and exploring significant regions of the KSVZ and DFSZ axion models [334]. A
scaled down (and significantly less expensive) version of IAXO, called BabyIAXO, will likely start operations
in the mid of the current decade, in DESY. Though considerably less powerful than its brother IAXO,
BabyIAXO [334] will still be sensitive to DFSZ axion models, unique in this respect among the experiments
probing the axion mass region above a few meV. The sensitivity of IAXO and BabyIAXO to hadronic and
DFSZ axion models is shown in Figs.13, 14, and 15.
There are other technologies to detect solar axions. One explored option is to exploit the coherent
enhancement of the axion conversion into photons, via Primakoff effect, when the solar axion beam satisfies
the Bragg condition of scattering with a crystal plane [453]. However, the sensitivity of these experiments
is not competitive with the Sikivie helioscope or with the astrophysical bounds.
Large Weakly Interacting Massive Particle (WIMP) detectors such as LUX and XENON100 have the
capability to detect solar axions through the axio-electric effect and do, in fact, provide bounds on the
axion-electron coupling. Specifically, the XENON100 collaboration [454] reported gae < 7.7× 10−12 (90 %
CL), LUX [455], gae < 3.5 × 10−12, and PandaX-II [456], gae < 4 × 10−12. These searches are particularly
interesting since they permit the exploration of the axion-electron coupling in a very wide mass region.
However, probing the parameter space allowed by the cooling of WDs and RGB may prove extremely
challenging even for axio-electric helioscopes of the next generation [39].
5.2. Helioscopes sensitivity to gaγ and gae
Here we provide simple, approximate expressions to extract the helioscope sensitivity to general axion
models, accounting for the fact that axions can be produced in the Sun through processes induced by their
couplings to electrons and to photons. By helioscope here we mean any instrument that can detect solar
axions. In particular, we consider the standard Sikivie helioscope, which uses an external magnetic field to
convert axions into photons, and the axionelectric helioscope, which operates through the axion interaction
with electrons.
In the Sikivie helioscope, solar axions are converted into photons in a transverse magnetic field B. The
conversion probability is given in Eq. (241), where we remind that q is the momentum transfer provided
by the magnetic field. In vacuum, q ' m2a/2ω. Whenever qL  1, the probability does not depend on the
energy.
56Given enough data (and a large enough axion mass), the spectral distortion induced by the loss of coherence may allow to
pin down the axion mass [448].
57CAST is expected to stop operating in 2020.
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Figure 13: Hadronic axion parameter space. Interactions with electrons are neglected. Experimental bounds are shown with
solid lines while projected sensitivities with dashed lines. The Helioscope lines refer to the latest results from CAST [451]
and to the expected sensitivity of BabyIAXO and IAXO [334]. The sensitivity of the haloscope experiments is calculated
assuming that axions comprise the totality of the cold dark matter in the Universe. In green are the cavity experiments.
Darker colour corresponds to actual data while in lighter colour we show the sensitivity of proposed experiments. The region
labeled CULTASK shows the combined expected sensitivity of CAPP-12TB and CAPP-25T (Cf. Table 4). The sensitivity of
ABRACADABRA refers to phase 1 (Bmax = 5T and Volume=1m3 [319]) for the resonant case. CASPER refers to CASPER
electric, phase 2, and indicates the most optimistic scenario compatible with the QCD uncertainty in the calculation of the
nEDM (Cf. Eq. (116)).
The expected number of events in the Sikivie helioscope is
Nγ −Nb = S∆t
4piD2
∫
dNa
dtdω
Paγ dω (242)
where Nb is the total background, D ' 1.5×1011 m is the distance to the Sun, S is the detector total area,
∆t the exposure time, and  a parameter that measures the detection efficiency. In general, the integral
should be restricted to some ω region. We assume that these threshold values are accounted for by .
Be g¯aγ the bound on the axion-photon coupling in the case of gae = 0. In the general case, we find
g2aγ
∫
(g2aγnγ + g
2
aene)P˜aγ dω ≤ g¯4aγ
∫
nγP˜aγ dω (243)
where gaγ is given in units of GeV−1 and P˜aγ is the osciallation probability divided by gaγ . In the case of
small axion mass, the factor qL in the expression for the probability is small and Paγ does not depend on
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Figure 14: Phenomenological and experimental status for the hadronic axion. See caption of Fig. 13 for details.
the axion energy. We can assume that the factor  is also roughly constant in the energy interval relevant
for solar axions, if the experimental cuts in ω are performed far from the regions where the two fluxes are
large.58 In this case, the integrals can be performed59 and one finds the very simple relation
g2γ10
(
g2γ10 + 0.7g
2
e12
)
. g¯4γ10 , (244)
where, we remind, gγ10 = gaγ/10−10GeV−1 and ge12 = gae/10−12. At large masses, when coherence is lost,
one cannot assume Paγ constant anymore. Assuming a ω2 dependence for Paγ we find that the coefficient
0.7 should be replaced with 0.3. Indeed, in this case Primakoff has a greater weight since it is peaked at
higher energy. In this case, however, a gas can be used to restore coherence.
We now turn to the helioscopes based on the axio-electric effect. For nonrelativistic electrons and
ultrarelativistic axions, the cross section for the axio-electric effect is proportional to the photoelectric cross
section [457–459]
σae(ω) =
g2ae
8piα
(
ω
me
)2
σph(ω) ' 2.1× 10−29 g2e12 ω2keV σph(ω) , (245)
where ωkeV = ω/keV. The pronounced peak at low energy (ωa ∼ 1 keV), characteristic of the photoelectric
cross section, which would favor the ABC over the Primakoff flux, is compensated by the ω2 term in
58This is not always the case. For example, in [442] the analysis is restricted to the energy range between 0.8 and 6.8 keV.
59We integrate between ω = 100eV and ω = 12 keV. Below 100 eV the emission rate is less clear and unaccounted processes
may contribute [39].
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Figure 15: DFSZ axion I (left) and II (right) parameter space. The hatched region in the upper left corner is not accessible to
such axions models. The green region represents the stellar evolution hints from HB, RGB and WD stars, as discussed in the
text. The SN 1987A bound is shown with a dashed line to reflect the higher level of uncertainty with respect to other stellar
bounds.
the case of the axio-electric cross section. Therefore, in general the Primakoff flux is not negligible and
should be included in the estimates of the experimental potential. For example, setting gae = 10−12 and
gaγ = 10
−10GeV−1, we find g2aγ
∫
σaenγdω ' 2g2ae
∫
σaenedω. Proceeding similarly to what done in the case
of the Sikivie helioscopes, we set g¯ae to the experimental bound for a purely ABC spectrum and find the
very simple relation for the axion couplings:
g2ae
∫
(g2aγnγ + g
2
aene)σ˜ae dω ≤ g¯4ae
∫
nγ σ˜ae dω , (246)
where σ˜ae is the axio-electric cross section for gae = 1. If we assume that  does not have a strong dependence
on ω, the integrals can be performed analytically and we find:
g2e12
(
2g2γ10 + g
2
e12
)
. g¯4e12 . (247)
5.3. Haloscopes and DM axions
The local DM density is estimated to be about 0.45 GeV/cm3. If the axion paradigm is correct and axions
do make up the totality of the DM matter, we should expect (locally) about 4.5× 1014(µeV/ma)cm−3 non-
relativistic axions, with energy ωa ∼ ma(1 + O(10−6)), where the correction to the energy derives from
the estimated axion velocity distribution (v ∼ 10−3). Several experimental techniques have been developed
to detect such a huge number of nonrelativistic axions. Collectively, such experiments are known as axion
haloscopes. As discussed in Section 3, the exact axion mass required for the axion to account for the totality
of the DM in the Universe is unknown. Although, historically, there has been a preference for the mass region
around a few µeV, theoretical uncertainties about the initial conditions (Section 3.3) and the production
mechanisms, particularly the contribution from cosmological defects (Section 3.4), make the pinning of the
exact mass very uncertain. Moreover, in Section 6.6 we present mechanisms that can shift the relevant mass
region from . neV all the way up to 10 meV or so, in the region accessible to the next generation of axion
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helioscopes (see Section 5.1). Designing experiments that can probe this entire mass region is, therefore,
extraordinary important to detect axions, if they really are a significant DM component.
The conventional haloscope technique is the resonant cavity haloscope [444], which employs the Pri-
makoff conversion of DM axions in a strong magnetic field that permeates a resonant microwave cavity.
The conversion is resonant if the axion energy ωa = ma(1 + O(10−6)) matches a cavity mode. Cavity
experiments are well suited to search for axions in the µeV mass range, where they have reached extremely
high sensitivities. In particular, the Axion Dark Matter eXperiment (ADMX), which is the most mature
axion haloscope, has already reached into the KSVZ and DFSZ parameter space (under the assumption that
axions are the totality of the DM) for masses ma ∼ 3µeV [327, 460]. A drawback is the slow mass-scanning
time, which scales quadratically with the desired signal to noise level, ∆t ∝ (S/N)2.60 Furthermore, the
cavity size has to match with great accuracy the axion Compton wavelength. Therefore, scanning higher
masses requires smaller cavities with the consequent loss of sensitivity at fixed scanning time (the power of
the signal scales linearly with the volume).61
Nevertheless, an intense program to probe the higher mass range is currently in place. A series of ultra
low temperature cavity experiments at IBS/CAPP (CULTASK) promise the exploration of the mass region
between ADMX and MADMAX (see below) [328]. CAPP-8TB is designed to search for axions with mass
6.62 to 7.04 µeV, with enough sensitivity to detect DFSZ or KSVZ axions [463]. Operations of the more
ambitious CAPP-12TB and CAPP-25T could begin in the early 2020s [328]. Combined, they are expected to
explore the axion mass region from ∼ 3 to ∼ 40 µeV, down to the KSVZ model (E/N = 0), with sensitivity
to DFSZ I couplings for masses up to ∼ 10µeV (Cf. Fig. 16 and Table 4). Meanwhile, the HAYSTACK
experiment is probing masses about an order of magnitude larger than ADMX. It recently reported the first
results for a scan in the mass range 23.5− 24µeV, with sensitivity down to gaγ = 2× 1014 GeV−1 [464]. At
considerably higher masses, ORGAN [465] plans to probe the mass region ∼ 60− 210µeV.
A quite different haloscope concept, MADMAX [466] uses movable booster dielectric disks to enhance
the photon signal and, as shown in Fig. 13 and 14, the projected sensitivity ranges from ∼ 50 to a few
100 µeV [331]. A similar range of masses could be probed with tunable axion plasma haloscopes [467], which
employ the axion coupling to plasmons. The resonance condition is induced by the matching of the axion
mass with the plasma frequency and is, therefore, completely uncorrelated with the size of the experiment.
Finally, the meV mass range might also become accessible using topological antiferromagnets [468]. The
current study predicts enough sensitivity to probe, perhaps in its second stage, DFSZ axions in the 1−3meV
mass range.
Differently from the above experiments, the QUAX (QUaerere AXion) experiment [469] aims at detecting
axion DM via the axion coupling to electrons. While the Earth moves through the cold axion halo, the
coupling to the electron spins would induce spin flips in a magnetized material placed inside a static magnetic
field. This effect can be detected using Nuclear Magnetic Resonance (NMR) techniques. The experiment
aims at the mass range ma ∼ 100µeV, similar to the range of MADMAX. Recent experimental data [470]
excluded the range of couplings gae > 4.9× 10−10 at 95% CL, for an axion mass of 58µeV. This first bound
is not yet comparable with the stellar constraints discussed in Section 4.2, and is still several orders of
magnitude larger than what predicted in DFSZ axion models.
An intriguing proposal to test the axion DM paradigm in a wide mass range, ma ∼ 0.2 − 40µeV, is
through the detection of radio signals from the axion conversion into photons in NS magnetospheres [471–
473]. The NS magnetosphere hosts a very intense magnetic field and a variable plasma frequency. If DM
axions do exist, they would convert in such field at the radial distance where the plasma frequency matches
the axion mass, and produce an observable flux. The detection potential of current and future radiotelescopes
60The rate at which a mass range can be scanned is controlled by the Dicke radiometer equation [461]:
S/N =
Pa
PN
√
∆νt =
Pa
TS
√
t
∆ν
, (248)
where PN = ∆νTS is the thermal noise power, ∆ν is the bandwidth and TS is the system noise temperature (physical +
receiver noise) (cf. e.g. [39, 398]).
61A recent promising way-out consists in exploring higher order resonant modes [462].
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is discussed in [471] and expected to reach enough sensitivity to probe the DFSZ axion parameter region.
Another suggestion for probing cold dark matter axions with forthcoming radio telescopes such as the Square
Kilometer Array (SKA) [474] was put forth in [475] and further elaborated in [476]. The proposed strategy
is that of detecting axion decay into photons at radio frequencies monitoring astrophysical targets such as
dwarf spheroidal galaxies, the Galactic Center and halo, and galaxy clusters. Depending on the environment
and on the mass of the axion, a stimulated enhancement of the decay rate may amplify the photon flux by
serval orders of magnitude, bringing the signal within the reach of next-generation radio telescopes.
Probing lower masses is also quite challenging, requiring larger cavities and magnets. The KLASH
(KLoe magnet for Axion SearcH) experiment aims at the mass region ' 0.3− 1µeV, just below the ADMX
range. According to the preliminary study, KLASH has the potential to probe axion-photon couplings close
to the DFSZ benchmarks in the given mass range [322]. Experiments that aim at exploring even lower
masses adopt different techniques to avoid the problem, inherent in all cavity searches, of matching the
axion wavelength with extremely large cavity sizes. ABRACADABRA (A Broadband/Resonant Approach
to Cosmic Axion Detection with an Amplifying B-field Ring Apparatus) uses a toroidal magnet and a pickup
loop to detect the variable magnetic flux induced by the oscillating current produced by DM axions in the
static (lab) magnetic field. The experiment can operate as a broadband or as a resonant experiment by using
an untuned or a tuned magnetometer respectively. The aim is to probe a wide mass region below 10−8 eV,
with sensitivity to DFSZ axions for masses in the range 0.1− 10 neV (cf. Figs. 13 and 14). In the first data
release, masses between 3.1× 10−10 eV and 8.3× 10−9 eV were explored, with slightly less sensitivity to the
axion-photon coupling than CAST [320].
Another ingenuous idea to probe low masses is to exploit the axion coupling to the neutron EDM,
Eq. (232) [434]. The oscillating axion field generates an oscillating nEDM that can be detected using NMR
techniques. The Cosmic Axion Spin Precession Experiment (CASPEr), in its Electric version (CASPEr-
Electric), employs a ferroelectric crystal which posses a large, permanent internal electric field with which
the axion field interacts. In phase 2, this experiment is expected to reach the sensitivity necessary to probe
QCD axions [477], as shown in purple in Fig. 13 and 14.
CASPEr Electric is particularly interesting from the modeling point of view, since it would effectively
probe the axion-gluon coupling which, differently to the other couplings, is model independent. A conse-
quence is that, in the case of a signal induced by a QCD axion, it may be possible to infer the (local) axion
DM fraction. In fact, the value of gd can be inferred, within the QCD uncertainties, from the value of the
axion mass (identifiable since it sets the oscillation frequency) and the signal strength is a function only of
gd and of the (local) axion abundance. This possibility is unique among the axion haloscope experiments.
5.4. Searches for axions produced in the laboratory
Pure laboratory searches are also emerging as powerful options to search for axions. Such methods avoid
uncertainties related to the use of natural sources for the axion flux. However, the sensitivities of pure
laboratory experiments are currently far from the benchmark QCD axion regions and aim at testing, more
generically, the ALPs parameter space.
One of the most mature experimental strategies to search for ALPs is the Light Shining Through a
Wall (LSW) [478]. A powerful photon source, e.g. a laser beam, is used to produce axions, which are then
reconverted into photons after crossing a wall opaque to light but not to axions. In both cases, the conversion
is induced by a strong laboratory magnetic field. The Any Light Particle Search (ALPS) experiment has
probed the mass regionma . 100µeV, yet only for couplings not competitive with CAST. Its updated version
ALPS II (data-taking expected starting from 2021) will surpass CAST and probe unexplored parameter
space. However, the sensitivity is expected to be still far from the DFSZ and KSVZ regions and may be of
interest for QCD axions only in the case of very photophilic models (see Fig. 14). Currently, the strongest
existing limit on the axion-photon coupling using this technique is gaγ < 3.5 × 10−8 GeV−1 (95% CL), for
ma ≤ 0.3 meV, achieved by the OSQAR experiment [479]. Similarly, polarization experiments use a laser
beam in a strong magnetic field to search for axions or other light particles coupled to photons. The PVLAS
experiment has been exploring this possibility for over a decade. The most recent reported constraints on
the axion-photon coupling are comparable to the OSQAR bound but extend to slightly higher mass [480].
Some improvement is expected with the Vacuum Magnetic Birefringence experiment (VMB@CERN) [481].
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Long range monopole-monopole and dipole-monopole interactions (cf. Section 2.10), induced by CP-
odd couplings, provide other possibilities to search for axions [128]. The CP-odd axion couplings expected
in the SM are tiny, as evident from Eq. (128). However, additional contributions are allowed in theories
beyond the SM and the current experimental bounds allow for considerably larger values. Long range
forces are severely constrained by precision measurements of Newton’s law and tests of the equivalence
principle (see, e.g., [39] and references therein). A better strategy for axion detection consists in using NMR
techniques to detect the axion field sourced by a macroscopic object. This program will be carried out by
the ARIADNE experiment [482]. Interestingly, in the most optimistic scenario (largest allowed CP odd
couplings), ARIADNE is expected to have enough sensitivity to probe the gSaNgan combination of couplings
down to values expected for the DFSZ axion [482, 483]. The forecasted sensitivity under these assumptions
is shown in Fig. 15. Standard KSVZ axions are not accessible to ARIADNE, since in that case the coupling
to neutrons is vanishingly small.
Somewhat similarly, QUAX-gpgs probes the gSaNgae combination. However, even in the most optimistic
case, the expected sensitivity is still far from the coupling region expected in the case of KSVZ or DFSZ
axions [484].
5.5. Summary of experimental constraints
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Figure 16: Phenomenological summary of the axion-photon interactions. We show also the region accessible to CASPEr
electric in phase II, when it will be able to probe the model independent axion coupling to gluons. The region presents the
most optimistic scenario compatible with the QCD uncertainty in the calculation of the nEDM (Cf. Eq. (116)). The region
expected for hadronic axions for certain ranges of E/N is shown in yellow. The relevance of these particular ranges for E/N is
discussed in Section 6. For completeness, we also show the position of the DFSZ I and DFSZ II axions. However, in the case of
the helioscopes the figure does not take into account the possible contribution of gae to the axion production. Refer to Fig. 15
for a more comprehensive analysis of the DFSZ axion models.
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Figure 17: Phenomenological summary of the axion-electron interactions. The hadronic region is estimated for E/N between
5/3 and 44/3 (see Section 6). Notice the changing in the slope of the DFSZ II line at high mass. This happens when tan β is
such that the tree level coupling of the DFSZ II axion to electrons is subdominant with respect to the 1-loop contribution.
In this section we summarize the experimental and astrophyscal bounds on the individual axion couplings.
Table 4 provides a quick reference to the major probes for each coupling. More details can be found in Fig. 16,
for what concerns the axion-photon coupling, Fig. 17 for the axion-electron coupling, and Fig. 18 for the
axion couplings to protons and neutrons. Notice that, in all cases, we are assuming that the axion solves
the strong CP problem. Hence, we show the CASPERr electric potential in all cases since the experiment
probes the model independent coupling to QCD gluons. However, we are not assuming any specific model
and, hence, we are allowing for the couplings to be uncorrelated from the mass.
In the figures, we are showing the parameter space for DFSZ axions (I and II) and for hadronic axions
within a specific range of E/N (cf. Section 6.1.1 and, in particular, Fig. 19). The reader should refer to
Section 6 for a discussion of axion models beyond these benchmarks.
As evident from the figures, the axion-photon coupling is by far the most studied. Besides the experiments
and bounds discussed in this section, we have added to the figure also the bound from the search for spectral
irregularities in the gamma ray spectrum of NGC 1275 [485], from the non-observation of gamma rays
from SN 1987A [486] and the Fermi Lat potential in the case of a future galactic SN [487]. Of course, such
considerations apply to axions coupled to photons much more strongly than what expected in the benchmark
axion models.
The axion-electron coupling is quite more difficult to probe, experimentally. The most efficient way is
through helioscopes based on the axio-electric effect, discussed in Section 5.3. However, such experiments
are still quite inefficient in the region below the astrophysical bounds. Given the very weak dependence of
their potential on volume and observation time, this situation is not likely to change in the near future [39].
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Figure 18: Phenomenological summary of the axion-nucleons interactions. In the case of the ARIADNE experiment, which mea-
sures the product gSaNgan, the sensitivity is estimated for the most optimistic case of the scalar coupling, g
S
aN = 10
−12GeV/fa
(see Ref. [482]). Notice that the axion-proton coupling remains largely unexplored. The hadronic axion coupling to neutrons
is zero, within the errors [47]. Hence the absence of a KSVZ axion line in the left panel.
The strongest astrophysical constraints on the axion-nucleon coupling are derived from the cooling of NS
and from SN 1987A (cf. Section 4.3). Experimentally, the couplings can be probed with NMR techniques.
The experimental potential depends on the spin content of the nuclei adopted in the experiment. Our
estimates for Fig. 18 are based on the single-particle Schmidt model [488], which predicts that only neutrons
contribute to the nuclear spin of 3He (adopted in ARIADNE) and 129Xe (adopted in CASPEr wind).62 Thus,
assuming the Schmidt model, neither ARIADNE nor CASPEr wind can probe the axion-proton coupling,
implying that they would be blind to, e.g., KSVZ axions. This result is not completely correct. The single-
particle Schmidt model does not always reproduce the experimental results well [489]. In particular, in the
case of 3He there is evidence of a small proton contribution to the nuclear spin [489]. Moreover, recently
CASPEr-ZULF-Comagnetometer used a mixture of 13C and 1H [490], which allows to access the axion-
proton coupling. At any rate, the axion-proton coupling is significantly less probed experimentally and the
current bounds on gap are not competitive with the astrophysical constraints.
In this section, we have focussed the attention to a subset of well known laboratory axion experiments,
and more in general on experimental axion probes that either have already produced data, or that have passed
some crucial step towards their realization, as for example having published a conceptual design report or
having obtained funding to develop a R&D phase. In no way we have aimed at a complete review (a more
comprehensive account of the experimental panorama can be found in Ref. [39, 40]). For example, recent
results obtained by using superconducting LC circuit techniques at ADMX [491] or from the pathfinding run
at the Western Australia haloscope ORGAN [465] have not been included. Most importantly, let us stress
that the panorama of different proposals, that in many cases put forth originally new detection techniques,
is much wider than what can be guessed from our brief review. To give a taste of the number of existing
experimental projects and ideas, and to highlight the intellectual dynamism that permeates the community
interested in axion searches, let us mention proposals for new heliospcopes (TASTE) [492], or for variant
haloscopes (ORPHEUS) [493], (RADES) [494, 495], also including multilayers optical techniques [496] or the
possibility of broadband axion searches (BEAST) [497], new LSW based experiments (STAX/NEXT) [498–
500], detection techniques based on laser spectroscopy (AXIOMA) [501, 502], methods based on precision
62cf. Table 1 and 4 of Ref. [489].
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Coupling Source Probes Notes
gaγ
Astro
Sun gaγ ≤ 2.7× 10−10GeV−1 for ma up to a few keV
HB-stars gaγ ≤ 0.65× 10−10GeV−1 for ma up to a few 10 keV
SN 1987A gaγ . 6× 10−9GeV−1 for ma . 100 MeV
gaγ . 5.3× 10−12GeV−1 for ma . 4.4× 10−10 eV
Cosmo
ADMX ma ∼ 2− 3.5µeV. DFSZ for ma ∼ 3µeV
HAYSTACK gaγ ∼ (2− 3)× 10−10GeV−1 for ma ∼ (23− 24)µeV
MADMAX DFSZ for ma ∼ 0.04− 0.4meV (expected)
CULTASK DFSZ for ma ∼ 3− 12µeV (expected, CAPP 12-TB)
KSVZ (E/N = 0) for ma ∼ 3− 40µeV (expected, CAPP 25-T)
KLASH gaγ ∼ 3× 10−16GeV−1 for ma ∼ 0.3− 1µeV (expected, Ph. 3 )
ABRACADABRA ma ∼ 2.5× 10−15 − 4× 10−7eV (expected).
DFSZ for ma ∼ 40− 400neV (expected, ABRA res, Ph. 1 )
Radio astronomy DFSZ for ma ∼ 0.2− 20µeV (expected)
Sun
CAST gaγ = 0.66× 10−10GeV−1 for ma . 20meV
BabyIAXO gaγ = 0.15× 10−10GeV−1 for ma . 10meV (expected)
DFSZ for ma ∼ 60− 200meV (expected)
IAXO gaγ = 4.35× 10−12GeV−1 for ma . 10meV (expected)
DFSZ for ma & 8meV (expected)
Lab PVLAS 10
−7GeV−1 . gaγ . 10−6GeV−1 for ma ∼ 0.5− 10meV
OSQAR gaγ ' 4× 10−8GeV−1 for ma . 0.4meV
ALPS II gaγ ' 2× 10−11GeV−1 for ma . 60µeV (expected)
gae
Astro RGB-stars gae ≤ 3.1× 10
−13 for ma up to a few 10 keV
WDs gae ≤ 2.1× 10−13 for ma up to a few keV
Sun
LUX gae ≤ 3.5× 10−12
XENON100 gae ≤ 7.7× 10−12
PandaX-II gae ≤ 4× 10−12
LZ gae ≤ 1.5× 10−12
DARWIN gae ≤ 1× 10−12
gaγgae Sun
helioscopes Depends on explicit values of gaγ and gae.
(CAST, LUX,...) Can be extracted from Eq. (244) and Eq. (247)
gan
Astro SN 1987A, NS gan ≤ 2.8× 10−10 (from NS in HESS J1731-347 )
Lab
ARIADNE measures gSaNgan down to DFSZ for ma ∼ 0.25− 4meV
(expected for most optimistic choice gSaN = 10
−12GeV/fa [482]).
CASPEr wind From ma ' 3.6× 10−12eV (gan ' 1.1× 10−14) and
ma ' 9.5× 10−7eV (gan ' 5.1× 10−12) (expected, Ph. 2 ).
gap Astro SN 1987A gap . 3.3× 10−9 for gan = 0 (hadronic axions).
gd
Astro SN 1987A gd ≤ 3× 10−9 GeV−2
Lab CASPEr electric QCD axion for log
(
ma
eV
) ' −11+0.8−0.9 (expected, Ph. 2 )
Table 4: Summary of astrophysical and experimental probes on the axion couplings. For proposed experiments, in the notes
column we indicate the expected mass range and potential, as extracted from the original literature. Whenever necessary,
we also indicate the phase (Ph.) during which such results are expected. The haloscope potential reported assumes that the
totality of the DM component in the Universe is made of axions. Whenever an experiment can probe DFSZ axions, we have
indicated the mass range using the sentence “DFSZ for ma...". In the case of CASPEr electric, we indicate the mass range in
which the experiment may be sensitive to QCD axions. The error indicates the QCD uncertainty.
magnetometry [482], and on antiferromagnetically doped topological insulators (TOORAD ) [468], or even
more exotic ideas, like that of a global network of optical magnetometers sensitive to nuclear- and electron-
spin couplings, that could reveal transient astrophysical events as the passage trough Earth of axion stars
(GNOME) [503].
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6. The axion landscape beyond benchmarks
Shortly after the KSVZ [120, 121] and DFSZ [118, 119] invisible axion models had been constructed,
several variants started to appear in the literature. They were often motivated by the attempt of making
more natural the preferred values of the axion decay constant 109 GeV . fa . 1012 GeV which does not
match neither the electroweak nor the GUT scale, by constructing the axion as a composite state of a new
non-abelian gauge interaction [112, 154, 504, 505] that becomes strong at the required scale.63 At the same
time, these constructions implied different properties for the axion, as for example sizeable differences in
the strength of the axion coupling to the photon with respect to the KSVZ and DFSZ models. Thus, the
idea that the axion window, i.e. the region in the (ma, gaγ) plane predicted by QCD axion models, could
be sizeably larger than what suggested by canonical KSVZ/DFSZ constructions, was already contemplated
as a likely possibility by some early phenomenological studies [112, 154, 506]. Recent years have witnessed
a proliferation of proposals for axion experiments [38, 39] (see also Section 5) and, although at present all
ongoing attempts to detect the axion rely on the axion-photon coupling, a certain number of new proposals,
often based on cutting-edge experimental techniques, are also sensitive to the axion couplings to nucleons
and electrons. In many cases the projected sensitivity of new proposals does not reach the level required
to test the KSVZ and DFSZ models, and this is especially true for first generation experiments which, at
least in their initial operational stages, mainly represent a proof-of-concept for the effectiveness of new axion
search techniques. For these experiments it is often understood that the explorable regions would at best
test the possible existence of ALPs, that is particles that share some of the properties of the QCD axion,
but that are not requested to solve the strong CP problem and, as a consequence, can exist within a much
wider parameter space region.
The aim of this section is to carry out a thorough review of past and recent axion models, focussing
on their predictions for the axion couplings to photons gaγ (Section 6.1), to electrons gae (Section 6.2),
to protons gap and neutrons gan (Section 6.3), and their constraints from astrophysics and direct searches
(Section 6.4). The highlight of this section is to specify under which conditions the values of these couplings
can be either enhanced or suppressed with respect to their canonical values, and in which cases new features,
like for example flavour changing axion couplings, can emerge (Section 6.5). To classify the large number
of possibilities, it turns out to be convenient to maintain a distinction between KSVZ-like and DFSZ-like
scenarios. KSVZ-like refers to the class of models in which the SM fermions and the electroweak Higgs
fields do not carry PQ charges, the axion-electron coupling vanishes at leading order, and the leading
contribution to the axion-nucleon and axion-pion couplings only depends on the anomalous QCD term
(a/fa)GG˜. DFSZ-like instead broadly refers to the class of models in which the SM particles are charged
under the PQ symmetry so that the couplings between the axion and the SM fermions acquire a contribution
proportional to the quarks and leptons PQ charges.
In Section 6.6 we will address the issue of the range of axion masses ma for which the axion can account
for the whole cosmological density of DM. We will identify different variants in both the particle physics and
cosmological models that allow to extend the canonical mass range towards smaller or larger values of ma.
Finally, in Section 6.7, we will consider mechanisms that allow to modify drastically the ma-fa relation
while maintaining the solution of the strong CP problem, yielding ma & 100 keV axions which, due to their
large mass, can avoid most astrophysical constraints.
6.1. Enhancing/suppressing gaγ
In Eq. (59) we have given the general expression for the axion coupling to photons. Including NLO
corrections, which were computed in Ref. [47], and using mu/md ' 0.48(3), one obtains the expression given
in Eq. (110) that we repeat below for convenience:
gaγ =
α
2pifa
[
E
N
− 1.92(4)
]
. (249)
63Composite axions will be the subject of Section 7.7.
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We recall that E and N are respectively the coefficients of the PQ electromagnetic and colour anomalies
whose general expression is given in Eq. (83). The original KSVZ model discussed in Section 2.7.1 adopted
the simplest choice in which the QCD anomaly is induced by heavy exotic colored fermions Q, singlets
under SU(2)L × U(1)Y , so that E/N = 0 and gaγ is then determined solely by the model-independent
numerical factor “−1.92” originating from the a/faGG˜ term. This, however, implies that Q-baryon number,
associated with the non-anomalous U(1) symmetry Q → eiβQ, is exactly conserved (being protected by the
gauge symmetry). Hence, after confinement, the Q’s would give rise to stable fractionally charged hadrons
which have not been observed [507]. Thus, charged Q’s that could mix with the light quarks and decay,
and that would give rise to E/N 6= 0, should be considered phenomenologically preferred. For the DFSZ
models discussed in Section 2.7.2 the SM quarks and leptons charges imply either E/N = 8/3 or 2/3,
depending on whether the leptons are coupled to the d-type (DFSZ-I) or to the u-type (DFSZ-II) Higgs.
From Eq. (249) we see that large enhancements of the axion-photon coupling require E/N  2, while the
axion would approximately decouple from the photon if E/N ≈ 2. Below we discuss several cases in which
these possibilities can be realised.
6.1.1. KSVZ-like scenarios
The model dependence of the axion-photon coupling and the possibilities to arrange for large enhance-
ments or for approximate decoupling, was first discussed by Kaplan in Ref. [112], where a variant of Kim’s
composite axion model [505] (see also [508]) was put forth. Since composite axions will be the subject of
Section 7.7, here we only provide the essential ingredients to explain the main features of Kaplan’s model.
A gauge group factor SU(N ) of metacolor (or axicolor) that becomes strongly interacting at a large scale
Λ ∼ fa is added to the SM gauge group SU(3)c × SU(2)L × U(1)Y , together with two multiplets of exotic
Dirac fermions ψ and ξ that are SU(2)L singlets and transform under SU(N )× SU(3)c × U(1)Y as
ψ ∼ (N , 3)y1 , ξ ∼ (N , 1)y2 , (250)
where y1, y2 denote hypercharges. The exotic quarks have no mass term so that there is a U(1)4 global
symmetry for the kinetic term corresponding to U(1)Bψ × U(1)Bξ × U(1)A˜ × U(1)A. The first two factors
are vector-like and ensure ψ and ξ baryon number conservation. The remaining two axial symmetries get
spontaneously broken by the condensates 〈ψ¯LψR〉 = 〈ξ¯LξR〉 6= 0 resulting in two NGBs that acquire masses
due to the anomaly of the corresponding currents with the strongly interacting gauge groups. The current
J˜5µ =
1
2
(
ψ¯γµγ5ψ + ξ¯γµγ5ξ
)
has an anomaly with SU(N ) hence the corresponding NGB acquires a large mass
of order fa. In contrast, the current J5µ =
1√
24
(
ψ¯γµγ5ψ − 3ξ¯γµγ5ξ
)
has only colour and electromagnetic
anomalies:
∂µJ5µ =
g2s
16pi2
N
2
√
24
GaµνG˜
aµν +
e2
16pi2
3N (y22 − y21)√
24
Fµν F˜
µν , (251)
so that the corresponding NGB, which is identified with the axion, acquires a tiny mass ma ∼ mpifpi(N/fa).
The axion coupling to photons involves the anomaly coefficient ratio E/N = 6(y21 − y22) and is thus pro-
portional to gaγ ∝ 6(y21 − y22) − 1.92. As remarked in Ref. [112], by choosing (y1, y2) = (0, 1) one ob-
tains an enhancement in gaγ of a factor of ten with respect to the DFSZ model with E/N = 8/3, while
(y1, y2) = (2/3, 1/3) give E/N − 1.92 = 0.08 which amounts to a suppression of a factor of ten. Although
this composite axion model clearly relies on a different construction with respect to KSVZ models with
fundamental scalars, it can still be classified as being of the KSVZ-type since the SM states do not carry
PQ charges and at the leading order gae = 0. Models in which the axion does not couple directly to the lep-
tons are also known as hadronic axion models. Note that similar constructions for composite axions always
require at least two sets of massless exotic fermions in order to be able to generate a light axion that can
solve the QCD θ problem, since a single set would give rise to just one heavy axion for which the dominant
potential term would drive θN → 0 leaving θ at a generic O(1) value (unless an accurate alignment between
the two angles is arranged for, see Section 6.7). Taken as a mechanism to enhance or suppress gaγ , composite
axion models are not particularly economical since, as we will see, KSVZ models involving two sets of exotic
fermions allow for much larger enhancements of gaγ as well as for more accurate cancellations between the
two contributions to the coupling. Clearly in the first KSVZ construction the choice of a SU(2)L × U(1)Y
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singlet representation for the heavy vector-like quarks Q represented the simplest possibility. Colour repre-
sentations with nontrivial electroweak quantum numbers, as in the Kaplan model, would work as well, with
the difference that at least some of the heavy quarks would be electrically charged yielding E/N 6= 0. While
in principle any electroweak representation is equally good for implementing the PQ solution, not all are
phenomenologically allowed, and only a few are in fact phenomenologically preferred. A systematic attempt
of classifying the viable representations RQ = (CQ, IQ,YQ) under the SU(3)c×SU(2)L×U(1)Y gauge group
was carried out in Refs. [507, 509]. Four possible phenomenological criteria to classify the representations
as phenomenologically preferred were identified:
(i) RQ should not induce Landau poles (LP) below a scale ΛLP of the order of the Planck scale;
(ii) RQ should not give rise to cosmologically dangerous strongly interacting relics;
(iii) RQ’s yielding domain wall number NDW = 1 are preferred by cosmology;
(iv) Improving gauge coupling unification can be an added value.
These four criteria have rather different discriminating power. Gauge coupling unification (iv) is a desirable
feature for any particle physics model. However, improved unification for some RQ might simply occur as an
accident because of the many different representations that one can consider, as well as from the freedom in
choosing the relevant mass scale mQ between a few TeV (from exotic quark searches at the LHC) and ΛGUT.
Besides this, from the theoretical point of view envisaging a GUT completion of KSVZ axion models in which
only a fragment RQ of a complete GUT multiplet receives a mass mQ <∼ va  ΛGUT, as is necessary to assist
gauge coupling unification, while all the other fragments acquire GUT-scale masses, is not straightforward,
and it appears especially challenging in all the cases in which the PQ symmetry commutes with the GUT
gauge group (see Section 7.8 and in particular footnote 83). Difficulties in constructing explicit realisations
of RQ assisted unification thus suggest that discriminating the RQ on the basis of the last property (iv)
might be less meaningful than what one would initially guess. Axion models with NDW > 1 face the so
called cosmological DW problem [510] (see Section 3.4.4) while models with NDW = 1 are cosmologically
safe [197, 243], hence motivating the criterium (iii) above. However, one can envisage various solutions of the
DW problem based either on cosmology or model-building (see Section 7.5). Due to these considerations, in
Refs. [507, 509] criteria (iii) (NDW = 1) and (iv) (improved gauge coupling unification) were only considered
as desirable features of a KSVZ axion model, but not sufficiently discriminating to be used as criteria for
identifying possibly pathological RQ. The first two conditions are instead quite selective for discriminating
among different representations, as it will be reviewed in the following.
(i) Landau poles. Large representations can often induce LP in the hypercharge, weak, or strong gauge
couplings g1, g2, g3 at some uncomfortably low-energy scale ΛLP < mPl. In Refs. [507, 509], rather than
ΛLP ∼ mPl a more conservative choice ΛLP ∼ 1018 GeV was made. This was justified by the fact that at
energy scales approaching mPl, gravitational corrections to the running of the gauge couplings can become
relevant, and explicit computations show that they go in the direction of delaying the emergence of LP [511].
Therefore a value of ΛLP for which gravitational corrections are presumably negligible was chosen. The scale
at which the LP arises was evaluated by using two-loops gauge beta functions64 and by setting the threshold
for including the RQ representations in the running of the gauge couplings atmQ = 5·1011 GeV. By recalling
that mQ = yQNDWfa/
√
2 (see Section 2.7.1), this value can be justified in post-inflationary scenarios in
terms of the cosmological limit on fa that follows from the requirement Ωa . ΩDM, and in pre-inflationary
scenarios by demanding additionally that the initial value of the axion field is not tuned to be much smaller
than fa.
To see what is the maximum value of the gaγ coupling allowed by the LP condition, one can start by
considering a single representation RQ = (CQ, IQ,YQ) and look for the maximum allowed values of the
EQ/NQ coupling factor. From Eq. (84) this factor can be written as
E
N
=
EQ
NQ
=
d(CQ)
T (CQ)
[
1
12
(
d(IQ)2 − 1
)
+ Y2Q
]
. (252)
64Accidental cancellations in the one-loop gauge beta function for higher-dimensional multiplets can lead indeed to erroneous
estimates of the LP (see e.g. [512]).
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The minimum value of the denominator is T (CQ) = 12 which corresponds to colour triplets. For a hyper-
chargless representation the LP condition in g2 is saturated with a fermion quadruplet RQ(ImaxQ ) = (3, 4, 0)
while for an SU(2)L singlet the LP condition in g1 is saturated by RQ(YmaxQ ) = (3, 1, 5/2), where the rational
value 5/2 is a simple approximation to the real valued result. The maximum allowed hypercharge value
YQ = 52 in turn implies the condition YQ
√
d(IQ) ≤ 52 . E/N is then maximal for the value of d(IQ) that,
within the allowed range 1 ≤ d(IQ) ≤ 4, maximises the expression in square brackets in Eq. (252) subject
to this condition, that is, it maximises the function d(IQ)2− 1 + 75/d(IQ). The maximum is found for [509]
RQ(YmaxQ ) = (3, 1, 5/2) ⇒ E/N = 75/2. (253)
Larger values can be obtained by adding the two representations RQ(YmaxQ ) ⊕ RQ(ImaxQ ) to maximise the
numerator in Eq. (252) (this saturates the LP limits for g1 and g2) while the minimal possible value of the
denominator
∑
Q XQd(IQ)T (CQ) = ±1/2 can be retained by adding a SU(2)L×U(1)Y singlet in the adjoint
of colour (with index T (8) = 3) and with opposite sign of the PQ charge: (1 + 4)× T (3)− T (8) = −1/2. In
this way one obtains the maximum value of E/N compatible with the LP condition:
(3, 1, 5/2)⊕ (3, 4, 0)	 (8, 1, 0) ⇒ E/N = −135/2. (254)
(Here and below the symbol 	 will refer to an irreducible fragment of a reducible representation that has
opposite sign of the PQ charge with respect to the other fragments, that is it couples to the Hermitian
conjugate of the PQ field as yQQ¯LQRΦ† rather than as in Eq. (76).) Equivalent possibilities can be ob-
tained with different representations (3, 1,YQ) ⊕ (3, 4,YQ′) satisfying Y2Q + 4Y2Q′ = (5/2)2, as for example
(3, 1, 3/2)⊕ (3, 4, 1), etc.
(ii) Cosmologically dangerous relics. The transformation properties of RQ under the SM gauge group
constrain the type of couplings of the Q’s with SM particles, and in several cases this might result in stable
or long-lived anomalously heavy ‘hadrons’. In post-inflationary scenarios this can represent a cosmological
issue. In pre-inflationary scenarios instead the Q’s would be diluted away by the exponential expansion and
would be harmless. Therefore, condition (ii) restricts the viable RQ only under the assumption that U(1)PQ
is broken after inflation and that mQ < TRH. In this case the Q’s will attain, via their gauge interactions, a
thermal distribution. This provides well defined initial conditions for their cosmological history, which then
in principle depends only on their mass mQ and representation RQ.
For some RQ, as for example the SU(2)L × U(1)Y singlets of the original KSVZ model [120, 121] as
well as for the three representations in Eq. (254), Q decays into SM particles are forbidden. Moreover the
heavy quarks can only hadronize into fractionally charged hadrons (see the Appendix in Ref. [509]). These
Q-hadrons must then exist today as stable relics. Searches for fractionally charged particles in ordinary
matter limit their abundance with respect to ordinary nucleons to nQ/nb <∼ 10−20 [513] which is orders of
magnitude below any reasonable estimate of the Q’s cosmological relic abundance and of their expected
concentration in bulk matter. The set of viable RQ’s is then restricted to the much smaller subset that
yields integrally charged or neutral color singlet Q-hadrons, in which case the limits on nQ/nb are less tight.
Whether this type of Q-hadrons can be excluded crucially depends on carrying out reliable estimates of
their cosmological abundance ΩQ, which is, however, a non-trivial task. In these estimates one generally
assumes a symmetric scenario nQ = nQ¯ since any asymmetry would eventually quench QQ¯ annihilation
resulting in stronger bounds. At temperatures above the QCD phase transition the Q’s annihilate as free
quarks, and the annihilation cross section can be computed perturbatively for any representation with
reliable results. In this regime, for all masses above a few TeV one obtains ΩQ  ΩDM, which would firmly
exclude stable Q’s if it were not for the fact that after confinement, Q-hadrons can restart annihilating.
Obtaining reliable estimates of ΩQ in this non-perturbative regime is challenging. A large cross section
typical of inclusive hadronic scattering σann ∼ (m2piv)−1 was assumed in Ref. [514], however, it was remarked
in Ref. [515] that the relevant process is exclusive containing no Q’s in the final state, resulting in a cross
section a few orders of magnitude smaller. Ref. [516] suggested that annihilation could be catalysed by
the formation of quarkonia-like bound states in the collision of a Q- and a Q¯-hadron. Refs. [517, 518]
reconsidered this mechanism arguing that ΩQ could indeed be efficiently reduced to the level that energy
84
density considerations would not be able to exclude stable relics with mQ . 5 · 103 TeV. Ref. [519] studied
this mechanism more quantitatively and remarked that the possible formation of QQ... bound states, besides
QQ¯, would hinder annihilation rather than catalyse it. Even if consensus on how to estimate reliably ΩQ
has not been reached yet, and ΩQ < ΩDM remains an open possibility, all estimates suggest that present
concentrations would still be rather large, at least 10−8 <∼ nQ/nb <∼ 10−6. Although it can be questioned if
similar concentrations have to be expected also in the Galactic disk [520, 521], searches for anomalously heavy
isotopes in terrestrial, lunar, and meteoritic materials, yield limits on nQ/nb many orders of magnitude below
these estimates [522]. Moreover, even tiny amounts of heavy Q’s in the interior of celestial bodies (stars,
neutron stars, Earth) would produce all sorts of effects like instabilities [523], collapses [524], anomalously
large heat flows [525]. Therefore, unless an extremely efficient mechanism exists that keeps Q-hadrons
completely separated from ordinary matter, cosmologically stable heavy relics of this type are excluded.
This implies that if exotic Q exist, they must decay.
As shown in Ref. [509], for each RQ that allows for integrally charged or neutral color singlet Q-hadrons,
it is always possible to construct gauge invariant operators of some dimension that can mediate their decay
into SM particles. The issue is which range of lifetimes τQ are cosmologically safe, and this can then be
translated into an upper bound on the dimension of the relevant decay operators. The larger is the dimension,
the longer is the lifetime, the more dangerous is the relic. Cosmological observations severely constrain the
allowed values of τQ. For τQ ∼ (10−2÷1012) s the decays of superheavy quarks withmQ  1TeV would affect
BBN [526–529]. Early energy release from decays with lifetimes ∼ (106÷ 1012) s is strongly constrained also
by limits on CMB spectral distortions [530–532]. Q’s decaying around the recombination era (trec ∼ 1013 s)
are tightly constrained by measurements of CMB anisotropies. Decays after recombination would give rise
to free-streaming photons visible in the diffuse gamma ray background [533], and Fermi LAT [534] excludes
τQ ∼ (1013 ÷ 1026) s. Note that these last constraints are also able to exclude lifetimes that are several
order of magnitude larger than the age of the Universe, tU ∼ 4 · 1017 s. The conclusion is that for the
post-inflationary case cosmologically stable heavy Q’s with mQ < TRH are strongly disfavoured and likely
ruled out, while for unstable Q’s the lifetime must satisfy τQ <∼ 10−2 s.
All RQ’s which allow for decays via renormalizable operators easily satisfy the above requirements, while
for higher-dimensional operators suppressed by mPl and for mQ >∼ 800TeV operators of dimension not
larger than d = 5 are needed [507]. For d = 6, even for the largest values compatible with post-inflationary
scenarios mQ ∼ fmaxa ∼ 1012 GeV decays occur dangerously close to BBN. Operators of d = 7 and higher
are always excluded. Table 5 (adpted from Ref. [507]) collects the representations that satisfy both the
LP and the cosmological constraints. The largest value E/N = 44/3 is obtained for R8, while the weakest
coupling is obtained for R3 giving E/N − 1.92 ∼ −0.25. These two values correspond to the two lines
encompassing the green band in Fig. 19. Only the first two representations R1 and R2 have NDW = 1, while
only R3 = (3, 2, 1/6) is able to improve considerably unification with respect to the SM [507, 535].
With multiple representations sizeably larger values of E/N can be obtained. Saturating the LP condition
using only cosmologically safe representations yields [507]
(3, 3,−4/3)⊕ (3, 3,−1/3)	 (6¯, 1,−1/3) ⇒ E/N = 170/3, (255)
which is only about 20% smaller than the value of E/N = −135/2 in Eq. (254) obtained by imposing only
the LP condition. This maximum value for the gaγ coupling in KSVZ models is depicted with a dot-dashed
line in Fig. 19. For fa > 5 × 1011 GeV we forcedly have to assume a pre-inflationary scenario were the
condition mQ > TRH could be easily fulfilled. In this case the limit from cosmological considerations does
not apply, however, the limit from the LP analysis still holds, so that the bound is only mildly relaxed. The
corresponding region lies on the left-hand side of the purple vertical line in Fig. 19 labelled fa > 5×1011 GeV.
Besides enhancing the axion-photon coupling, more RQ’s can also weaken gaγ , and even yield an ap-
proximate axion-photon decoupling. This requires an ad hoc choice of RQ’s, but no numerical fine tuning.
With two RQ’s there are three such cases: R6 ⊕ R9; R10 ⊕ R12 and R4 ⊕ R13 which give respectively
Ec/Nc = (23/12, 64/33, 41/21) ≈ (1.92, 1.94, 1.95) so that within theoretical errors even a complete decou-
pling is possible. In all these cases the axion could be eventually detected only via its (model-independent)
coupling to the nucleons, given that the coupling to electrons is loop suppressed [111]. Finally, with multiple
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RQ OQq ΛRQLP [GeV] E/N NDW
d ≤ 4 R1: (3, 1,− 13 ) QLdR 9.3 · 1038(g1) 2/3 1
R2: (3, 1,+ 23 ) QLuR 5.4 · 1034(g1) 8/3 1
R3: (3, 2,+ 16 ) QRqL 6.5 · 1039(g1) 5/3 2
R4: (3, 2,− 56 ) QLdRH† 4.3 · 1027(g1) 17/3 2
R5: (3, 2,+ 76 ) QLuRH 5.6 · 1022(g1) 29/3 2
R6: (3, 3,− 13 ) QRqLH† 5.1 · 1030(g2) 14/3 3
R7: (3, 3,+ 23 ) QRqLH 6.6 · 1027(g2) 20/3 3
d = 5 R8: (3, 3,− 43 ) QLdRH†2 3.5 · 1018(g1) 44/3 3
R9: (6¯, 1,− 13 ) QLσdR ·G 2.3 · 1037(g1) 4/15 5
R10: (6¯, 1,+ 23 ) QLσuR ·G 5.1 · 1030(g1) 16/15 5
R11: (6¯, 2,+ 16 ) QRσqL ·G 7.3 · 1038(g1) 2/3 10
R12: (8, 1,−1) QLσeR ·G 7.6 · 1022(g1) 8/3 6
R13: (8, 2,− 12 ) QRσ`L ·G 6.7 · 1027(g1) 4/3 12
R14: (15, 1,− 13 ) QLσdR ·G 8.3 · 1021(g3) 1/6 20
R15: (15, 1,+ 23 ) QLσuR ·G 7.6 · 1021(g3) 2/3 20
Table 5: RQ allowing for d ≤ 4 and d = 5 decay operators (σ ·G ≡ σµνGµν) and yielding the first LP above 1018 GeV in the
gauge coupling given in parethesis in the fourth column. The anomaly contribution to gaγ is given in the fifth column, and the
DW number in the sixth one. Table adapted from Ref. [507]
representations additional possibilities featuring NDW = 1 open up as for example R12	R9 or R12	R10 for
which N = T (8)−T (6) = 3− 5/2 = 1/2 coincides with what is obtained with a single SU(3)c fundamental.
6.1.2. DFSZ-like scenarios
As we have seen in Section 2.7.2 in DFSZ-type of models [118, 119] besides the SM-singlet field Φ, two
or more Higgs doublets Hi carrying PQ charges are introduced. The SM fermion content is not enlarged,
but in general both quarks and leptons carry PQ charges since they are coupled to the Higgs fields. The
electromagnetic and colour U(1)PQ anomalies then depend on the SM fermions gauge quantum numbers as
well as on their model dependent PQ charge assignments. Hence, several variants of DFSZ axion models are
possible, some of which have been discussed, for instance, in Refs. [506, 536]. For most of these variants the
axion-photon coupling remains within the KSVZ regions highlighted in Fig. 19, and only in some specific
cases the KSVZ upper limit E/N = 170/3 can be exceeded. We will now review under which conditions
this can occur.
Let us assume nH ≥ 2 Higgs doublets Hi coupled to quarks and leptons via Yukawa interactions, and
to the singlet field Φ through scalar potential terms. The kinetic term for the scalars carries a U(1)nH+1
rephasing symmetry that must be explicitly broken to U(1)PQ×U(1)Y so that the anomalous PQ current is
unambiguously defined, and to avoid additional Goldstone bosons with couplings too mildly suppressed just
by the electroweak scale. Renormalizable non-Hermitian monomials involving Hi and Φ are then required
to provide an explicit breaking U(1)nH+1 → U(1)PQ × U(1)Y . This implies that the PQ charges of all the
Higgs doublets, and hence also of the SM fermions, are interrelated and cannot be arbitrarily chosen. To
keep the discussion as general as possible let us use a notation in which each fermion bilinear is coupled to
a specific scalar doublet, so that X (u¯LjuRj ) = −XHuj , X (d¯LjdRj ) = −XHdj , X (e¯LjeRj ) = −XHej and we
have taken the hypercharge of Hdj , ej opposite to that of Huj . The ratio of anomaly coefficients E/N can
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Figure 19: The gaγ -ma window for preferred axion models. The two lines labeled E/N = 44/3 and 5/3 encompass KSVZ
models with a single RQ, while the region below E/N = 170/3 allows for more RQ’s satisfying both the conditions on the
absence of LP and of stable relics. The red lines labeled from I to IV (only partially drawn not to clutter the figure) indicate
where the DFSZ-type of models lie (see Section 6.1.2). Current exclusion regions and expected experimental sensitivities are
delimited by solid and dashed lines respectively. To improve readability, only some experiment names are indicated. More
details about the experimental panorama can be found in Fig. 16. On the left side of the vertical violet line, corresponding to
a pre-inflationary PQ breaking scenario, the upper limit on E/N for KSVZ models can get relaxed (see text).
then be written as
E
N
=
∑
j
(
4
3XHuj + 13XHdj + XHej
)
∑
j
(
1
2XHuj + 12XHdj
) = 2
3
+ 2
∑
j
(
XHuj + XHej
)
∑
j
(
XHuj + XHdj
) , (256)
where the denominator, being proportional to the PQ-color anomaly, cannot vanish. The results for the
two DFSZ models discussed in Section 2.7.2 are recovered from Eq. (256) by dropping the generation index
and by setting for DFSZ-I He = Hd which yields E/N = 8/3, and for DFSZ-II He = H˜u which yields
E/N = 2/3. In both cases the axion-photon couplings, that correspond to the oblique red lines labeled I
and II in Fig. 19, fall inside the NQ = 1 KSVZ region.
Let us now consider the so called DFSZ-III variant [506] in which the leptons couple to a Higgs doublet
He different from Hu,d. In order to enforce the breaking U(1)4 = U(1)e×U(1)u×U(1)d×U(1)Φ → U(1)PQ,
in the scalar potential the three doublets He, Hu and Hd must be appropriately coupled among them and/or
to Φ2 or Φ. To find which new values of E/N are allowed in DFSZ-III we follow Ref. [509]. Let us consider
the mixed bilinear scalar monomials (HeHu) , (H†eHd), (HuHd). It is easy to see that these bilinear terms
alone yield for E/N the same two possibilities obtained for DFSZ-I and II. Combining these bilinears among
themselves or with their Hermitian conjugates to build quartic couplings two new possibilities arise:
(HeHu) · (HuHd) =⇒ XHe = −(2XHu + XHd) , E/N = −4/3 ,
(H†eHd) · (HuHd) =⇒ XHe = XHu + 2XHd , E/N = 14/3 .
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E/N(gmaxaγ ) E/N(g
min
aγ )
KSVZ (NQ = 1) 44/3 5/3
KSVZ (NQ > 1) 170/3 23/12
DFSZ-I-II (nH = 2) 2/3 8/3
DFSZ-III (nH = 3) −4/3 8/3
DFSZ-IV (nH = 9) 524/3 23/12
Table 6: Values of E/N corresponding to the maximum and minimum values of gaγ for different classes of models. Only
KSVZ models that satisfy the first two selection rules (i) and (ii) discussed in Section 6.1.1 are included.
The largest coupling is obtained for the first possibility giving gaγ ∝ E/N − 1.92 ' −3.25. We see that the
largest axion-photon coupling allowed in DFSZ-III still falls within the NQ = 1 band in Fig. 19.65
More possibilities in choosing the PQ charges become possible if we allow for generation dependent PQ
charge assignments, a scenario that was already mentioned in Section 2.9 and that will be studied more
extensively in Section 6.3. The maximum freedom corresponds to the case in which there are three Higgs
doublets for each fermion species (He1 , He2 , He3 , etc.) so that the scalar rephasing symmetry is U(1)nH+1
with nH = 9, a scenario that was labeled DFSZ-IV in Ref. [509]. Differently from DFSZ-I, II and III,
this scenario should not be understood as giving rise to realistic models, since it might be easily plagued
by various phenomenological issues. However, it turns out to be useful to consider this construction since
bounding from above the maximum possible E/N in DFSZ-IV automatically provides an upper bound on
E/N for all cases with generation dependent PQ charges and 2 ≤ nH ≤ 9 Higgs doublets coupled to the
SM fermions. For the derivation of this upper bound we refer to Ref. [509], the result is that the maximum
possible axion-photon coupling in DFSZ-IV models corresponds to
(E/N)
DFSZ-IV
max = 524/3 . (257)
Although the value in Eq. (257) exceeds by a factor of three the maximum KSVZ value E/N = 170/3 plotted
in Fig. 19, the construction through which (E/N)max was obtained in Ref. [509] is sufficiently cumbersome to
suggest that the NQ > 1 region in Fig. 19 can still be considered as representative also of most of DFSZ-IV
type of models. In DFSZ-IV it is also possible to obtain axion-photon decoupling ensuring at the same time
a correct breaking of the global symmetries U(1)9+1 → U(1)PQ × U(1)Y . One example is given by:
XHuj = (2, 4, 8)XΦ , XHdj = (0,−2,−4)XΦ , XHej = (−1,−3,−5)XΦ , (258)
for which Eq. (256) yields E/N = 23/12 ≈ 1.92 and hence gaγ ≈ 0 (within theoretical errors).
The values of E/N associated to the maximum and minimum of gaγ for the different classes of models
discussed so far are summarised in Table 6. Note that differently from the KSVZ models analysed in
Section 6.1.1, the limits on the axion-photon coupling in DFSZ models do not depend on the details of the
cosmological evolution of the Universe, and therefore hold also within the region on the left of the violet
vertical line labeled fa > 5× 1011 GeV in Fig. 19.
6.1.3. Enhancing gaγ above KSVZ- and DFSZ-like scenarios
The anomalous triangle diagrams responsible for the axion-photon coupling depend on the gauge and
global charges of the fermions running in the loops. E/N can then be boosted either by increasing the
contribution of the gauge charges (subject to LP constraints) or by increasing the value of the global charges
(not subject to LP constraints). In the previous sections we have given some examples that exploit the
former possibility. More elaborated scenarios that rely on the second possibility allow to enhance the axion
coupling to photons by much larger (exponentially enhanced) factors, via mechanisms loosely inspired by
65Note that the charges of the DFSZ-III variants in Ref. [506] do not allow to build PQ and gauge invariant mixed terms at
the renormalizable level. Consequently, U(1)4 cannot get broken to a single U(1)PQ.
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‘clockwork’ type of constructions [537–540]. One of such possibilities for the QCD axion was put forth in
Ref. [541] (see also [542, 543]) and is based on a KSVZ type of model. Several singlet scalar fields Φk
(k = 0, 1, . . . , n) are introduced, coupled among them through non-Hermitian monomials Φ†kΦ
3
k+1 so that
only a single global U(1) remains unbroken, and a charge relation XΦk = 3−kXΦ0 is enforced. A vector-like
representation of coloured quarks is coupled to Φn while another pair of electromagnetically charged but
colour neutral leptons is coupled to a different scalar Φp with p < n. Hence the anomaly coefficient ratio
E/N acquires from the ratio between the PQ charges of the coloured/uncoloured fermions an enhancement
factor 3n−p. Cosmological constraints on clockwork axions have been analysed in Ref. [544, 545].
A different possibility was proposed in Ref. [509]. This is based on a DFSZ type of construction and,
for this reason, has the virtue of exponentially enhance also the axion-electron coupling (see Section 6.2).
Let us consider a DFSZ-like scenarios with 2 + 1 + (n− 1) Higgs doublets. The up and down Higgs scalars
are coupled to the PQ symmetry breaking singlet through the term HuHdΦ2 so that the PQ charge for
Hu satisfies the relation XHu = −2XΦ − XHd . Let us define H1 = Hu and add n − 1 additional scalar
doublets Hk (k = 2, 3, . . . , n) with the same hypercharge of H1 but whose couplings to the SM fermions are
forbidden by the PQ symmetry. The additional doublets are coupled among each other via non-Hermitian
quadrilinear terms (H†kHk−1)(Hk−1Hd), so that a single U(1) global symmetry survives, while their PQ
charges satisfy XHk = −2kXΦ −XHd . Finally, let us couple the lepton Higgs doublet He as (HeHn)(HnHd)
so that XHe = 2n+1XΦ + XHd . Inserting in Eq. (256) the expressions for XHu and XHe we readily obtain:
E
N
=
8
3
− 2n+1 . (259)
Since even in the most conservative case of doublets with electroweak scale masses, n can be as large as fifty
before a LP is hit below the Planck scale, it is always possible to obtain exponentially large axion-photon
couplings.
Other possibilities for large enhancement of gaγ exist. Some examples that are qualitatively different
from the ones sketched above can be found in Ref. [546, 547].
6.2. Enhancing/suppressing gae
As discussed in Section 4.2, the axion-electron coupling gae can activate different processes that alter
stellar evolution and that are particularly significant in the white dwarf and red giant evolutionary stages.
The corresponding astrophysical bounds have been reviewed in Section 4.2. Although they are remarkably
strong, translating them into constraints on fundamental parameters as the axion decay constant or the
axion mass should be done with care, because the relation between gae and fa (or ma) depends crucially on
the specific model (cf. Eq. (114) for its general expression). For example, in the KSVZ scenarios electrons do
not carry a PQ charge, and hence they couple to the axion only through a photon-electron loop generated
by the axion-photon coupling, so that the resulting gae is loop suppressed and tiny (see Eq. (69)). For this
reason astrophysical limits on gae provide only weak constraints on KSVZ models (cf. also Fig. 11).
6.2.1. Enhancing gae in KSVZ-like scenarios
Large enhancements with respect to conventional KSVZ scenarios can be straightforwardly obtained by
recalling that while in the original model E/N = 0, models that involve non-trivial heavy quarks representa-
tions like the ones discussed in Section 6.1.1, can yield particularly large E/N factors (see Table 5). In this
case gae gets enhanced by the same factor that enhances gaγ . In another class of KSVZ models the one-loop
induced axion-electron coupling can get an extra contribution from loops involving new particles. This is
what happens for example in type-I seesaw scenarios for neutrino masses in which the heavy RH neutrinos
NR obtain their mass MR from a coupling NRNRΦ to the PQ symmetry breaking scalar singlet Φ. These
models are soundly motivated by the fact that the seesaw and the PQ symmetry breaking scales naturally
fall in the same intermediate range MR ∼ fa ∼ 109 ÷ 1012 GeV so that an identification seems natural (see
also Section 7.1). In this case, in order to acquire their mass, the RH neutrinos must carry a PQ charge, and
their couplings to the axion give rise to new loops [548–550] that can enhance the axion-electron coupling by
up to one or two orders of magnitude with respect to conventional hadronic axion models, see for example
Refs. [147, 311, 548].
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6.2.2. Enhancing gae in DFSZ-like scenarios
In DFSZ scenarios the axion-electron coupling arises at the tree level and hence the astrophysical limits
on gae are more effective in providing tight constraints on the fundamental axion parameters. Clearly, in
the DFSZ variants reviewed in Section 6.1.2 in which gaγ gets enhanced via an E/N value that is boosted
by a large PQ electron charge, also gae is accordingly enhanced. However, defining correctly the coupling of
electrons to the physical axion involves some subtleties. Let us consider for example the DFSZ construction
with 2 + 1 + (n− 1) Higgs doublets outlined in Section 6.1.3 that produces an exponential enhancement in
E/N , see Eq. (259). The physical axion is identified by imposing the orthogonality condition between the
PQ and hypercharge currents JPQµ |a =
∑
i Xivi∂µai and JYµ |a =
∑
i Yivi∂µai, where the sum runs over all
the scalars {Φ, Hu, Hd, He, Hk≥2}, ai are the scalar (neutral) orbital modes, and vi are the corresponding
VEVs. Note that since Hu,d,e need to pick-up a VEV to generate masses for the fermions, even in the case
that all the Hk≥2 have positive mass squared terms, non-vanishing vk≥2 6= 0 unavoidably arise because of
the potential terms (H†kHk−1)(Hk−1Hd) in which they appear linearly. The size of these VEVs is controlled
by the size of the quadrilinear coupling constant, hence it is natural to expect vk < vu with a size that
decreases with increasing k. To proceed, it is convenient to express the PQ charges XHd ,XHu , and XHk in
terms of XHe and XΦ by using the relations given above Eq. (259) as
XHd = XHe − 2n+1XΦ, XHk = −XHe + (2n+1 − 2k)XΦ, (260)
where again we have defined Hu = H1. Recalling that Y (He) = Y (Hd) = −Y (Hk) = 12 the orthogonality
condition can be written as:∑
i
2YiXiv2i = XHev2 −XΦ
(
2n+1v2d +
n∑
k=1
(
2n+1 − 2k) v2k
)
= 0 , (261)
where v2 = v2e + v2d +
∑n
k=1 v
2
k is the electroweak VEV. The resulting PQ charge of the electron is:
XHe =
XΦ
v2
(
2n+1v2d +
n∑
k=1
(
2n+1 − 2k) v2k
)
, (262)
and the axion-electron coupling can be written as
gae =
XHe
2N
me
fa
= −2n+1 me
6fa
[
v2d
v2
+
n∑
k=1
(
1− 1
2n+1−k
)
v2k
v2
]
, (263)
where we have used 2N = 3(XHu + XHd) = −6XΦ. For large n the size of gae is bounded from below by
|gae| & 2n+1
(
v2u
v2
+
v2d
v2
)
me
6fa
, (264)
where the inequality is saturated when all the vk≥2 are negligible. Hence the axion coupling to the electrons
is always exponentially enhanced.66
6.2.3. Suppressing gae in DFSZ-like scenarios: the electrophobic axion
A more intriguing possibility within DFSZ-type of models is that of decoupling the axion from the
electrons, especially if this could be done consistently with the conditions that enforce nucleophobia. In
fact, in this case all the most stringent astrophysical limits would evaporate. Such an axion would be
appropriately defined as astrophobic [551]. One might think that in order to decouple the electron from the
axion it would be sufficient to introduce a third (leptonic) Higgs doublet neutral under the PQ symmetry,
66Only for ve = v one could have gae → 0. However, the sum of the VEV ratios in Eq. (264) is bounded by the perturbativiy
of the top Yukawa coupling to be & 0.1.
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so that the leptons would not carry PQ charges either. However, perhaps a bit unexpectedly, this can work
only for a few specific values of the VEVs ratios of the two hadronic Higgs [124]. To see this let us consider
a model with three-Higgs doublets, that is now convenient to define having the same hypercharge, wherein
H1,2 couple to quarks while H3 couples to the leptons. We need to require that the four U(1) rephasing
symmetries of the kinetic term of the three scalar doublets H1,2,3 and of the PQ symmetry breaking field
Φ are broken by renormalizable potential terms so that U(1)4 → U(1)Y ×U(1)PQ. This can be done either
by coupling the leptonic Higgs doublet H3 to both hadronic Higgses (H1,2), or by coupling one of the two
hadronic Higgses to the other two doublets:
H†3H1Φ
m +H†3H2Φ
n or H†3H1,2Φ
m +H†2H1Φ
n. (265)
For renormalizable operators one has, without loss of generality, m = 1, 2 and n = ±1,±2, with the
convention that negative values of n mean Hermitian conjugation Φn ≡ (Φ†)|n|. This implies certain
conditions for the PQ charges of the scalar, for example for the first pair of operators we have
−X3 + X1 +m = 0, −X3 + X2 + n = 0 , (266)
where for simplicity we have set Xφ = 1. Similar relations hold if the second pair of operators in Eq. (265)
is chosen. Besides these two conditions, orthogonality between the physical axion and the Goldstone boson
of hypercharge implies:
X1v21 + X2v22 + X3v23 = 0. (267)
To see under which conditions the leptons can be decoupled from the axion, let us set X3 → 0. We obtain
tan2 β ≡ v
2
2
v21
= −X1X2 = −
m
n
, (268)
so that with the constraints in Eq. (266), X3 ≈ 0 can be consistently enforced only for tan2 β ≈ 12 , 1, 2.
It can be verified that in the other two cases in Eq. (265) tanβ = 1 is the only possibility. As it was
remarked in Ref. [124], it is intriguing that the condition for nucleophobia Eq. (276) which, as we have
seen in Section 6.3.2, requires tan2 β ≈ mdmu ≈ 2, is consistent with one of the tanβ values that can enforce
electrophobia or, said in another way, it is consistent with a suitable set of operators involving the three
Higgs doublets, namely H†3H1Φ
2 +H†3H2Φ
†.
6.3. Enhancing/suppressing gaN
The defining property of axions is that they couple to gluons via the anomalous term, and hence they
should couple as well to the nucleons N = n, p. In fact, from the model building point of view it is much more
difficult to arrange for strong enhancements/suppressions of the axion-nucleon coupling gaN than it is for
gaγ and gae. Nevertheless, a handful of working mechanisms has been put forth, and will be reviewed in this
section. Of special interest is the possibility of approximate axion-nucleon decoupling, that will be reviewed
in Section 6.3.2, because in this case the tightest constraints on fa and ma, inferred from astrophysical
bounds on gaN by assuming a conventional axion model, see Section 4.3, would be accordingly relaxed,
and regions in the gaγ −ma plane that are generally considered excluded, would become allowed and thus
worthwhile to be explored experimentally.
6.3.1. Enhancing gaN
A possible way to enhance the axion coupling to nucleons is discussed in Ref. [552]. The idea is to
uncorrelate the axion-nucleon coupling from the axion mass by assigning U(1)PQ charges to SM quarks such
that the latter do not contribute to the QCD anomaly. Effective dimension five operators are introduced
that couple the axion multiplet Φ to the light quarks and to the corresponding Higgs. Upon PQ symmetry
breaking these terms give rise to the quark Yukawa couplings which, however, also involve the axion through
a term e−ia/f , where f is the U(1) symmetry breaking order parameter. As usual, by reabsorbing the axion
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via a quark field redefinition, derivative axion couplings are generated from the kinetic terms, and eventually
an axion-nucleon interaction
∂µa
f
N¯γµγ5N (269)
suppressed by the scale f results. The QCD anomaly of the PQ current is due instead to heavy vector-like
fermions Q that couple to a scalar Φk whose PQ charge is related to the charge of Φ as Xk = 3−kXΦ, as
the result of a clockwork-type of potential
∑
j Φ
†
jΦ
3
j+1 + h.c. (see Section 6.1.3). Hence the anomalous term
reads
a
3kf
αs
8pi
GG˜ , (270)
where the factor 3k in the denominator is due to the exponential suppression of the heavy quarks PQ charges
XQ ∼ 3−k. The axion decay constant is thus defined as fa = 3kf , so that the axion couplings to the nucleons
in Eq. (269) is exponentially enhanced with respect to the usual 1/fa scaling.
A different, and possibly simpler way to exponentially enhance gaN was recently proposed in [553]. It
relies on clockworking directly a set of Higgs doublets in a DFSZ-type of construction. Let us take n + 1
doublets with hypercharge Y = − 12 and let us consider the following scalar terms:
H†0H1Φ
2,
n∑
k=2
(
H†k−1Hk
)(
H†k−1H0
)
. (271)
It is easy to verify the charge relation Xk = X0 + 2kXΦ so that Xn gets exponentially enhanced. Consider
now the following generation dependent quark couplings:(
u¯1Lu1RHn + d¯1Ld1RH˜0
)
+
(
u¯2Lu2RH0 + d¯2Ld2RH˜n
)
+
(
u¯3Lu3RH1 + d¯3Ld3RH˜0
)
, (272)
where H˜ = iσ2H∗. All CKM mixings can be generated by adding for example (u¯2Lu1RH1) + (u¯3Lu1RHn)
together with all the additional terms consistent with the charge assignments implied by these two terms
plus the terms in Eq. (272). The anomalies of the first two generations that contain the Higgs multiplet Hn
with the ‘large charge’ cancel each other, so that the QCD (and QED) anomaly coefficient is determined
only by the third generation:
2N = (Xu3R −Xu3L) + (Xd3R −Xd3L) = −XH1 + XH0 = 2XΦ . (273)
As a result, the axion coupling to the light up-quark gets exponentially enhanced as
c0u1 =
−Xu1L + Xu1R
2N
≈ 2n−1 , (274)
which in turn gives rise to an exponentially enhanced gaN , see Eqs. (66)–(67), while the axion-photon
coupling gaγ remains of standard size.
6.3.2. Suppressing gaN : the nucleophobic axion
Arranging for a strong suppressions of the axion-nucleon coupling gaN is difficult. In KSVZ models in
which the SM fermions do not carry PQ charges this is not possible, because gaN remains determined by a
model-independent contribution that is induced by the axion coupling to the gluon fields. In DFSZ models
the pathways to enforce gaN ≈ 0 must comply with tight theoretical constraints. For example, a necessary
(but not sufficient) condition is that the PQ-colour anomaly is only determined by the light quarks, that
is, either the two heavier generations are not charged under PQ, or they have cancelling anomalies [551].
This unavoidably requires generation dependent axion couplings to the quarks, which in turn implies that
nucleophobic axions are mediators of flavour changing interactions, see Section 6.5. An early study in the
direction of suppressing gaN was presented in Ref. [554], where some phenomenological aspects connected
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to nucleophobic axions were investigated, with the notably exception of SN1987A related limits, given that
the Supernova explosion occurred only a few months before the completion of that paper. In another early
reference [555] a class of models in which the axion couples to a single quark was studied, and it was found
that when the coupling is only to the light up-quark it was possible to engineer for a strong suppression of
gaN . Clearly this is in agreement with the condition that to obtain gaN ≈ 0 only the light quark generation
is allowed to contribute to the PQ anomaly. More recently, a dedicated study of the various possibilities for
constructing nucleophobic axion models was presented in Ref. [551]. We will now review the main results
following this reference.
To identify which conditions must be satisfied to suppress both axion couplings to protons and neutrons
it is convenient to recast Eq. (66) and Eq. (67) into the following isospin conserving and isospin violating
linear combinations:
Cap + Can =
(
c0u + c
0
d − 1
)
(∆u+ ∆d)− 2Ca,sea , (275)
Cap − Can =
(
c0u − c0d − fud
)
(∆u−∆d) , (276)
where we have defined fud = md−mumd+mu ≈ 13 . The last term in Eq. (275) accounts for the contribution to the
nucleon couplings of the sea quarks, that has been neglected in the treatment of Section 2.5.4 (but included
in the full expressions for the couplings Eqs. (111)–(112)) and that cancels out in Eq. (276). The leading
contribution comes from the strange quark Ca,sea = 0.038 c0s + . . . , and the overall value of the correction is
less than 10% of the contribution of the valence quarks.67 The (approximate) vanishing of Eqs. (275)–(276)
can then be taken as the defining condition for the nucleophobic axion. Note, also, that since the axion-pion
coupling Capi is proportional to Cap−Can, see Eq. (58), nucleophobic axions are also pionphobic. In variant
DFSZ models with two Higgs doublets H1,2 and non-universal PQ charge assignment [551] both conditions
Cap ± Can ≈ 0 can be realised [551]. To see this, let us focus on the first generation Yukawa terms
q¯1Lu1RH1 + q¯1Ld1RH˜2. (277)
Neglecting the effects of flavour mixing, which are assumed to be small throughout this Section,68 the axion
couplings to the light quark fields are (cf. Eq. (75) for their UV origin in terms of PQ charges)
c0u =
1
2N
(Xu1 −Xq1) = −
X1
2N
, (278)
c0d =
1
2N
(Xd1 −Xq1) =
X2
2N
. (279)
Here Xu1 = X (u1), etc. denote the PQ charges of the fermion fields while X1,2 = X (H1,2). The coefficient
of the PQ colour anomaly is then
2N =
3∑
i=1
(Xui + Xdi − 2Xqi) , (280)
while the contribution to the colour anomaly from light quarks only can be written as:
2N` = Xu1 + Xd1 − 2Xq1 = X2 −X1. (281)
Hence, the first condition for ensuring approximate nucleophobia reads (cf. Eq. (275))
c0u + c
0
d =
N`
N
= 1. (282)
This neatly shows that only models in which the color anomaly is determined solely by the light u, d quarks
have a chance to be nucleophobic. This can be realised in two ways:
67Unless otherwise noticed, it is understood that axion-nucleon decoupling will refer to a suppression of ≈ 10% level compared
to conventional KSVZ-like couplings.
68In the presence of flavour mixing, c0u,d → c0u,d + ∆c0u,d, where ∆c0u,d involves quark mass diagonalization matrices. These
effects will be discussed in Section 6.5, see also Ref. [551].
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(i) either the contributions of the two heavier generations vanish identically (N2 = N3 = 0);
(ii) or they cancel each other (N2 = −N3 and N` = N1).
Assuming only two Higgs doublets, the first possibility can be easily realised by taking one Higgs doublet
(say H1) with a vanishing PQ
The first possibility was for example realised in a scenario in which the axion couples only to the up
quark [555] (see also [556]) so that 2N = 2N` is a straightforward result. Alternative possibilities in which
the PQ charges for the two heavier generations are non-trivial were found in Ref. [557]. In the attempt
of looking for connections between PQ symmetries and the quark flavour puzzle, with the aim of building
predictive scenario for the quark masses and mixings, the authors of this last reference studied which PQ
symmetries could force the vanishing of a certain number of entries in the Yukawa matrices, in such a way
that a maximal parameter reduction consistent with observations is enforced.69 Serendipitously, it was found
that two specific PQ symmetries able to enforce maximal parameter reduction were also characterised by
peculiar cancellations among the PQ charges of the heavier quarks resulting in N2 = N3 = 0.
The second possibility with non-vanishing anomaly coefficients for the heavier generations was thoroughly
explored in Ref. [551].70 With just two Higgs doublets, in order to have all three quark generations with
different charges, some of the SM Yukawa operators are necessarily forbidden, so that zero textures are
present in the quarks mass matrices [557]. In contrast, by imposing that the PQ symmetry does not forbid
any of the SM Yukawa operators, then two quark generations must have the same charges, so that for
example N1 = N2 = −N3. The PQ charge assignments that satisfy this condition, and that can thus be
compatible with nucleophobia, were classified in Ref. [551].
As regards the second condition, to enforce Cap − Can ≈ 0 in Eq. (276) we need c0u − c0d = fud where
a value fud = md−mumd+mu ≈ 13 corresponds to mdmu ≈ 2. Let us denote by tanβ = v2/v1 the ratio of the VEVs
of H1,2, and introduce the shorthand notation sβ = sinβ, cβ = cosβ. The ratio X1/X2 = − tan2 β is fixed
by the requirement that the PQ Goldstone boson is orthogonal to the Goldstone eaten up by the Z-boson,
as in the standard DFSZ axion model (cf. Section 2.7.2). Labelling as H1 the Higgs doublet that couples
to the up and charm quarks and considering the case in which all the generations have a non-vanishing
anomaly but there is a cancellation N2 +N3 = 0. The anomaly coefficient of the light quarks can be written
as 2N` = X2 − X1, and from this we obtain c0u − c0d = − 12N (X1 + X2) = s2β − c2β . The second condition for
nucleophobia that requires c0u − c0d = fud is then realised for s2β ≈ 2/3 that is tan2 β = mdmu ≈ 2 (a value
for which the top Yukawa coupling remains safely perturbative up to the Planck scale). In summary, while
Cap + Can ≈ 0 is enforced just by charge assignments and does not require any tuning of the parameters,
Cap − Can ≈ 0 requires a specific choice tanβ ≈
√
2.
It is also worthwhile mentioning that in nucleophobic models the requirement that a single generation
of quarks contributes to the QCD anomaly also allows straightforwardly for NDW = 1. There are in
fact two ways in which H1,2 can be coupled to the PQ symmetry breaking field: H
†
2H1Φ in which case
|XΦ| = 2N` = 2N , the axion field has the same periodicity than the θ term, and the number of domain walls
is NDW = 1. The other possibility is H
†
2H1Φ
2, in which case |XΦ| = N` = N and NDW = 2. In contrast, in
conventional DFSZ models one gets respectively NDW = 3 and 6.
6.4. Enhanced axion couplings and astrophysics
As seen in Section 4, limits from stellar evolution strongly constrain the allowed axion parameter space.
The strongest astrophysical limit on the axion-photon coupling is derived from observations of the R-
parameter in globular clusters. This is also known as the HB bound and constraints the axion-photon
69In fact the requirement of no massless quarks, no vanishing mixings and one CP violating phase in the CKM matrix implies
that no-less than seven non-vanishing Yukawa entries are required, so that the matching between fundamental parameters and
observables is one-to-one, but within the SM there are no predictions. Conversely, in the lepton sector equipped with the type-I
seesaw for neutrino masses, the same strategy yields precise numerical predictions for the leptonic Dirac phase and for the
absolute scale of neutrino masses [558].
70In this reference additional possibilities in which the contribution to the anomaly of two generations vanish identically were
also identified.
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Figure 20: Parameter space (mass and n − p) for the clockwork construction (KSVZ type) discussed in Section 6.1.3. We
remind that 3n and 3p are, respectively, the PQ charges of the scalar singlets that give masses to the exotic quarks and exotic
leptons. Notice that n − p is an integer ≥ 1. Following the convention used in Section 5, we are shading with a lighter green
the expected sensitivity of next generation axion cavity searches and in darker green the reported results of current haloscopes.
Moreover, we are using a dashed contour line for sensitivity and a continuous line for experimental results. In light green, from
left to right, we find KLASH, CULTASK (combined sensitivity of CAPP-12TB and CAPP-25T), and MADMAX.
coupling down to gaγ . 0.65 × 10−10 GeV−1 (cf. Section 4.1). The axion coupling to electrons is, instead,
strongly constrained by RGB stars and by WDs. As discussed in Section 4.2, these bounds amount to
roughly gae . 2− 3× 10−13, depending on the particular observable and analysis.
Interestingly, these astrophysical bounds do not depend on the pseudoscalar mass and are valid up to
masses of the order of the stellar interior temperature (several keV). Therefore, such bounds can be readily
applied to axion models beyond benchmark, like the ones discussed above in this section.
Let us first notice that the WD/RGB bound dominates over the HB constraint in all models in which
Cae and Caγ , defined in Eq. (118), satisfy the condition Cae/Caγ & 10−2. This is easily satisfied in the
KSVZ-like model discussed in Section 6.1.3 and 6.2.1, in which the coupling with electrons is suppressed by
a loop factor ∼ 10−4 (cf. Eq. (114)). Hence, for such model the astrophysical bounds on the axion-electron
coupling can be ignored, much the same as in the benchmark KSVZ axion. The parameter space is shown in
Fig. 20. Notice that, thanks to the strong enhancement of the axion-photon coupling, the model is accessible
to a large number of the axion experiments expected to take data in the near future, including ALPS II and
BabyIAXO (cf. Section 5). The maximal value of n shown in figure can be easily accommodated and is well
below the threshold required from the LP condition presented in Section 6.1.1.
A similar enhancement of the axion-photon coupling is expected in the DFSZ-type models discussed in
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Section 6.1.2. However, in this case the axion electron coupling is also naturally very large and the condition
Cae/Caγ & 10−2 is always expected, making the HB bound irrelevant. To see this, let us notice that from
Eq. (259) and Eq. (262), it follows that (for large n)
Cae
Caγ
' 1
6
[
v2d
v2
+
n∑
k=1
(
1− 1
2n+1−k
)
v2k
v2
]
, (283)
where v2 = v2e + v2d +
∑n
k=1 v
2
k is the square of the electroweak VEV and v1 ≡ vu. Mathematically, the
minimum of Eq. (283) corresponds to the (unphysical) condition ve = v, which implies that all the other
VEVs are zero and Cae/Caγ = 0. However, perturbative unitarity bounds on the top Yukawa coupling (cf.
Section 2.7.2), de facto require the term in parenthesis in Eq. (283) to be always larger than ∼ 0.1, implying
a finite lower bound on Cae/Caγ & 10−2. A lower value of Cae/Caγ for such models is, if mathematically
possible, very unnatural. The axion parameter space for the case of minimal Cae/Caγ is shown in the left
panel of Fig. 21. The potential of the axion helioscopes is minimally impacted. In fact, the increase of the
RGB/WD bound is (partially) compensated by a more efficient production of solar axions, as discussed in
Section 5.1. The predicted sensitivity of ALPS II is also sufficient to explore part of the region below the
astrophysical bounds, though this section is clearly reduced with respect to the KSVZ-like model.
The axion parameter space for the higher coupling scenario, when the term in parenthesis in Eq. (283)
is of order 1, is shown in the right panel of Fig. 21. In this cases, only a full scale IAXO (not BabyIAXO),
among the planned future helioscopes, would have the capability to probe the axion parameter space allowed
by the RGB/WD bounds. ALPS II would equally be unable to probe such model below the region excluded
by astrophysics.
As evident from the figures, the large axion-photon couplings predicted in such models permit an almost
complete exploration of their parameter space by the next generation of axion probes. In particular, several
haloscope searches are expected to have enough sensitivity to probe the parameter region all the way to the
minimal value of the axion-photon coupling (corresponding to n = 2).
Nucleophobic axion models are also phenomenologically interesting, in particular in relation to the SN
1987A and various NS axion bounds, discussed in Section 4.3. Although the SN and NS constraints on
the axion couplings are still uncertain, they seem to restrict efficiently the axion parameter space at masses
higher than a few 10 meV, if the standard mass-coupling relation is assumed (see, e.g., Fig. 12 for DFSZ
axions). These constraints show some tension with the axion interpretation of the stellar cooling anomalies,
which favor slightly higher masses [35]. In this respect, nucleophobia would improve the significance of the
interpretation of the stellar cooling anomalies in terms of axions. Moreover, experimentally, nucleophobia
opens up large sections of the parameter space to experiments, primarily helioscopes, which are sensitive to
the higher axion mass region.
Models that enhance the axion nucleon coupling may also find interesting phenomenological applications.
A recent analysis [559], which ascribes the observed excess of X-rays from a few nearby neutron stars to
ALPs coupled to nucleons and photons, could be interpreted in terms of nucleophilic QCD axions of the
kind described in Section 6.3.1. The interpretation given in Ref. [559] asks for a mass below a few µeV, with
gaγgaN ∼ a few 10−21 GeV−1, a value several orders of magnitude larger than what expected, for example,
in the DFSZ axion model. Such large couplings could, however, be possible in the case of the clockwork
models described here, with enhanced coupling to photons and/or nucleons. Assuming, for example, a
standard axion-photon coupling, the hinted region could be accessible to an axion of the kind presented
in Section 6.3.1, with ma ∼ 1µeV and n ∼ 30 (Cf. Eq. (274)), easily accessible to CASPEr Electric (see
Fig. 22).
Regardless of the phenomenological motivations, nucleophilic axions are viable axion models that could
be probed in the near future, a fact that should encourage the exploration of the axion-nucleon parameter
space, still quite poorly probed. An enhancement of the axion-neutron coupling by a factor larger than 103
with respect to the DFSZ axion, corresponding to n ∼ 10 in the model in Eq. (274), would make the model
sensitive to CASPEr wind in phase II.
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Figure 21: DFSZ model with enhanced axion-photon and axion-electron couplings, discussed in Section 6.1.2 and Section 6.2.2
for Cae/Caγ minimal (left) and maximal (right). Following the convention used in Section 5, we are shading with a lighter
green the expected sensitivity of next generation axion haloscope and in darker green the reported results of current haloscopes.
Moreover, we are using a dashed contour line for sensitivity and a continuous line for experimental results. In light green, from
left to right, we find KLASH, CULTASK (combined sensitivity of CAPP-12TB and CAPP-25T), and MADMAX.
6.5. Flavour violating axions
Assuming that axions exist and that the PQ symmetry acts on SM particles, the possibility that they
couple differently to fermions of the same charge but of different generations is quite plausible. There
is in fact no fundamental reason why the global and anomalous PQ symmetry should act universally in
flavour space as the gauge interactions do. After all, this possibility is almost as old as the axion, as it was
already contemplated in the Bardeen and Tye seminal paper [560] in 1978. This idea may then be daringly
expanded to speculate whether the PQ symmetry can have something to do with flavour, that is with the
pattern of fermions masses and mixing angles in the SM. The PQ symmetry could for example act as a
flavour symmetry, or could emerge from a set of genuine flavour symmetries, a point of view that had been
advocated by Wilczek already in the early 80’s [561].
In the second half of the 80’s the possibility of an axion coupled to the SM fermions in a generation
dependent way was fired up by the observation in heavy ion collisions at GSI of a sharp peak at E(e+) ∼
300 keV in the positron spectrum [562–564]. The positron data were later found to be correlated with
the simultaneous detection of electrons also featuring in their energy spectrum a narrow peak at the same
energy [565]. The data were consistent with the production of a particle of mass 1.6− 1.8MeV, of probable
pseudoscalar character [566], which then decayed into e+e−. Hence the characteristics of such a particle were
well consistent with those of the original WW axion [16, 17]. However, this interpretation was challenged
by the rather large value of the mass, which implied enhanced couplings, e.g. to either charm or bottom
quarks, in conflict with limits from J/ψ → γa or Υ → γa. These limits, however, required the axion to
escape from the detectors with no deposit of energy, and could have been circumvented by short lived axions
τa <∼ 6× 10−13 s [567], due to very large values of the axion-electron coupling gae. However, for generation
independent PQ symmetries the ratio of the axion-electron and axion-muon couplings is determined by the
ratio of the lepton masses as gaµ/gae = mµ/me, see Eq. (118). This predicted a large enhancement of gaµ,
in plain conflict with existing measurements of (g − 2)µ. Generation dependent axion couplings remained
the only way out, and a series of interesting papers analysing this possibility appeared [117, 554, 568–570].
While eventually new experimental results quickly ruled out the 1.8MeV GSI axion [282, 283, 571–575], the
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Figure 22: Current bounds and prospectives on the axion nucleon coupling. The black dashed lines correspond, from right to
left, to n = 5, 10, 15, and 20 for the model discussed in Section 6.3.1 (see, in particular, Eq. (274)).
road to further develop generation dependent PQ scenarios, and to explore axion-flavour interconnections
was paved.
Recently, several models attempting to relate fermion family symmetries to the PQ symmetry have been
put forth. Well motivated realisations identify the U(1)PQ with the horizontal U(1) symmetry responsible
for the Yukawa hierarchies [576–578]. Models of Froggatt-Nielsen [579] type have recently regained some
attention (see e.g. Refs. [580–583]), in relation to possible solutions to the strong CP problem. They
typically predict axion flavour transitions controlled by the CKM matrix, although subject to built-in O(1)
uncertainties, which are intrinsic to most flavour models based on U(1). Flavoured PQ symmetries can also
arise in the context of Minimal Flavour Violation [584, 585] or in models based on non-abelian horizontal
(gauge) symmetries like SU(3)F , which can lead to an almost71 accidental global U(1)’s which can play the
role of a PQ symmetry [586, 587]. In both these types of constructions the resulting axion corresponds to a
pseudoscalar ‘familon’ that can mediate FCNC transitions much alike the axions of U(1) flavour models. A
different motivation for the non-universality of the PQ current, that was avocated in [124, 551], is that of
constructing (nucleophobic) axion models in which the tightest astrophysical bounds can be circumvented,
see the review in Section 6.3.2. A genuinely different approach is the attempt of maximize the predictive
power of SM flavour data by searching for U(1) symmetries that would enforce the maximal number of
71For three chiral families trilinear PQ symmetry breaking terms needs to forbidden in the scalar potential, so although
technically natural the PQ symmetry is still imposed by hand. On the other hand, in the presence of ng chiral families the
gauging of SU(ng) would have delivered a truly accidental axion for ng > 4, since the first operator breaking the PQ symmetry
is of dimension ng .
98
textures zeros in the fermion mass matrices (compatibly with non-vanishing masses and mixings) [557, 558].
It was found in Ref. [557] that all U(1) symmetries suitable to realise this requirement in the quark sector have
a QCD anomaly, and thus correspond to generation dependent PQ symmetries. The particular realisations
based on this approach are interesting because, differently from most (if not all) other models, allow to fix
the structure of the axion couplings to SM fermions in terms of the values of quark masses and mixings,
including the off-diagonal flavour changing ones, up to the values of fa and tanβ, as in conventional DFSZ
models.
Clearly all the constructions listed above do not have ‘natural flavour conservation’, and thus predict
new sources of FCNC processes. However, the latter may be still consistent with experiments if the scale
fa suppressing all axion couplings were sufficiently large or if flavour transitions mainly affected the second
and third generation SM fermions.
6.5.1. Generation dependent Peccei-Quinn symmetries
The important modifications in the structure of the axion couplings to the SM fermions, in the case when
the PQ symmetry is generation dependent, was briefly addressed in Section 2.9. There it was shown that the
consequences of dropping the assumption of generation independence of the PQ charges were twofold: firstly,
flavour violating (FV) couplings arise, and secondly, besides coupling to axial-vector currents, ‘flavoured’
axions couple to vector currents as well. This latter point arises because the PQ charges of the fermions
cannot maintain an exact chiral structure (XL = −XR), while in general XL +XR 6= 0 for the PQ symmetry
to be anomalous.
Before discussing the existing bounds on axion FV interactions let us introduce some notations. In the
simple scheme discussed in Section 2.9, with only two Higgs doublets and where only two generations were
considered, the axion-fermion couplings could be easily expressed in terms of the PQ Higgs charges X1,2.
Expressing the fermion couplings in terms of the charges of the (two or more) Higgs doublets is possible
also in more complicated scenarios, however, the connection depends on the specific model. Hence, for the
seek of generality, in this Section we will express the couplings simply in terms of the PQ charges of the
SM fermions. Our starting point is the way the axion couples to the fermion current, as written in the first
line of Eq. (73), except that fL,R have now to be understood as vectors of SM fermions of the same electric
charge (e.g. f = (u1, u2, u3)T ) while Xf in the equation below is the diagonal matrix of the associated
PQ charges. Going from the basis in which the PQ charges are well defined to the mass eigenstate basis
fL,R → UfL,RfL,R, with unitary matrices UfL,R, yields
La = ∂µa
2fa
1
N
[
f¯L
(
Uf†L XfLU
f
L
)
fL + f¯R
(
Uf†R XfRU
f
R
)
fR
]
. (284)
The light quarks mass eigenstates u, d can then be redefined as in Eq. (39) in order to remove the anomalous
GG˜ term from the Lagrangian, and again this results in adding to the couplings the model independent
contribution in Eq. (42). The flavour-diagonal axion-fermion couplings receive corrections from the mixing:
c0fi → c0fi + δc0fi where
δc0fi =
1
2N
(WfiR −WfiL) , with WfiR =
[
Uf†R (XfR −XfiRI)UfR
]
ii
, (285)
where I is the identity matrix in generation space and a similar expression folds for WfiL upon swapping
L ↔ R. Such a correction can be invoked to improve nucleophobia by tuning a cancellation against Ca,sea
in Eq. (275), or to achieve electrophobia without recurring to a third Higgs by cancelling c0e against the
correction from mixings, as it was done in Ref. [551]; but except for these two cases the δc0f contributions
do not change much the overall picture. Of leading importance are instead the off-diagonal terms, that give
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rise to FV axial-vector and vector axion couplings:
Lafifj =
∂µa
2fa
[
f¯iγ
µ
(
CVfifj − CAfifjγ5
)
fj
]
, (286)
CVfifj =
1
2N
(
Uf†L XfLU
f
L + U
f†
R XfRU
f
R
)
ij
, (287)
CAfifj =
1
2N
(
Uf†L XfLU
f
L − Uf†R XfRUfR
)
ij
. (288)
The crucial point regarding these couplings is that, while the matrices of charges XfR,L are presumably
fixed in any specific model, little is know about the mixing matrices UfR,L.
72 In the quark sector, nothing is
known about the RH matrices UfR, and their structure remains completely arbitrary. The LH mixings are
instead constrained to satisfy VCKM = U†uLUdL ≈ I. This, however, only implies UuL ≈ UdL but does not
provide additional information on the size of the off-diagonal entries, and in particular it does not forbid
large flavour mixings. Differently from the quark sector, the lepton sector is characterised by large mixings,
but one does not know if they originate from the neutrino or from the charged lepton rotation matrices (or
from both), so that for example also U `L ≈ I remains a viable assumption.
6.5.2. Constraints on flavour violating axion couplings
Searches for FV decays involving invisible final states are the main experimental tool to probe the off-
diagonal axion couplings CA,Vfifj . A general analysis of such flavour-changing processes involving a generic
massless NGB, which holds also for FV axion, can be found in Ref. [588]. A recent thorough collection of
limits on the FV couplings can be found in Ref. [589], and brief reviews about the status of the art are
presented in Refs. [590, 591].73 The currently best limits for each type of FV transition are listed in Table 7.
They coincide with the limits given in Ref. [589] after the correspondence between their and our notations
(V fij/vPQ ≡ CVfifj/(2fa)) is accounted for.
The strongest bounds on FV axion couplings to quarks come from meson decays into final states con-
taining invisible particles. Note, however, that decays involving initial and final pseudo-scalar mesons like
P = K,B,D, pi are only sensitive to the vector part of the FV quark current, since 〈P ′|J5µ|P 〉 = 0 by the
Wigner-Eckart theorem. Searches for K+ → pi+a decays provide the tightest limits. The current bound
from E949/E787 [593] (see Table 7) implies ma < 17 · |CVsd|−1µeV which, if one assumes that CVsd is not
particularly suppressed, is about three orders of magnitude stronger than typical astrophysical bounds. In
the next future, NA62 is expected to improve the limit on Br(K+ → pi+a) by a factor of ∼ 70 [594, 595],
thus strengthening the axion mass bound by a factor ∼ 8. The most sensitive processes involving a quark
of the third generation are B± → pi±a and B± → K±a. Present limit from CLEO [596] imply respectively
ma < 11.4 · 10−2 · |CVbd|−1 eV and ma < 9.5 · 10−2 · |CVbs|−1 eV which, for maximal mixing, are close to
the astrophysics bounds. Note that the latter bound could be presumably strengthened by a factor ∼ 6
at BELLE II [597]. Processes involving FV transitions between up-type quarks are much less constrained.
Decays of charmed mesons of the form D → pia are only subject to the trivial requirement Br(D → pia) < 1,
which can be translated into weak bounds, which are at least two orders of magnitude worse than the ones
for down-type quarks and not competitive with limits from astrophysics.
As we have said meson decays can only constrain FV vector couplings. In order to set bounds on the
axial-vector FV couplings one has to resort to other flavour changing processes, as for example neutral
meson (K0, D0, B0d, B
0
s ) mixing, since meson mass splittings receive from axion interactions an additional
contribution (∆m)a. However, in spite of the fact that, for example, the measurement of the mass difference
in the neutral kaon system ∆mK/mK ' 0.7×10−14 gives a number that is four orders of magnitude smaller
72 The models discussed in in Ref. [557] are a remarkable exception since, thanks to the maximal reduction in the number of
free parameters, both the quark mixing matrices remain fixed in terms of measured quantities.
73Close to the completion of this review, Ref. [592] appeared, where the importance of flavour violating transitions for axion
searches was reiterated, and additional limits on FV axion couplings from three-body meson decays and baryonic decays,
including the decay Λ→ na that would represent a new cooling mechanism for the SN1987A, were derived.
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than the limit from kaon decays Br(K+ → pi+a) <∼ 0.7 × 10−10, the sensitivity to this type of new physics
of the former observable is not competitive with the sensitivity of the latter. To understand the reasons for
this, let us write the approximate expressions for the relevant quantities in the game:
(∆mK)a
mK
' f
2
K
f2a
|CAsd|2, (289)
Γ(K+ → pi+a) ' m
3
K
16pif2a
|CVsd|2, (290)
Γ(K+ → µ+ν) ' mK
8pi
(GF fKmµ|Vus|)2 , (291)
where fK is the kaon decay constant, GF the Fermi constant, and Vus the relevant element of the CKM
matrix. The leptonic decay in Eq. (291) has the largest branching ratio ' 63.4%, so we approximate
ΓtotK ≈ Γ(K+ → µ+ν) and we obtain:
Br(K+ → pi+a) ' (GF fKmµ|Vus|)−2 × m
2
K
f2a
|CVsd|2 . (292)
The prefactor in the RHS of this equation accounts for chirality (and Cabibbo) suppression of the SM decays,
and it is not present for K+ → pi+a decays. This factor is huge ∼ 5× 1014, and enhances the effects of CVsd
largely overcompensating for the better precision of ∆mK . As a result the limits on fa/|CVsd| are more than
five order of magnitude better than the corresponding limits on fa/|CAsd|.
Differently from pseudoscalar mesons, for two-body charged lepton decays `i → `j a both vector and
axial-vector couplings contribute because the decaying particle has non-zero spin. Experimentally it is more
convenient to search for decays of anti-leptons. The angular differential decay rate for two-body decays is
dΓ(`+i → `+j a)
d cos θ
=
m3`i
128pif2a
[
|CV`i`j |2 + |CA`i`j |2 + 2Re (CA`i`jCV
∗
`i`j )P`i cos θ
]
, (293)
where P`i is the polarisation vector of the decaying particle. Strong bounds have been obtained from
searches for µ+ → e+a decays, the best of which was obtained more than thirty years ago at TRIUMF,
giving Br(µ+ → e+a) < 2.6 · 10−6 [598]. This bound, however, was obtained by exploring a kinematical
region forbidden for µ+ → e+νν¯ SM decays. Namely, the bound holds only if the decay is purely vector or
purely axial-vector, implying in this case ma < 2.5 ·
∣∣CV (A)µe ∣∣−1 meV. However, the bound would evaporate
for axion interactions with a SM-like V −A structure. Slightly weaker bounds, which however do not depend
on the chirality properties of the coupling, were obtained by the Crystal Box experiment by searching for
the radiative decay µ+ → e+γa [599, 600], see Table 7.
Assuming the decays are isotropic, or in case anisotropic decays are explicitely searched for, it is conve-
nient to express the limits in terms of an effective coupling
C`i`j =
(
|CV`i`j |2 + |CA`i`j |2
)1/2
. (294)
Recent searches that explicitly evaluate limits for anisotropic two body muon decays have been carried out
by the TWIST collaboration [601], and yield fa < (1.0−1.4) ·Cµe depending on the anisotropy of the decay.
These bounds are slightly less stringent than the old limits from Crystal Box. In the next future, the MEG
[602] and Mu3e [603] experiments at PSI are expected to improve the bounds on µ-e transitions by about
one order of magnitude. Bounds on τ+ → µ+a and τ+ → e+a FV decays have been obtained by the ARGUS
collaboration [604], and are also reported in Table 7. However, they imply limits on the axion mass which
remain well below the astrophysical limits.
6.6. Extending the mass region region for dark matter axions
As we have discussed in Section 3.3, the contribution to DM from the axion misalignment mechanism is
evaluated by solving a second order differential equation for the misalignment angle θ(t) with time dependent
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Decay Branching ratio Experiment/Reference fa (GeV)
K+ → pi+a < 0.73× 10−10 E949+E787 [593] > 3.4× 1011 |CVsd|
B± → pi±a < 4.9× 10−5 CLEO [596] > 5.0× 107 |CVbd|
B± → K±a < 4.9× 10−5 CLEO [596] > 6.0× 107 |CVbs|
D± → pi±a < 1 > 1.6× 105 |CVcu|
µ+ → e+a < 2.6× 10−6 TRIUMF [598] > 4.5× 109 |CV (A)µe |
µ+ → e+γa < 1.1× 10−9 Crystal Box [600] > 1.6× 109 Cµe
τ+ → e+a < 1.5× 10−2 ARGUS [604] > 0.9× 106 Cτe
τ+ → µ+a < 2.6× 10−2 ARGUS [604] > 0.8× 106 Cτµ
Table 7: Limits on FV axion couplings to the SM fermions. The TRIUMF limit on µ+ → e+a holds only for purely vector or
purely axial-vector interactions. For the other leptonic transitions the total coupling C`i`j is defined in Eq. (294).
coefficients H(t) and ma(t). In pre-inflationary scenarios the axion field is homogenised over distances much
larger than the horizon, and the spatial derivative term in Eq. (153) can be dropped. In post-inflationary
scenarios field modes with wavelength λ(t)  t are quickly redshifted away, and restricting to the relevant
super-horizon modes we can again drop spatial derivatives, so that Eq. (153) becomes
θ¨(t) + 3H(t)θ˙(t) +m2a(T (t))θ(t) = 0 . (295)
If the coefficients H(t) and ma(t) have a power-law dependence on time, then Eq. (295) admits an exact
solution. For example, let us assume that R(t) ∝ tp, where p > 0 is a new constant describing the
cosmological model (p = 1/2 for radiation-domination). We also assume that ma(T ) ∝ T−γ , see Eq. (150),
and γ is related to the exponent governing the temperature dependence of the topological susceptibility.
Assuming that the entropy (see Eq. (145)) is conserved within a comoving volume, d(sR3)/dt = 0, and
neglecting the change in the number of degrees of freedom gS(T ), we have T ∝ 1/R ∝ t−p and ma(t) ∝ tγp.
Under these conditions, the general solution of Eq. (295) is
θ(t) =
(
ma t
α
2α
)β [
C1Γ(1 + β)Jβ
(
ma t
α
α
)
+ C2Γ(1− β)J−β
(
ma t
α
α
)]
, (296)
where α = (2 + γp)/2, β = (1 − 3p)/(2 + γp), Γ(x) is the Euler gamma function of argument x, Jκ(x) is
the Bessel function of the first kind of order κ, and C1,2 are integration constants. The case studied in
Section 3 corresponds to a cosmological evolution during radiation domination, that is p = 1/2, with the
topological susceptibility obtained from lattice simulation, which roughly corresponds to γ ≈ 4 for T > TC
and γ ≈ 0 for T  TC , see the discussion below Eq. (150). We have also set the initial conditions θ˙ = 0 and
θ = θi at the time at which the PQ symmetry breaking occurs, see Section 3.3. Several studies have been
carried out under these assumptions, which suggest that the DM energy density is saturated for an axion
mass lying within a window ma ∼ (10− 100) µeV. This mass window can be significantly altered by various
non-standard conditions:
1. Assuming θi  O(1) in pre-inflationary PQ breaking scenarios. This possibility has been already
discussed in Section 3.3;
2. Assuming a non-standard cosmological evolution, that is by modifying the evolution of the Hubble
parameter H(t). This possibility will be explored in Section 6.6.1;
3. Altering the functional dependence of ma(t) by appealing to beyond-the-SM particle physics. Some
examples that exploit this possibility will be reviewed in Section 6.6.2;
4. Assuming a sufficiently large initial value θ˙i 6= 0, see Eq. (161).
5. Axion production via parametric resonance in the decay of the PQ field radial mode.
The last two possibilities will be reviewed in Section 6.6.3.
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6.6.1. Non-standard cosmological evolution
The evolution of the Hubble parameter in the early Universe can be modified in different ways, and this
can alter the mass region in which the relic density of axions saturates the DM density with respect to the
conventional scenario reviewed in Section 3.6. We will now review some of these possibilities.
Entropy generation: The standard computation of the present axion energy density relies on the conservation
of the entropy in a comoving volume, see Eq. (166). Suppose now that a new species X, like a massive scalar
field with gX degrees of freedom, is present in the early Universe and decays into thermalised products after
the axion field starts to oscillate at Tosc, but prior to BBN. The present amount of entropy is increased by
a factor ∆ ≡ 1 + gX/gS , where gS is the number of entropy degrees of freedom in the SM at Tosc. In this
scenario, the present axion energy density in Eq. (167) would be lowered by the entropy injection [605–608]
by the same factor ∆. If we demand that the axion energy density matches that of CDM in spite of entropy
dilution, then from Eq. (170) we obtain that the mass of the axion has to be lower with respect to the
conventional value derived in Section 3.3 as
ma → ma ∆−
2+γ
3+γ . (297)
In supersymmetric theories in which the axion forms a supermultiplet this scenario can be particularly mo-
tivated. Late decays of the scalar superpartner of the axion can release a large entropy at a late epoch of the
Universe’s evolution [609, 610], diluting the axion energy density and raising the upper bound of the axion
decay constant up to fa ∼ 1015 GeV without conflicting with the observed amount of DM. Further studies
of the supersymmetric realisation of the entropy dilution mechanism and specific models can be found in
Refs. [611–614].
Unconventional cosmologies: If the evolution of the Universe at temperatures around or below ∼ 1GeV is
characterised by a period of non-canonical expansion, the onset of axion oscillations would be altered and
that would lead to a different axion relic density today. Thus, non-standard cosmologies can enlarge the
mass range for axion DM.
Such a scenario might occur for example if the evolution of the Universe is described by a scalar-tensor
gravity theory [615–617] rather than by general relativity. Scalar-tensor theories benefit from an attraction
mechanism which at late times makes them flow towards standard general relativity, so that discrepancies
with direct cosmological observations can be avoided. Some consequences of a modified expansion rate
due to a scalar-tensor theory have already been discussed in the literature in relation to a possible large
enhancements of the WIMP DM relic density [618–622], or to lower the scale of leptogenesis down to the
TeV range [623].
Another possibility consists in enlarging the particle content of the SM, by including a new particle
which at early times dominates the expansion rate of the Universe. This possibility also results into a
modification of the cosmic evolution that departs from the ΛCDM predictions. Scenarios of this type have
been extensively discussed in the literature, in relation to the expected abundance of WIMPs [624–629] and
their free-stream velocity [630]. A similar possibility has been explored in relation to axion physics both
for hot [631] and cold relics [632–636]. In brief, we assume that a new field φ coexists along with the SM
particles and comes to dominate the energy density in the early Universe, down to a decay temperature Tdec
that marks the transition to the standard cosmological scenario. If we assume that the new particle has an
equation of state wφ and energy density ρφ, and decays generating an extra radiation density ρexrad at a rate
Γφ, the transition can be modelled as [635]
ρ˙φ + 3(1 + wφ)Hρφ = −Γφρφ , (298)
ρ˙exrad + 4Hρ
ex
rad = Γφρφ , (299)
where a dot indicates a derivation with respect to cosmic time t. If it is assumed that the decay products
are light SM particles, then the energy density of the surrounding plasma is increased.
A non-standard cosmology evolution alters the moment at which the coherent oscillations of the axion
field commence and possibly dilutes their energy density thereafter, modifying the present axion energy
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Figure 23: Region of axion parameter space where the axion constitutes the totality of the DM observed for an early matter-
dominated period (left) and for an early kination period (right), see text for additional details. For each figure, axes and bounds
have been described in Fig. 3.
density for a given axion mass and initial misalignment angle. Models that have been considered in the
literature include an early matter-dominated period [172, 605, 637, 638], for which wφ = 0, and a period of
dominance by a “fast-rolling” kination field [639, 640], with wφ = 1. We have summarised these modifications
in Fig. 23, where we show the effects of an early matter-dominated period (left) or a kination domination
(right) on the axion parameter space, assuming a decay temperature Tdec = 100MeV. These results have
to be compared with what has been obtained for the standard cosmological model in Fig. 3. In the pre-
inflationary scenario described in Section 3.3, the bounds from the non-detection of axion isocurvature
fluctuations give more stringent constraints on the allowed parameter space with respect to the result in the
standard cosmology, bound in each of the figure by the contour in green and with additional yellow shading
where excluded. For the matter-dominated scenario with θi ' 1 and for a decay temperature Tdec  1GeV,
the axion can be the DM for values of the axion decay constant that are generally larger than what obtained
in the standard scenario, that is fa  1011 GeV for a decay temperature Tdec  1GeV. Comparing to the
standard scenario, the value of the DM axion mass is generally larger when an early kination period occurs,
and smaller when in the presence of an early matter-dominated period. These changes are ultimately due
to the effects of entropy dilution and to the production of a different number of axions from the altered
Tosc in Eq. (154), as explained in detail in Ref. [632]. Unconventional cosmologies, such as early matter
domination, can also modify the small scale structure of axion DM and lead to a linear growth of cosmological
perturbations at early times, offering further opportunities for astrophysical tests [641].
6.6.2. Modifying the ma-fa relation or the axion mass function ma(T )
The axion abundance would also change if the axion mass/decay constant or the mass dependence on
the temperature were modified. We will now explore some scenarios that realise this possibility.
Axion dark matter with a non-conventional ma-fa relation: The estimate of the axion energy density due
to the misalignment mechanism carried out in Section 3.3 led to Eq. (170), which shows that besides a
dependence on the value of the initial misalignment angle, the axion contribution to the CDM crucially
depends on the value of the axion mass. In the conventional axion model of Section 2, the product of the
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zero temperature axion mass ma and the PQ constant fa is fixed by the value of the QCD topological
susceptibility at zero temperature, (mafa)2 = χ(0) for which the standard value is χ(0) = (75.5 MeV)
4.
However, it is possible to conceive models in which the relation between the axion mass and its decay
constant is modified, a condition that can be conveniently expressed as (mafa)2 = αχ χ(0), with αχ 6= 1.
This would change the fraction of axion DM for a given mass and initial misalignment angle or, equivalently,
the value of the mass required for the axion to account for all of the DM. Assuming that the misalignment
mechanism dominates the cosmological axion production, to keep the energy density in axions constant it is
easy to see from Eqs. (168)–(169) that the mass should be rescaled by the factor α(2+γ)/(3+γ)χ ' α6/7χ , where
the numerical exponent in the last relation corresponds to the canonical value γ = 4. Hence, if αχ > 1
a larger axion mass is needed to account for the totality of CDM in axions, while the opposite is true if
αχ < 1.
An example of a model in which ma is decreased from its standard value was proposed in Ref. [642].
This model relies on a ZN symmetry under which a→ a+ 2pifaN , and furthermore the axion interacts with N
copies of QCD whose fermions transform under ZN as ψk → ψk+1. Surprisingly, adding up the contributions
of all the sectors one finds that cancelations occur in the axion potential with a high degree of accuracy. As
a result, the axion mass gets exponentially suppressed with respect to the standard case, and in the large
N limit one obtains
m(N)a ≈
ma
2(N−4)/2
, (300)
which corresponds to αχ ≈ 2−N < 1 and, at constant relic density, to a rescaled axion mass ma → 2− 6N7 ma.
This construction can be particularly relevant for axion searches in the very low mass region.
Another way to decouple ma from fa relies on an extra dimensional scenario with a large compactification
radius [643]. The axion mass is bounded as ma <∼ min
[
1
2Rc
, mpifpifa
]
where Rc is the compactification radius,
and the second term inside square brackets represents the usual PQ axion mass. Present limits on deviations
from gravitational Newtonian low at short distances constrain Rc to values well below ∼ 0.1mm [644, 645],
so that this mechanism can yield axions lighter than expected only for relatively small values of the axion
decay constant fa <∼ 3 · 109 GeV.
Axion dark matter with a modified mass function ma(T ): Another interesting possibility are scenarios in
which the zero temperature axion mass is unchanged but its temperature dependence is non-standard. In
this case, the temperature at which the axion field oscillation commence differs from Eq. (168). Since the
axion energy density scales as74
ρa ∝ maT−1osc , (301)
shifting the temperature at which the oscillations start would change the energy density yield in axions even
if the axion mass is unchanged. This effect is expected in the cosmological scenario predicted by the theory
of the mirror world [646], extended to include the axion [647].
The mirror world idea is very old [648–651] and based on the assumption that the gauge group is the
product of two identical groups, G × G′. In the simplest possible model, G is the SM gauge group and G′
an identical copy of it. Standard particles are singlets of G′ and mirror particles are singlets of G. This
implies the existence of mirror particles, identical to ours and interacting with our sector only through
gravity (and possibly via other renormalizable portal couplings, which are assumed to be small). Since the
gravitational interaction is very weak, mirror particles are not expected to come into thermal equilibrium
with ordinary particles. Hence, there is no reason to expect that the standard and mirror Universe have
the same temperature.75 In fact, cosmological observations require a colder mirror Universe in order to
74This can be seen as follows: ρa = ma na with na ∝ ma(Tosc)T−3osc ∝ H(Tosc)T−3osc ∝ T−1osc .
75In the exact Z2 symmetric case this requires an inflationary dynamics yielding different reheating temperatures in the
standard and mirror sectors [646].
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reduce the radiation energy density at the time of the BBN [646, 652]. Denoting with x = T ′/T the ratio
of the mirror and standard temperatures, one finds that x . 0.4 is needed to accomodate the most recent
combined analysis of the Cosmic Microwave Background from the Planck collaboration and observations of
the Baryon Acoustic Oscillations [251].
The possibility to implement the PQ mechanism in the mirror world scenario was proposed in Refs. [653–
655]. The general feature is that the total Lagrangian must be of the form L+L′+λLint, where L represents
the ordinary Lagrangian, L′ is the Lagrangian describing the mirror world content, and Lint is an interaction
term with a coupling λ which is taken to be small enough to ensure that the two sectors do not come into
thermal equilibrium. The simplest realisation of the mechanism restricts the interaction to the Higgs sector.
Ordinary and mirror world have each two Higgses, which interact with each other. The axion emerges as a
combination of their phases in a generalization of the Weinberg-Wilczek mechanism. For λ = 0, the total
Lagrangian contains two identical U(1)axial symmetries, while the Lint term breaks them into the usual
U(1)PQ, so that only one axion field results.
As long as the mirror-parity is an exact symmetry, the particle physics is exactly the same in the two
worlds, and so the strong CP problem is simultaneously solved in both sectors. In particular, the axion
couples to both sectors in the same way and their non-perturbative QCD dynamics produces the same
contribution to the axion effective potential. Hence, the total zero temperature axion mass, which includes
the mirror world contributions, is mtot(0) =
√
2ma, only slightly larger than the standard zero temperature
axion mass ma, given in Eq. (51). However, at temperature T ∼ 1GeV the axion mass could be considerably
larger than its standard value. Assuming the same confinement temperature TC in the two sectors, and
neglecting a possible dependence of the exponent γ on the temperature so that γ(T ) ≈ γ(xT ) = γ ≈ 4, the
expression in Eq. (150) for T & TC gives
m2tot(T ) = m
2
a
[(
TC
T
)2γ
+
(
TC
xT
)2γ]
= m2a(T )
(
1 +
1
x2γ
)
, (302)
where ma(T ) is the standard temperature dependent axion mass. Of course, this different temperature
dependence implies a different value for Tosc. To estimate the contribution of the axion energy density, let
us neglect the first term in the parenthesis in Eq. (302). This approximation is justified for x  1. In this
case, it is easy to see that the oscillation temperature in the mirror world scenario, T ′osc, is related to the
standard oscillation temperature as
T ′osc ' x−γ/(γ+2)Tosc . (303)
The effect of this on the expected axion abundance can be inferred from Eq. (301):
ρmirrora '
√
2xγ/(γ+2)ρa , (304)
where the
√
2 accounts for the modification of the zero temperature axion mass. Although in this case the
modification to the zero temperature axion mass is only a minor effect, corresponding to a factor αχ = 2, the
above result shows that in the mirror world scenario the present energy density in axions can be considerably
smaller than expected, and this allows to saturate ΩDM for large values of the PQ constant, a result that can
be of interest for experiments searching for DM axions in mass regions well below the conventional window.
A different way to deplete the energy density of the QCD axion, thus allowing for larger fa and smaller
axion DM masses, was put forth in Ref. [656]. It is assumed that the axion couples to a massless U(1)′ dark
photon via an aF ′F˜ ′ term similar to the axion-photon coupling. The dark photon, however, is decoupled
from the SM and does not interact with the thermal bath, a condition that has to be enforced to maintain
it massless also at finite temperature. When the axion starts oscillating certain modes of the dark photon
become tachyonic and start growing exponentially, and in this regime energy is efficiently transferred from
the axion into the dark photons, leading to an exponential suppression of the axion density and drastically
reducing its contribution to the DM, and opening a window for low mass values as small as ma ∼ 10−10 eV.
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However, the previous conclusion was based on a linear analysis and did not take into account the backre-
action of the produced hidden photons on the axion dynamics, which becomes significant in the non-linear
regime. Including the latter in a detailed lattice calculation Ref. [657] found that the axion abundance can
be suppressed at most by a factor of O(102).
Another mechanism that brings in a hidden Abelian gauge field exploits the Witten effect [658] of hidden
monopoles on the QCD axion dynamics. Long time ago Witten has shown that in the presence of a CP
violating θ-term, monopoles acquire a non-zero electric charge and become dyons. When a dynamical axion
field replaces θ, its potential receives additional contributions from interactions with the monopoles [659]
and because of this the field oscillations begin much before the epoch of the QCD phase transition. This
scenario does not work with QED monopoles, because of the extremely tight observational constraints on
their abundance. For this reason Refs. [660, 661] attempted to implement the same mechanism exploiting
monopoles of a hidden U(1)′ symmetry. The axion abundance turns out to be inversely proportional to the
abundance of hidden monopoles, and when the density of monopoles is sufficiently large to make up a sig-
nificant fraction of the DM, the abundance of axions with decay constant smaller than about 1012 GeV gets
suppressed. While this mechanism does not seem to be able to extend by much the axion window towards
low mass values, and moreover predicts that DM is accounted for by hidden monopoles, rather than by
axions, it has some interesting features, as for example that of suppressing axion isocurvature perturbations,
and of disposing of the domain wall problem.
Another way to allow for larger values of the axion decay constant for axion DM was discussed in
Ref. [662]. It is based on the possibility of having a long period of supercooling in the early Universe
proceeding down to temperatures <∼ Tosc, so that after start oscillating the axion quickly relaxes to the
minimum of its potential. At the end of supercooling, the Universe reheats to T ∼ O(TeV). A standard
evolution begins, but now with an initial value of θi  1. Hence, this mechanism provides a dynamical way
to arrange for small values of θi as initial condition also for post-inflationary scenarios.
6.6.3. Alternative mechanisms for axion dark matter production
In this section we review some mechanism for axion DM production that are alternative to the misalign-
ment mechanism. Also in these cases the axion mass for which the DM density is saturated can be pushed
to values sensibly larger than the conventional ones.
Axion dark matter from initial velocity. As we have seen in Section 3.3, oscillations of the axion field can
start when the age of the Universe tU ∼ H−1 is of the order of the oscillation period ∼ m−1a . However, one
additional condition must also be satisfied: at tosc, as defined by Eq. (154), the axion kinetic energy a˙2/2
should not exceed the potential barrier 2m2af2a , otherwise the axion field keeps rotating and oscillations are
prevented. This implies that if θ˙i >∼ 2ma(tosc), the conventional misalignment scenario is not realised. In this
case the axion DM scenario would be genuinely different from the conventional misalignment scenario, hence
it is worthwhile to investigate in some detail the consequences of this possibility, a task that was carried out
in Refs. [663, 664]. The axion velocity θ˙ can be related to the density of the PQ charge associated with the
symmetry Φ→ eiαΦ of the field Φ introduced in Eq. (79):
nθ = i
(
ΦΦ˙† − Φ†Φ˙
)
= θ˙f2a , (305)
where the last expression holds after replacing Φ → fa/
√
2. The charge density in a comoving volume is
conserved, hence the scaling θ˙ ∼ R−3 in Eq. (156), and it is then convenient to introduce the (constant)
comoving density Yθ = nθ/T 3. Saturating the condition θ˙ ∼ ma at Tosc the critical value for departing from
the conventional misalignment scenario is obtained:
Y cθ =
nθ
T 3
' ma(Tosc)f
2
a
T 3osc
' f
2
a
mPlTosc
, (306)
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where ma(Tosc) ∼ H(Tosc) ∼ T 2osc/mPl has been used. The energy density in axions can be written as ρa =
maY
c
θ T
3 with ma the zero temperature axion mass, and it saturates the DM density if at the temperature
Teq of matter-radiation equality ρa ∼ T 4eq, which yields maf2a ∼ TeqToscmPl. For Yθ > Y cθ oscillations are
delayed until some lower temperature T∗ < Tosc when the kinetic energy is insufficient to overcome the
potential barrier. In this case relic axions are overproduced and one has to lower the scale fa to match
ρa ≈ ρDM . The numerical studies in Refs. [663, 664] indeed confirm that at fixed values of fa the axion
kinetic mechanism can produce more DM than the conventional misalignment scenario, and this opens up
an interesting mass window for axion DM in the range ma ∈ [102, 105]µeV.
In post-inflationary scenarios, in terms of quantities defined at the PQ scale, the requirement that
the the kinetic energy overcomes the potential barrier (θ˙i >∼ 2ma(tosc)) translates into the condition∣∣θ˙PQ∣∣/HPQ >∼ 1011 (fa/1011 GeV)7/6 [664] (see also Eq. (161)), that is rather large values of θ˙PQ are needed.
In the models of Ref. [663] the PQ symmetry is broken during inflation, the scaling θ˙ ∼ R−3 is delayed until
the radial mode settles to the minimum due to new dynamics of the rotation, which can occur at temper-
atures well below fa, and the condition on
∣∣θ˙∣∣/H is accordingly relaxed. The basic mechanism to generate
θ˙PQ 6= 0 is to introduce at the high scale an explicit breaking of the PQ symmetry via higher dimensional
operators similar to the ones discussed in Section 2.11. In this way the potential gets tilted, and the axion
starts moving towards the potential minimum acquiring a velocity. Of course an explicit breaking can shift
the axion from the CP conserving minimum, so that while it must be effective in the early Universe, it must
become negligible at lower temperatures. This can be arranged by assuming very flat potentials, so that the
expectation value of the radial mode is initially large 〈%a〉  fa enhancing the effects of the operators that
at later times, when eventually %a relaxes to fa, become sufficiently suppressed [663].
Axion dark matter from parametric resonance. This mechanism represents another alternative way for pro-
ducing axion DM, and allows saturating the DM relic density for fa  1012 GeV, that is for relatively large
axion mass values ma ∈ [10−3-10−1] eV [665]. As in the previous mechanism, it is assumed that the axion
radial mode 〈%a〉 has a large initial value 〈%a〉  fa. Axion production becomes efficient when the field
%a starts oscillating near the minimum of its effective potential, and rapidly decays into axions due to a
broad parametric resonance, in a way similar to particle production by the oscillating inflaton field in the
preheating stage after inflation [666–668]. Axions are initially produced with momenta of order of the mass
of the radial mode and thus, in contrast to the misalignment mechanism, the axions produced in this way
are initially relativistic. They can redshift sufficiently to be CDM, although for large values of the initial
momentum they can remain sufficiently warm to leave a signature in structure formation. Even warmer
axions are produced in the model of Ref. [669] where the PQ phase transition and the parametric production
of axions is delayed to temperature much below the PQ scale fa. Axion production via parametric resonance
in a supersymmetric model, due to oscillation of the axion superpartner, was studied in Ref. [670]. Although
some cosmological consequences like the production of an axion dark radiation component or the possibility
of detecting gravitational waves from explosive axion production were considered, possible consequences for
axion CDM were not addressed.
6.7. Super-heavy axions
In Sections 6.1–6.3, we showed how axions can be made more or less strongly coupled to SM fields through
the dynamics of additional fields. In such models, the modification of the interaction strength was realized
by altering the Caf parameters, defined in Eq. (109), while preserving the relation between the axion mass
and decay constant fa given in Eq. (108). In this Section we consider instead the possibility that the ma–fa
relation is modified (still keeping the solution of the strong CP problem), thus allowing for ma & 100 keV
axions (the 100 keV threshold is actually needed in order to evade (most) of the astrophysical constraints).
We denote the latter super-heavy axions, in contrast to the canonical heavy axion regime up to ma . 0.1 eV.
It should be first noted that such super-heavy axions are cosmologically unstable. For instance, the decay
channel a→ γ + γ yields
Γ(a→ γ + γ) = g
2
aγm
3
a
64pi
=
E/N − 1.92
0.318 s
( ma
100 keV
)5
, (307)
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where in the last step we used the numerical values of the axion-photon coupling and the standard QCDma–
fa relation76 (cf. Eq. (118), (108) and (116)). Hence, barring an unrealistic cancellation in the axion-photon
coupling, an axion with ma & 100 keV cannot be DM.
Relaxing the relation between ma and fa requires some modifications of the gauge structure of the SM,
particularly of the strong interaction sector. Yet, models which envisioned a large axion mass for some
fixed couplings appeared early on (see, e.g., Refs. [134, 671–676]). The reason can be perhaps traced, at
least in part, in the desire of avoiding the requirements of extremely small (experimentally prohibitive)
axion couplings, which seemed an inevitable consequence of the experimental and astrophysical constraints.
Early experimental tests of the original WW axion model (cf. footnote (19) in Section 2.7) ruled out the
range fa . 104 GeV. According to the standard QCD relation in Eq. (108), this constraint implies an
axion mass below 0.1 keV. However, light axions with masses below a few keV, can be easily produced
in stars and impact their evolution possibly beyond what is observationally allowed (cf. Section 4). As it
turns out, astrophysical constraints are considerably more restrictive than the original bounds, pushing the
range of excluded couplings all the way up to fa ∼ 108 GeV, implying extremely weakly interacting axions.
Hence, somewhat surprisingly, the relatively weak bounds that ruled out the WW model brought to a rather
dramatic result. The only two viable options left were either to make the axion extremely weakly coupled
(invisible axion) or to make it heavier.77 Either way, the axion could avoid the astrophysical bounds. Both
roads were pursued. Models with a larger mass for fixed coupling have the additional appeal to be more
easily tested in the laboratory while invisible axions were, at the time, truly thought to be beyond the
foreseeable experimental potential (this, of course, before the seminal paper of Sikivie [444]).
Additional motivations for super-heavy axions can be found in connection with the PQ quality problem
[133–138] (cf. Section 2.11), since explicit PQ-breaking terms would produce a shift, in some cases very large,
to the axion mass (for an application in the context of Gamma Ray Bursts see [678]). This, however, would
generically also shift the minimum of the axion potential away from its CP conserving point, thus spoiling
the solution of the strong CP problem.78 Indeed, some of the original models did not satisfy this condition.
An even earlier strategy to raise the axion mass was put forth by Holdom and Peskin [674] (see also
[675]), which pointed out that the contribution of the small color instantons to the axion potential could be
made sizable by some nontrivial dynamics above the electroweak scale which reversed the sign of the color β
function at some mass above 1 TeV or so. This idea was later reconsidered in Refs. [134, 676] in the context
of GUTs, where it was argued that in the presence of new sources of chiral symmetry breaking at high
energies there is no generic reason for the small instanton contribution to the axion potential to be aligned
to the long-distance QCD contribution. Hence, also in this case raising the axion mass could have spoiled
the solution of the strong CP problem. Interestingly, the idea that small instantons could contribute to the
axion mass was resuscitated very recently in Ref. [680], in a model where QCD is embedded in a theory with
one compact extra dimension. In this scenario, it was shown that the contribution of the small instantons
to the axion mass can be larger than the usual large instantons contribution, though it is required that the
theory is close to the non-perturbative limit. At any rate, the θ angle is not shifted in this construction and
hence the axion solution to the strong CP problem naturally preserved.
Another, perhaps less economic, strategy is to assume that additional mass contribution emerges from
the U(1)PQ current anomaly, related to some hidden gauge sector with a confinement scale larger than ΛQCD.
One of the earliest attempts in this direction is the mirror world axion scenario, already introduced in Sec-
tion 6.6.2. In this case, a whole new SM sector is introduced, with mirror and ordinary particles interacting
76For fixed fa, this provides a lower bound on the decay rate, compared to the case where ma is enhanced.
77Another non-trivial option would have been to relax the hypothesis of the universality of the PQ current (see for instance
the discussion at the beginning of Section 6.5). More recently, it was shown in Ref. [677] that an O(10 MeV) axion with the
standard ma–fa QCD relation could still be viable under the following conditions: i) the axion couples only to first generation
fermions, with dominant decaying channel into electrons ii) the axion-pion coupling is suppressed (pion-phobia) and iii) large
hadronic uncertainties in rare K decays are invoked. The UV completion of such an axion is however non-trivial, and it requires
several extra fields beyond those of benchmark axion models.
78Turning up the argument, one can observe that generic PQ-breaking effective operators would spoil the axion solution for
fa above a few GeV or, if we forbid d = 5 operators, for fa a few TeV. Hence, such scales are interesting for a theoretical
point of view. However, unless we make the axions super-heavy, fa ∼ 1 TeV implies ma ∼ 1 keV which is excluded by stellar
argument. This is a strong motivation to consider super-heavy axions [679].
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with each other only gravitationally and, possibly, through some other very weak couplings, insufficient to
bring the two sectors in thermal equilibrium during the cosmological evolution (cf. Section 6.6.2). The first
example of such models [653] was based on a mirror extended GUT theory, with gauge group SU(5)×SU(5)′,
each one with its own PQ symmetry. A Z2 symmetry (mirror parity) for exchange of ordinary and mirror
particles guaranties the equality of the θ parameters in the two sectors. The U(1) × U(1)′ symmetry is
reduced to just one PQ symmetry through the introduction of an SU(5) × SU(5)′ singlet complex scalar
field, of PQ charge different from zero, that interacts with both ordinary and mirror Higgs. As explained
in Section 6.6.2, in such a symmetric model the contribution to the axion mass from the hidden mirror
sector would be a factor of
√
2 larger than in the standard case. To have a larger mass gain, one has to
assume a breaking of the mirror symmetry which does not, however, spoil the solution of the strong CP in
both sectors. The way to do that is to have the mirror parity broken softly in the Higgs sector, without
affecting the structure of the Yukawa couplings which has to remain the same in the two sectors (so that
arg detYuYd = arg detY
′
uY
′
d). In Ref. [653], it was assumed that the mirror parity is broken by soft terms
and that the breaking of SU(5)′ to the mirror SM happens at a much lower scale than in the ordinary sector.
Since the coupling constant of SU(5) runs faster than that of SU(3), it results that Λ′QCD  ΛQCD. Hence,
the axion mass takes most of its contribution from the mirror sector.
Somewhat simpler models, which did not require a GUT but just a SM×SM′ gauge group, were considered
in Ref. [654] and in its supersymmetric extension [655]. The mirror parity is spontaneously broken and
induces a larger electroweak scale in the mirror sector, without affecting the Yukawa sectors. The higher
mirror Higgs VEV generates heavier mirror fermions and, consequently, a faster renormalization group
evolution and a larger confinement scale Λ′QCD  ΛQCD. These constructions were also motivated by the
need to avoid Planck induced corrections which afflicted the model in Ref. [653] and could hence spoil the
solution of the strong CP.
More recently, Ref. [681] considered a mirror KSVZ model. The construction assumes a SM×SM′ gauge
group, with a softly broken Z2 symmetry to ensure the alignment of the effective θ angles in the two sectors.
Just like in the models in Ref. [654, 655], described above, soft breaking terms induce a larger electroweak
symmetry breaking scale (and hence heavier quarks) in the mirror sector. In order to get a considerable
enhancement of the axion mass, however, the model in Ref. [681] requires the addition of scalar quarks in
both sectors. The choice of scalar, rather than fermionic, quarks is motivated by the fact that they do not
contribute to the effective θ angles. The ratio of the mirror and standard confinement scales turns out to
be roughly equal to the ratio of the mirror and standard scalar masses. The somewhat more complicated
construction permits a larger mass for a fixed PQ scale than in the case of the models in Ref. [654, 655],
with masses of 100 MeV or so achievable for fa ∼ 103−5 GeV.
In recent times, several more models (see e.g. [682–684]) reconsidered the Z2 symmetry to ensure CP
conservation in super-heavy axion models with a scale fa all the way down to ∼ TeV, hence accessible to
detector searches such as ATLAS and CMS [683]. For instance, in the latter construction there is only one
massless exotic quark transforming under SU(N ) and an axion whose mass is induced by SU(N ) instantons,
so that in the limit of vanishing QCD coupling it remains massive. The problem with the two vacuum angles
θQCD and θN is again solved by imposing a Z2 symmetry that implies vacuum angles alignment.
A critical analysis of the Z2 symmetry mechanism to guarantee the solution of the strong CP problem in
models with a hidden QCD sector is presented in Ref. [685]. Indeed, the requirement of an additional parity
symmetry can be circumvented and mechanisms that avoid its use have been proposed in recent years. In
Ref. [686], it is assumed that the SU(3)c group is a subgroup of an enlarged QCD color group, SU(3 +N ),
which breaks into SU(N )×SU(3)c. After the breaking, the unique θ angle of the SU(3+N ) group becomes
a common factor of the GG˜ terms of SU(N ) and of SU(3)c. Thus, the axion dynamics can take care of the
CP violation in both sectors, while the axion mass gets most of its contribution from the SU(N ) sector,
which can have a substantially larger confinement scale than the QCD.
Another proposal that avoids the introduction of the discrete Z2 symmetry was put forth in [687] (see
also [688–690]). At high energies the gauge group is a product of factors SU(3)N and SU(3)c is the diagonal
subgroup that survives at low energies. Non-perturbative effects in each individual SU(3) factor generate a
potential for the corresponding axion. The vacuum is naturally aligned to ensure θ = 0, while the masses
of these axions can be much larger than for the standard QCD axion, reaching values well above the GeV.
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Gaillard et al. [691] also consider a solution with massless new fermions. The solution is based on an
enlarged but unified color sector, where unification solves the issue of the different θ parameters that arise
in the presence of two or more individual confining groups. The unified color group breaks spontaneously
to QCD and to another confining group. Instantons of the unified group with a large characteristic scale
contribute to breaking of a PQ symmetry and provide a source of large masses for the axions, so that no light
pseudoscalar particles remain at low scales. This construction can yield both, dynamical and fundamental
axions, with masses that can lie in the several TeV range.
7. Axions and...
This Section is devoted to the collection of various topics in which axion physics can be related to
other open issues of the SM, such as massive neutrinos (Section 7.1), the baryon asymmetry (Section 7.2)
and inflation (Section 7.3). In Section 7.4 we touch on possible observational signals of the PQ phase
transition from the detection of gravitational waves (GW). We then discuss possible solutions of the DW
issue (Section 7.5) and of the PQ quality problem (Section 7.6), as well as the embedding of axions in UV
motivated frameworks, such as composite dynamics (Section 7.7), grand unified theories (GUTs) (Section 7.8)
and String Theory (Section 7.9). Every topic is briefly sketched, with the scope of mainly redirecting to the
relevant literature.
7.1. Axions and neutrino masses
Axions and neutrinos share various properties: they are both extremely lighter than charged leptons
and possess a feeble coupling to SM fermions. In fact, the idea of connecting massive neutrinos with
a spontaneously broken U(1)PQ comes a long way. Early studies (such as [586, 692–694]) were actually
motivated by the natural emergence of intermediate mass scales in grand-unified theories. In particular,
the axion-neutrino connection has been largely explored in the context of the type-I seesaw [147, 311–
313, 548, 694–699], in which the heavy RH neutrinos NR obtain their mass MR from a coupling NRNRΦ
to the PQ symmetry breaking scalar singlet Φ. This connection is soundly motivated by the fact that the
RH neutrino and the PQ symmetry breaking scales naturally fall in the same intermediate range MR ∼
fa ∼ 109÷ 1012 GeV, and further supported by the possibility of naturally producing a cosmological baryon
asymmetry of the correct size via leptogenesis [695]. Considering instead only scalar extensions of the SM
a simple setup based on the Zee model for radiative neutrino masses was discussed in Refs. [700, 701],
while extensions based on the type-II (III) seesaw and other radiative neutrino mass models were explored
later on [702–704]. Scenarios implementing Dirac neutrinos have also been discussed [705–708]. The latter,
however, miss the main motivation behind the axion-neutrino connection, that is the identification of the
PQ scale with the scale suppressing neutrino masses.
The constructions above often aim at providing a minimal SM extension addressing most of the short-
comings of the SM. It is fair to say, however, that they often lack in predictivity being the collection of
somewhat orthogonal ingredients. The most genuine signature of the axion-neutrino connection would in
fact be an axion coupling to neutrinos, of the type L ⊃ (mν/fa) a ν¯iγ5ν, which is clearly beyond any ex-
perimental accessibility due to the huge mν/fa suppression. Hence, any chance for predictivity beyond
the single ingredients in isolation (e.g. Type-I seesaw and PQ mechanism) can only arise indirectly as a
self-consistency of the whole setup.
A non-trivial step in this direction was achieved recently, in the context of the SMASH model of
Refs. [311–313], in which the modulus of the PQ scalar is also the key ingredient for successful inflation. A
robust prediction of this setup is that the PQ symmetry is broken after inflation and never restored after it,
thus making the range for axion DM in principle calculable.
A different predictive approach, involving also flavour, was instead pursued recently in Ref. [558], which
classified all the generation dependent U(1) symmetries which, in the presence of two leptonic Higgs doublets,
can reduce the number of independent high-energy parameters of type-I seesaw to the minimum number
compatible with non-vanishing neutrino mixings and CP violation in the leptonic sector. This setup leads
to definite predictions for the charged leptons and neutrino mass matrices and, if extended to the quark
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sector, necessarily leads to a QCD anomalous U(1)PQ [557], thus predicting the existence of a QCD axion,
with couplings to SM fermions fixed in terms of SM fermion masses and mixings.
7.2. Axions and the cosmological baryon asymmetry
The strong CP-violating parameter must be extremely small today, as required by the non-observation
of the nEDM. However, if the smallness of the theta angle were due to the cosmological evolution of an axion
field, it is plausible that θ was O(1) in the early Universe and, conceivably, such source of CP violation could
have played a role for baryogenesis. This idea was first put forth by Kuzmin, Tkachev and Shaposhnikov in
Ref. [709], which considered the possible effects on electroweak baryogenesis of strong CP-violation related
to an axion field with a large background value. The conclusions of this work were, however, negative: SM
baryon number violating processes are only effective at temperatures above TEW ∼ 100 GeV, however, at
these temperatures strong CP violating effects are suppressed by an exceedingly small exponential factor
exp(−8pi2/g2s) where gs is the strong gauge coupling. They concluded that the only possibility was to
diminish the temperature of the electroweak phase transition down to ΛQCD, and to require that no entropy
was injected in the plasma after the phase transition to avoid diluting the baryon asymmetry. This, however,
also implied that the Universe got over-dominated by axion DM, contrary to observations.
More recently, this problem was reconsidered in Ref. [710] in the context of cold electroweak baryogenesis
(see e.g. Refs. [711, 712]), a scenario that can lead to a very efficient production of baryon number if the
electroweak symmetry breaking is triggered through a fast tachyonic instability (‘Higgs quenching’) and if
it occurs in a range of temperatures 10 MeV<∼ TEW <∼1 GeV. In this scenario baryon production occurs
strongly out of equilibrium so that there are no washout effects and the efficiency can be very large. The
corresponding rates can be described in terms of an effective equilibrium temperature Teff much larger than
TEW and one or two orders of magnitude larger than the reheating temperature of the plasma after the
the phase transition TRH. The baryon-to-photons ratio scales as (Teff/TRH)3 so that it can easily reach
the observed value. Axion oscillations start well after reheating, and are not delayed with respect to the
conventional scenario, so that the cold DM energy density from axion misalignment remains as in the
standard case.
A different approach to overcome the no-go of Ref. [709] was put forth more recently in Refs. [713, 714].
Instead of delaying the electroweak phase transition down to 1GeV or below, the idea is to increase the
QCD confinement scale ΛQCD >∼ TEW. This is achieved by promoting the strong coupling to a dynamical
quantity, which evolves through the vacuum expectation value of a singlet scalar field that mixes with the
Higgs field. QCD confinement and electroweak symmetry breaking occur simultaneously close to the TeV
scale, providing large CP violation from an axion field value θ(T ) of O(1) together with baryon number
violation and the out-of-equilibrium condition from the phase transitions, which are expected to be first
order.
Finally, Ref. [715] proposed a mechanism wherein the cosmological matter-antimatter asymmetry stems
from initial conditions in which the axion field is fastly rotating, much alike in the alternative scenario
for axion DM production reviewed in Section 6.6.3. A θ˙ 6= 0 corresponds to an asymmetry-density of the
PQ charge, which is converted into the baryon asymmetry via QCD and electroweak sphalerons. This
rotation can be induced at the PQ scale by effective operators that break explicitly the symmetry, tilting
the bottom of the mexican-hat potential. However, these operators must fade away rapidly enough at lower
temperatures not to spoil the solution of the strong CP problem, that is the zero temperature minimum
of the axion potential must remain determined by the QCD non-perturbative effects. The mechanism
encounters difficulties because to preserve the baryon asymmetry from being washed out, θ˙ must remain
large down to the temperature when sphaleron transitions get out of equilibrium. This, however, implies that
at the QCD phase transition the axion kinetic energy would dominate the potential energy, thus delaying
the onset of oscillations which results in an unacceptable overproduction of DM. The proposed way out
is to engineer a way to increase the temperature of the electroweak phase transition in order to suppress
sphalerons transitions at much earlier times.
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7.3. Axions and inflation
A period of accelerated expansion in the very early Universe called inflation [716, 717] is usually invoked
to address various problems of the standard cosmology, namely the absence of monopoles [219, 717, 718]
and domain walls [719], the fact that the Universe appears to be homogeneous and isotropic (the horizon
problem) [720], and the fact that the Universe appears to possess fine-tuned initial conditions that lead to
its exceptionally flatness already at recombination (the flatness problem). One class of inflationary models
relies on the dynamics of a field that is responsible for the inflationary period, the inflaton, which evolves
under the influence of a nearly flat potential. In the simplest model of single field inflation the equation of
motion for the inflaton field (denoted by φ) evolving under the potential V (φ) is similar to Eq. (152),
φ¨+ 3Hφ˙− 1
R2
∇2φ+ dV (φ)
dφ
= 0 . (308)
For super-horizon modes, the spatial derivative can be neglected. A nearly flat potential grants an infla-
tionary period in which the inflaton evolves under a slow-roll dynamics if i) φ¨  Hφ˙, and ii) φ˙2  V (φ).
Condition i) leads to 3Hφ˙ ' −dV (φ)/dφ, while condition ii) gives the equation of state
wφ =
1
2 φ˙
2 − V (φ)
1
2 φ˙
2 + V (φ)
' −1 . (309)
If both conditions i) and ii) are satisfied, the energy density of the φ field is constant during inflation, which
yields a quasi-exponential growth of the scale factor according to Eq. (140).
Different models have been considered so far in order to embed inflation into an axion framework. One
possibility consists in considering the dynamics of the PQ complex field during inflation [266] and identify
the inflaton field with the radial mode %a of the PQ complex field (see Eq. (79)). At sufficiently high
temperatures, the potential of %a in Eq. (78) can be approximated by a quartic potential. However, such a
form of inflaton potential has been excluded to a high level of confidence by the measurements of the CMB
spectra by the Planck mission [721–723]. For this reason, Ref. [315] considered a non-minimal coupling
to gravity so that the potential at large values of %a is flattened out (see e.g. Ref. [724]) and the model
reconciles with observations. This model also circumvents the problem that, for relatively high values of the
Hubble rate during inflation HI , axion isocurvature fluctuations during inflation are too large with respect
to what is allowed by measurements [252], see Section 3.5. The reason being that the radial field has not
yet relaxed to its minimum value during inflation and it evolves in the regime %a  fa, thus suppressing
isocurvature fluctuations.79
A less minimal kind of embedding has been carried out in the SMASH model [311–313], in which the
inflaton field is a linear combination of the radial modes of the PQ field Φ and the Higgs doublet H, both
coupled non-minimally to gravity. The model shares some similarities with the Higgs inflation model of [725],
but thanks to the mixed embedding of the inflaton field it provides a solution of the unitarity problem of
standard Higgs inflation [726, 727], thus making inflationary predictions more reliable.
Within the single field slow-roll inflation model, it is possible to obtain predictions for the scalar and
tensor power spectra on super-horizon scales. As discussed in Section 3.5, tensor modes for single-field
inflation are defined in terms of the tensor-to-scalar ratio r which, if measured in the future at the level of
r ∼ 10−3, would shut off the pre-inflationary scenario completely [188, 315, 728–731], see also Fig. 3. It
has recently been shown [317] that a model of inflation with the SM Higgs field, in which the Higgs field is
coupled non-minimally to Palatini gravity [732] leads to an inflation energy scale HI ∼ 108 GeV and a low
tensor-to-scalar ratio r ∼ 10−13. In this model, axion isocurvature fluctuations that would evade the current
bounds can be accommodated, and it is then possible to realise axion DM in the pre-inflationary scenario
with a value of the axion energy scale of the order of ∼ 1014 GeV.
The QCD axion itself could have driven inflation, evolving via a series of tunnelling events in the so-called
chain inflation model [733, 734]. Assuming an axion model in which the continuous shift symmetry is broken
79Another way to circumvent isocurvature bounds in low-scale models of hybrid inflation has been proposed in Ref. [272].
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down to a discrete ZNDW symmetry, with a large number O(100) of local minima NDW, and a tilting term
parametrized via a soft breaking contribution with height η, the potential reads
V (a) = V0
[
1− cos
(
NDW a
va
)]
+ η cos
(
a
va
)
. (310)
The axion evolves in one of the false vacua described by the potential in Eq. (310), providing about one e-fold
of inflation before tunnelling to the next false vacuum and approaching the true vacuum of the theory. Chain
inflation is a viable model for solving the horizon, entropy and flatness problem of standard cosmology and
for generating the right amount of adiabatic cosmological perturbations [735, 736], although a considerable
effort in model building is necessary since a large number of tunnelling events, & 108 per Hubble volume
per e-fold, are required [737]. Finally, two classes of inflation models which come from superstring axion
scenarios (see Section 7.9) are axion inflation [738–741] where the inflationary potential is given by the
standard cosine potential, and axion monodromy [742–744], in which the potential includes extra terms like
a linear term.
7.4. Gravitational waves from the Peccei-Quinn phase transition
The detection of GW by LIGO [745] has rendered clear that a new powerful tool is now available for the
exploration of the Universe. In particular, first-order phase transitions in the early Universe can produce
stochastic GW signals which could be potentially observed. The LIGO/VIRGO frequency band corresponds
to first-order phase transitions which could have happened at temperatures around 107-108 GeV. This is
intriguingly close to the lowest possible energy scale where the PQ symmetry can be broken [746]. Although
the astrophysical bounds reviewed in Section 4 require fa to lie above the scales at which LIGO/VIRGO
are most sensitive, in the presence of a certain amount of supercooling the nucleation temperature of the
PQ phase transition can be actually smaller than fa by an order of magnitude or more [747, 748], thus
motivating studies of the potential of GW experiments to detect the imprint of the phase transition that
gave birth to the axion. A GW signature could be detected only if the PQ phase transition occurred after
the end of inflation and if it is of strong first order. In weakly coupled models the transition, however,
is typically second order, except in the region of parameters where the PQ symmetry is broken through
the Coleman-Weinberg mechanism, while in strongly coupled realisations of axion models the transition is
often first order. This restricts the type of models that can produce the sought signals. Recent studies of
the energy density stored in stochastic GW from a first order PQ transition and of the corresponding peak
frequency have been presented in [747, 748]. Ref. [749] studies the GW signal in a dynamical super-heavy
axion models where the phase transition is associated with a new color-like gauge group confining around
the TeV scale. In this case, however, the signal frequency remains well below the LIGO/VIRGO sensitivity
range. A study of the axion (and ALP) parameter space which may be probed by future GW detectors can
be found in Ref. [750].
7.5. Solutions to the domain walls problem
The DW problem arises from the fact that the axion field a, being an angular variable, takes values in
the interval [0, 2piva). The axion potential is periodic in a with period ∆a = 2piva/NDW, and thus it enjoys
an exact ZNDW discrete symmetry. Once at T ∼ ΛQCD the non-perturbative QCD effects lift the axion
potential, NDW degenerate vacua appear. In general the initial value of a at the bottom of the originally flat
potential is randomly selected and it differs in different patches of the Universe, so that in each patch the
axion will eventually flow towards a different minimum, breaking spontaneously ZNDW . DWs will then form
at the boundaries between regions of different vacua. The cosmological DW problem [510] consists in the
fact that the energy density of the DWs would largely overshoot the critical density of the Universe. There
are, however, two scenarios in which this there is no DW problem: (i) The first corresponds to the pre-
inflationary scenario in which an initial patch characterised by some value of θi gets exponentially inflated
to super-horizon scales, so that after inflation the whole observable Universe is characterised by a unique
minimum of the axion potential, and is thus free from topological defects. (ii) The second scenario encloses
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the models in which NDW = 1, so that there is a single value of θ where the potential has a minimum.
Although the vacuum is unique, a particular type of DWs still form, but they are harmless. The reason can
be pictured as follows: when U(1)PQ gets broken, strings form, and in circulating around a string θ changes
by 2pi. When the temperature approaches the QCD scale and the axion potential gets tilted, the unique
minimum θ = 0 is selected. Still, in a two dimensional region attached to the string the phase must jump
from 0 to 2pi and back to 0, and this region corresponds to a wall with one edge attached to the string.
However, a configuration of walls bounded by strings tends to rapidly collapse [226], and eventually the whole
system of walls and strings disappears without ever coming to dominate the energy density of the Universe.
Hence, axion models with NDW = 1 are safe with respect to the DW problem also in post-inflationary
scenarios.
A first example of a construction with NDW = 1 is the original KSVZ model [120, 121] that we have
reviewed in Section 2.7.1, where a single pair of electroweak singlet exotic quarks in the fundamental of
SU(3)c yields a colour anomaly 2N = NDW = 1. Georgi and Wise [751] considered instead the possibility
of canceling part of the QCD anomaly of DFSZ-type of models by introducing suitable representations of
exotic quarks of KSVZ-type with PQ charge of the opposite sign, so that a total anomaly 2N = 1 eventually
results.
A different kind of construction features an apparent value NDW > 1, while the physical number of DW
is in fact NDW = 1. These constructions rely on the introduction of extra symmetries, in such a way that the
degenerate vacua of the axion potential are connected by symmetry transformations. The first realisation
of this mechanism is due to Lazarides and Shafi (LS) [752] which observed that the DW problem does not
exist if the discrete subgroup ZNDW in U(1)PQ can be embedded in the center of a continuous gauge group,
and they provided a neat example based on the GUT symmetry SO(10) × U(1)PQ. A different possibility
was proposed in Ref. [152]. The axion arises from an accidental U(1) enforced on the potential of a scalar
multiplet YLR by a gauge symmetry SU(N )L×SU(N )R. YLR transforms under the group as (N ,N ) and is
responsible for the spontaneous breaking of the gauge group down to SU(N )L+R. Although the construction
gives a QCD anomaly with coefficient N = N/2, all the minima can be connected by gauge transformations
corresponding to the center ZN of the unbroken group, and hence they are gauge equivalent. While in the
original LS model ZNDW was embedded into a local group, embedding in global groups can also yield the
same result. For example, models with global family groups were considered in Ref. [753].
A different type of constructions in which NDW = 1 can be engineered, rely on the presence of more
than one global U(1) symmetry [754]. The anomalous PQ will in general correspond to a combination of
the various Abelian groups, and it can be arranged so that QCD effects break this specific combination to
the trivial subgroup Z1.
A horizontal realisation of the PQ symmetry that, together with B−L global invariance, can solve the DW
problem for any arbitrary number of fermion generations was discussed in Ref. [755]. Other models enforce
NDW = 1 making use in different ways of generation dependent PQ symmetries. For example a partial
cancellation of the anomaly contributions between different generations can be arranged [124, 551], or the
PQ charges are chosen in such a way that two generations give vanishing contributions to the anomaly [557],
or more in general it can be assumed that some SM quark flavours have a special status with respect to the
PQ symmetry [570], for example it can happen that only one or two out of all the SM quarks contribute
to the anomaly [555]. Of course, as was discussed in Section 6.5, all these models feature flavour violating
axion couplings, and can be thoroughly tested by searching for flavour changing processes.
Models for which none of the above two conditions (i) and (ii) are satisfied, that is the PQ symmetry
is broken after inflation, and NDW > 1 gives rise to the same number of physically inequivalent degenerate
vacua, can also remain viable, but additional assumptions are needed. The DW problem can be disposed
of in a simple way by introducing an explicit breaking of the PQ symmetry so that the degeneracy between
the different vacua is removed and there is a unique minimum of the potential. This can be done either by
introducing an explicit breaking of the PQ symmetry via Planck-suppressed effective operators [510] or by
non-perturbative potential terms induced by a new confining gauge group [756–758]. Breaking explicitly the
PQ symmetry is, however, a delicate issue: sufficiently large breaking effects are needed to guarantee that
regions trapped in false vacua will cross over to the true vacuum before DWs start dominating the Universe
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energy density.80 However, at the same time they should not be too large, otherwise they would spoil the
PQ solution. The present limit θ <∼ 10−10 still leaves a viable region in parameter space where these two
conditions can be simultaneously matched [27, 29, 758].
7.6. Solutions to the Peccei-Quinn quality problem
As we have discussed in Section 2.11 in order to ensure the effectiveness of the PQ mechanism in solving
the strong CP problem a strong requirement needs to be satisfied: the PQ symmetry must remain a good
symmetry well beyond the level of renormalizable operators, and arguably up to effective operators of
dimensions d > 10. However, the PQ symmetry is a global symmetry, and in QFT global symmetries are
not deemed to be fundamental or exact. Moreover, the PQ symmetry is anomalous, and as such at the
quantum level it is not even a real symmetry. Analogies with baryon and lepton U(1) symmetries in the
SM, which are also global and anomalous, but whose origin as accidental symmetries is well understood,
naturally lead to speculate whether the PQ symmetry might also arise accidentally, in the sense that other
fundamental symmetries (gauge and Lorentz) might forbid, up to the required dimension, operators that
do not conserve the PQ charge. Several construction have been put forth to realise this idea. Probably the
simplest possibility is that of a discrete gauge symmetry. For instance a Zn acting on Φ as Φ → ei2pi/nΦ
would forbid all effective operators (Φ†Φ)mΦk with k < n. A possible way to generate discrete gauge
symmetries in 4-dimensional QFT was suggested in Ref. [760]. Consider a U(1) gauge symmetry under
which the axion multiplet Φ carries charge 1, while a second field ξ carries charge n: Φ→ eiαΦ, ξ → einαξ.
Suppose that ξ undergoes condensation at some high-energy scale 〈ξ〉  fa. The invariance of the VEV
〈ξ〉 → einα 〈ξ〉 with α = 2pi/n corresponds to a Zn discrete gauge symmetry, unbroken above fa, under which
Φ transforms as Φ → eiαΦ = ei2pi/nΦ. This ensures that the first allowed operator breaking PQ explicitly
is Φn. Mechanisms with large local discrete symmetries have been for example invoked in Ref. [144–148].
Other models rely on the introduction of a new local Abelian symmetry U(1)′ that, as in Ref. [135],
can be directly added to enlarge the SM gauge group. In this reference two singlet scalars Φ and S are
also introduced, with U(1)′ charges respectively p and q, and these charges are chosen in such a way that
the lowest order effective operator that breaks the PQ symmetry, namely (S†)pΦq, is of the required high
dimension d = p + q. Ref. [137] considers instead a supersymmetric GUT extension E6 × U(1)′ , where
the usual trilinear superpotential Yukawa coupling 273 is forbidden by the new Abelian symmetry, and is
replaced by a coupling involving a new unconventional representation 27127−13510, where subscripts refers
to the U(1)′ gauge charges. A global PQ symmetry under which with X (27) = 1 and X (351) = −2 arises
accidentally, and the lowest order gauge invariant PQ violating operators 276 or 3516 are of the required
large dimension. Soft supersymmetry breaking effects might, however, endanger this solution [155]. Ref. [149]
considers instead the possibility of embedding the PQ symmetry into a gauged U(1)′, which is rendered non
anomalous by adding exotic fermions coupled to the SM only via gauge interactions, so that the subset of
gauge rotations acting only on the SM quarks can be interpreted as an accidental (global and anomalous)
U(1) ⊂ U(1)′. Ref. [150] promotes baryon number to a local gauge symmetry by canceling the anomaly via
the introduction of exotic fermions which play the role of KSVZ exotic quarks. The authors show that the
PQ symmetry remains sufficiently protected by this gauged baryon number. Finally, Ref. [151] addresses the
axion quality problem in a 4-dimensional clockwork model, with the PQ global symmetry arising accidentally
due to a gauged U(1)N symmetry.
Other approaches exploit instead new non-Abelian gauge groups. Georgi, Hall and Wise [133] provided
the first example81 of an accidental PQ symmetry arising from a grand-unified gauge group based on SU(9),
which incorporates the usual SU(5) GUT as a subgroup. The construction is non-trivial, since it involves
several SU(9) representations (left-handed fermions in a 36⊕ 5× 9 and scalar fields in a 80⊕ 5× 9⊕ 126).
Writing the most general renormalizable Lagrangian allowed by the SU(9) gauge symmetry enforces a QCD
80A stronger bound actually originates from requiring that the axions produced from the collapse of DWs do not have an
abundance larger than the DM one [207, 208, 295]. An early matter domination era around the MeV scale can help in relaxing
this bound [759].
81Incidentally, this is also the first paper where the issue of the PQ quality problem was clearly laid down.
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anomalous U(1) symmetry that is spontaneously broken at the unification scale. Although in this work
the authors did not explicitly address the question of at which operator level the PQ breaking is explicitly
broken, one can see that this happens due to the “baryon-like” invariant ijk...9i9j9k . . . and hence at d = 9.
The complexity of this construction shows that it is highly nontrivial to get an accidental PQ symmetry in
GUTs (without resorting to extra gauged U(1)’s) and we are not aware of other successful attempts, apart
for the original one in Ref. [133]. Instead the construction discussed in Ref. [152] takes inspiration from
a type of flavour models in which the SM Yukawa couplings are promoted to dynamical scalar fields Y (x)
transforming in the bi-fundamental of a gauge group SU(3)L × SU(3)R. As it was remarked in Ref. [761],
gauge invariant operators in the scalar potential for Y (x) are Hermitian and thus respect an accidental
U(1) rephasing invariance, with the sole exception of detY (x) which is non-Hermitian and of dimension
d = 3. Then, generalising the construction to an SU(N )L × SU(N )R invariant potential with N > 4, the
dimension of the symmetry breaking operator is promoted to d = N , so that the quality of the accidental
U(1) remains determined by the dimension of the gauge group which can be arbitrarily chosen. An even
simpler possibility based on the same approach is to replace the SM flavour symmetry SU(3)L × SU(3)R
with a different one SU(M)L × SU(N)R (M 6= N) and require that the Yukawa field transforms as (M,N)
(for M and/or N > 3 this can be done by introducing new exotic vectorlike quarks) [762]. In this case the
dimension of the first flavour-singlet non-Hermitian scalar operator is at least as large as the least common
multiple of M and N , so that large operator dimensions for the PQ breaking operators can be obtained
with group factors of relatively small degree. Finally, scalar-gauge theories in which Y (x) transforms as the
symmetric (anti-symmetric) of SU(N ) broken into SO(N ) (Sp(N )) also lead to an accidental Goldstone for
N > 4 [763], and they might be used to construct models for the PQ protection along the lines of [152].
Ref. [153] introduces an exotic sector equipped with an SU(N ) gauge symmetry where a hidden baryon
number U(1)BN appears accidentally, similarly to what happens in the SM with ordinary U(1)B . However,
differently from the SM where B violating effective operators are allowed already at d = 6, the BN violating
operators of lowest dimension are the gauge (and, assuming N even, also Lorentz) invariant SU(N ) singlets
α1α2...αNQα1Qα2 . . .QαN with dimension d = 3N/2  3. In the presence of fermion species chiral under
SU(N ) × SU(2)C a U(1)BN -SU(3)2C anomaly can arise, so that the new baryon symmetry can act in the
SM as a PQ symmetry. In Ref. [161] instead the SM quark flavour symmetry has been used directly, and the
required level of suppression for the PQ breaking operators is obtained by assuming that quark masses are
generated radiatively, so that the Yukawa couplings do not correspond to fundamental symmetry breaking
scalars, but result from a more complicated set of spurions that allow to keep the PQ symmetry exact up
to d = 12.
Composite axion models (reviewed in Section 7.7) are also well suited to arrange for approximate PQ
symmetries preserved up to operators of high dimension. One of the first constructions exploiting composite-
ness with this aim was the Randall model [154]. The relevant gauge symmetry is SU(N )×SU(m)×SU(3)C .
Exotic fermions transform under the group factors with suitable chiral assignments in such a way that an
accidental global U(1) arises, which is non-anomalous with respect to the first two factors but has an SU(3)C
anomaly. SU(N ) becomes strong at a large scale breaking spontaneously SU(m) (much alike SU(3)C con-
densates in the SM break spontaneously SU(2)L) and breaking also the global U(1), but not SU(3)C . In
this model the lowest dimensional operator consistent with the gauge and Lorentz symmetries, but not
respecting the U(1), can be built with 2m uncoloured fermions. Hence the quality of the PQ symmetry
is controlled by the dimension of the SU(m) group. Other composite models for PQ symmetry protection
exploiting similar ideas can be found in Refs. [155–158].
Extra-dimensional setups are also well suited to protect the PQ symmetry. For instance, in the proposal
of Ref. [159] the axion is identified with the 5-th component of a gauge field in a 5D orbifold field theory
compactified on S1/Z2, for which all PQ breaking terms other than the QCD anomaly are naturally sup-
pressed by the higher-dimensional gauge symmetry and the 5D locality. A recent geometrical solution of PQ
quality problem was considered in Ref. [160], by modelling the axion with a bulk complex scalar field in a
slice of AdS5, where the U(1)PQ symmetry is spontaneously broken in the bulk but explicitly broken on the
UV brane. By localising the axion field towards the IR brane, gravitational violations of the PQ symmetry
on the UV brane are sufficiently suppressed by the warp factor.
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7.7. Axions and composite dynamics
Composite axion models were originally motivated by the possibility of dynamically explaining the hi-
erarchy fa  mPl, as a consequence of a confining non-abelian gauge theory, largely inspired by pions and
chiral symmetry breaking in QCD as well as techni-color models for the electroweak scale.
For instance, the original model of Kim [505] (see also [508]) was based on a new gauge group SU(N ) that
confines at a scale ΛSU(N ) ∼ fa, and comprises the following vector-like fermion content with transformation
properties under SU(N ) × SU(3)c: ψL,R ∼ (N , 3) and ξL,R ∼ (N , 1). In the limit of zero fermion masses
and for gs → 0 the model has an SU(4)L × SU(4)R × U(1)V global symmetry, which is spontaneously
broken down to SU(4)L+R×U(1)V by the fermion condensates
〈
ψ¯LψR
〉
=
〈
ξ¯LξR
〉 ∼ Λ3SU(N ). The resulting
15 NGB transform as 1 + 3 + 3¯ + 8 under SU(3)c. The color singlet, with a (ψ¯LψR − 3 ξ¯LξR) content, is
identified with the composite axion and U(1)PQ corresponds to the [(T 15)L × IR + IL × (T 15)R]/
√
2 broken
generator of SU(4)L×SU(4)R, with T 15 = 12√6diag(1, 1, 1,−3) belonging to the SU(4) Cartan sub-algebra,
so that the U(1)PQ is anomalous under QCD but not under SU(N ). When gs is turned on, the SU(4)L+R
global symmetry is explicitly broken down to the gauged SU(3)c. The axion gets a tiny mass from QCD
instantons, since the associated current is QCD anomalous
JµPQ =
1
2
√
6
[
ψ¯γµγ5ψ − 3ξ¯γµγ5ξ
]
=⇒ ∂µJµPQ =
gs
16pi2
N
2
√
6
GG˜ , (311)
while the other pseudo NGB in non-trivial color representations get masses of order gsΛSU(N )/(4pi) via
perturbative gluon loops (similarly to the QED contribution to the mass of the charged pion of order
eΛQCD/(4pi)). The axion couplings to SM fields in Kim’s composite axion model follow from the expression
of the PQ current in Eq. (311) and from the definition of the ‘axi-pion’ constant [112] 〈0|JµPQ|a〉 = iFapµ
(with Fa of order ΛSU(N ), analogously to fpi ∼ ΛQCD). Matching with the axion effective Lagrangian in
Eq. (36) one gets fa =
√
6Fa/N ∼
√
6ΛSU(N )/N . Note that similarly to KSVZ-like models where SM fields
(f) are uncharged under the PQ, the model-dependent axion coupling to SM fermions vanish, c0f = 0, and
also g0aγ = 0. The latter actually depends on the specific choice of the exotic fermion representations in
Kim’s model. By assigning to them non-trivial electroweak quantum numbers one can also get direct EM
anomaly contributions to g0aγ 6= 0 [112], as discussed in Section 6.1.1.
It should be noted that in Kim’s original composite axion model, similarly to standard KSVZ construc-
tions, vector-like exotic fermion masses need to be forbidden in order not to spoil the whole framework.
In fact, bare mass terms, mψ, ξ, even if  ΛSU(N ), would still misalign the minimum of the QCD ax-
ion potential unless extremely suppressed, since they contribute to the composite NGB axion mass as
ma ∼
√
ΛSU(N )mψ, ξ. The model is also prone to the PQ quality problem (see Section 2.11), since Planck-
suppressed U(1)PQ breaking operators, which are in principle allowed by gauge symmetries, could spoil the
solution of the strong CP problem. This motivated the construction of composite axion models in which an
extra, chiral gauge symmetry avoids the presence of exotic fermion mass terms and protects as well from
higher-order PQ symmetry breaking operators. Models of this type were briefly reviewed towards the end
of Section 7.6.
7.8. Axions and GUTs
Unified gauged theories provide a rationale for the large value of the axion decay constant fa, which
for phenomenological reasons must lie between 108 GeV and the Planck scale. In fact, if the axion field is
embedded into a scalar representation responsible for the breaking of the GUT symmetry (e.g. in the global
phase of a complexified adjoint representation) one has fa = va/NDW ≈MG/NDW, where MG & 1015 GeV
denotes the scale of GUT breaking, which is bounded from below by the non-observation of proton decay.
Models of this type, in which the global U(1)PQ commutes with the GUT group, were first proposed in the
context of SU(5) [764] and SO(10) [765] (for modern variants see also [766–770]). A remarkable feature
of these models is the connection between proton decay and standard axion searches, which will start to
probe the GUT-scale axion in the coming decade (cf. the reach of Casper-Electric and ABRACADABRA in
Section 5.3). For instance, the minimal SU(5)× U(1)PQ model of Ref. [767], based on the original Georgi-
Glashow [771] field content plus a 24F representation that fixes both neutrino masses and gauge coupling
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unification [772–774], provides a rather sharp prediction (arising from gauge coupling unification and proton
decay constraints) for the value of the axion mass ma ∼ 5 neV, setting a well-definite target for axion DM
experiments. Regarding the connection with axion DM let us recall that, in order not to over-produce
axion DM, GUT-scale values of fa require the PQ symmetry to be broken before inflation (pre-inflationary
PQ breaking scenario) together with a certain tuning of the initial misalignment angle to small values (for
fa ∼ 1015 GeV, θi ∼ 1%).82 Note that values of fa  MG can still be obtained for va ∼ MG, but these
require values of NDW is unrealistically large. Another class of models which allows for fa MG and that
at the same time can be compatible with post-inflationary PQ breaking scenarios is based on SO(10) GUTs
in which the axion is embedded into a representation responsible for an intermediate symmetry breaking
stage, possibly related to the scale of right-handed neutrinos [693, 766, 775–778]. In such a case, however,
the scale fa turns out to be “sliding”, since it is only weakly constrained by gauge coupling unification [766].
Regarding the structure of axion couplings in GUTs, these are fixed up to some minor model-dependent
factors, thus providing a well-defined and motivated benchmark for axion searches. Most notably, the value
of the group theory factor that determines the axion coupling to photons is fixed to be E/N = 8/3. This
can be seen from the explicit expression
E
N
=
TrQ2
TrT 2C
=
Tr (T 3L)
2 + 53 TrT
2
Y
TrT 2C
=
8
3
, (312)
where Q = T 3L +
√
5/3TY , in terms of the GUT-normalized hypercharge generator TY . This result follows
from the fact that all the generators of the GUT group, and in particular TC , T 3L and TY , have the same
normalization.83
The Yukawa sector of an axion GUT model is similar (as far as concerns global PQ charges) to that
of the DFSZ-I model with Yukawa Lagrangian in Eq. (91). E.g. in minimal SU(5) one has (neglecting for
simplicity neutrino masses and corrections to the charged fermion mass relations)
LYSU(5) ⊃ −Y1010F 10F 5Hu − Y55¯F 10F 5¯Hd , (313)
which after projecting onto the SM components matches Eq. (91), with the following GUT-scale boundary
values for the Yukawa matrices: Y10 = YU and Y5 = YE = Y TD . Hence, we can take over the derivation of
the axion couplings to SM fermions in the DFSZ-I model (cf. Eqs. (103)–(105)), which yields
c0ui = −
1
N
cos2 β , c0di = −
1
N
sin2 β , c0ei = −
1
N
sin2 β , (314)
where we used va = fa(2N) and with the important difference (compared to DFSZ-I) that the color anomaly
N is a model-dependent factor that can be computed only after specifying the full GUT model.
While we have exemplified this derivation in the context of SU(5), similar results apply to the SO(10)
case, where however care must be taken in order to properly orthogonalize the physical axion field with
respect to the Goldstone fields of all the broken gauge generators (see Ref. [766] for a detailed account).
Another peculiarity of GUTs like is SO(10) is also the fact that some vacua of the axion potential can be
connected by gauge transformations, and hence the naive identification NDW = 2N does not hold [752, 766].
7.9. Axions from superstrings
In this Review we have focussed on QFT axion solutions to the strong CP problem for which a spon-
taneously broken PQ symmetry, of which the axion is the resulting pNGB, is a necessary ingredient. As
82This condition can, however, be circumvented by appealing for example to the mechanism of axion dilution by late entropy
production reviewed in Section 6.6.1, as is done e.g. in the supersymmetric GUT model of Ref. [614].
83Differ values of E/N are instead possible in the ‘unificaxion’ framework of Ref. [535], which assumes that the anomaly
factors are due to intermediate-scale KSVZ-like fermions which form incomplete GUT multiplets and assist gauge coupling
unification. It should be noted, however, that such scenarios are not easily motivated from a UV point of view. Indeed, as long
as the U(1)PQ symmetry commutes with the GUT group, the full GUT representation contributes to the anomaly coefficients,
yielding the result in Eq. (312). Moreover, all the fragments of the original GUT multiplet obtain mass of order fa, and thus
do not improve gauge coupling unification.
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already noted, the PQ symmetry is global and anomalous, hence with good reason it can be considered
unsatisfactory to impose PQ as a fundamental symmetry of a Lagrangian. Indeed, a more sound possibility
is that it arises automatically as a consequence of other fundamental principles.
Another avenue that has been ventured is exploring whether axions can arise naturally from a more
fundamental theory as for example superstring theory, supergravity or M-theory. At first glance, candidates
featuring the qualitative properties of the QCD axion are superabundant in string theory. They arise
from ten-dimensional antisymmetric gauge field tensors that, upon compactifying six internal coordinates
M10 →M4×V6, with V6 some compact manifold, behave like pseudoscalars in the 4D effective theory. Each
string theory realisation has antisymmetric p-forms that can host the axion, and that go under different
names: the Ramond-Ramond (RR) C-fields for Type II strings, the C3-form for supergravity, the NS-NS
B2-field for the heterotic string (NS stands for Neveu-Schwartz), the RR C2-field for the Type I string. Their
relations with possible QCD axions in four dimensions has been studied and reviewed in several papers, see
for example Refs. [738, 739, 779, 780]. Let us consider for definiteness the gravity supermultiplet, that is
present in all string theories. Besides the 10D graviton gMN , it contains an antisymmetric tensor BMN
and the dilaton. After compactification, the fields in BMN can be categorized into a set of tangential fields
Bµν with indices in Minkowski space M4, and a set of fields Bij with indices in the intermal space V6.
Let us consider Bµν first: it has only one transverse degree of freedom so that, denoting by Hµνσ its field
strength tensor, one can define a scalar dualization Hµνσ ∝ faµνσρ∂ρa.84 In the effective theory coming
from the heterotic string the pseudoscalar a has the qualitative features of an axion: since it originates from
a gauge field it has no potential at the renormalizable level, and hence enjoys a shift symmetry. However,
since the shift symmetry is anomalous, the field a also couples to the QCD GG˜ term and it acquires non-
perturbatively a small mass from QCD instantons (and in general also a much larger mass from other
string-related non-perturbative effects, in which case, however, it would not serve as a QCD axion, see
below). Since Bµν can be discussed independently of the particular string compactification, it is called the
Model Independent (MI) axion. A MI axion exists also in type-I strings, it arises from a RR two form C2 in
a way similar to the MI heterotic string axion, to which is in fact related by S-duality. Discrete symmetries
arising from string compactification might also help in obtaining an accidental, intermediate-scale axion (see
e.g. Refs. [781, 782]).
If the MI pseudoscalar fails to incarnate a useful QCD axion, one can resort to the Bij components.
These can be decomposed as Bij =
∑
n an(xµ) b
n
ij(yk) with xµ ∈M4, yk ∈ V6, bnij are harmonic two-form on
V6, and an correspond to scalars living in 4D. Massless pseudoscalars arise from the bnij zero modes, which
correspond to
∫
C
dΣijbij where the integral over two-manifolds C in V6 does not vanish if C has non-trivial
topology. The properties of these states will clearly depend on the compactification scheme, and for this
reason the corresponding axions are called Model Dependent (MD). The number of zero modes corresponds
to the number of non-trivial two-cycles in V6, which is the Hodge number of the compact manifold [779].
When considering manifolds sufficiently complicated to have some chance of resulting in an effective theory
containing the SM, the Hodge number could be as large as O (100) [783].
Plenty of others axion candidates are found in Type II A and B superstrings as well as in 11D super-
gravity.85 Nevertheless, obtaining a phenomenologically acceptable QCD axion from these theories is not
an easy task. Superstring axion constructions encounter a certain number of obstacles, among which the
most serious are the following:
1. String-related contributions to the axion potential. Although at the renormalizable level string axions are
massless because they originate from 10D gauge fields, the shift symmetry of the effective Lagrangian can
84One defines Aµ = 1
6
µναβHναβ , then from the equation of motion ∂µHµαβ = 0 for the 2-form field strength tensor
Hµαβ = 1
2
∂[µBαβ], one has ∂µAν − ∂νAµ = 0, that is Aµ = fa∂µa for some scalar a and for some scale fa that normalizes
canonically the scalar field a in 4D.
85This abundance of pseudoscalars, a large number of which could remain ultralight, has led to concoct the so called string
axiverse [784–786], wherein hundreds of light axion-like particles populate a logarithmically distributed mass spectrum possibly
down to the Hubble scale ∼ 10−33 eV. Constraints on this scenario from cosmological considerations are discussed e.g. in
Refs. [787, 788].
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be violated by all sort of string-related effects: worldsheet instantons [789, 790], brane instantons [791]
gravitational instantons, gauge instantons from other factors of the gauge group. These effects can easily
overwhelm the breaking induced by low energy QCD instantons, and this would exclude the possibility that
these pseudoscalars could serve as QCD axions. This is basically the same issue that we have discussed in
Section 2.11: suppose that the axion couples to a string instanton of action S with a natural mass scale
M ∼ mPl. Such instantons with their anti-instantons will then generate a contribution to the axion potential
VS(θ) = −2M4e−S cos(θ + ξ) , (315)
where the phase ξ is unrelated with QCD or with complex quark mass phases. Upon minimizing VS together
with the QCD potential V (θ) ∼ −m2pif2pi cos θ it is found that in order not to spoil the axion solution to the
strong CP problem one needs to require
M4e−S . 10−10f2pim2pi . (316)
This implies S & 200 which is a serious constraint on string axion models [270]. A few solutions to this
problem have been proposed. If supersymmetry survives down to a scale µ lower than M then the contri-
bution in the LH side of Eq. (315) could be reduced as M4 → M2µ2 [738, 739, 779]. For MD axions of
type IIB superstring, Ref. [786] (see also Ref. [792]) put forth the possibility that in a large volume scenario,
characterised by an exponentially large volume of the extra dimensions, a strong suppressionM ∼ mPl/
√
V6,
with V6  1 in units of the string length, can be engineered.
2. Cosmological constraints on the axion scale fa. As we have seen in Section 3.7, there is a phenomeno-
logically preferred window for the axion decay constant 109 <∼ fa/GeV <∼ 1012. The upper bound on fa
leads to some tension with string theory which naturally predicts much larger values. For example, for the
MI axion of the heterotic string the value fa ' 1.1 × 1016 GeV was first obtained in Ref. [793], and later
confirmed by a more refined computation in Ref. [728]. Analogous predictions for the MD heterotic string
axion as well as for other types of string models were derived in Ref. [739], which concluded that it is gen-
erally difficult to push fa drastically below ∼ 1016 GeV, while more natural values are close to the reduced
Planck mass (8piGN )−1/2 ∼ 2.4 × 1018 GeV. This would imply a very large overproduction of axion DM.
Some possible ways out have been proposed, as for example the early attempt of Barr within the E8 × E8
heterotic string [794] and more recently Conlon’s construction in Ref. [780], which are both able to arrange
for values of fa within the canonical window.
Despite the promising initial conditions for a string origin of the axion, it appears surprisingly hard to
construct explicit string theoretic examples with a successful QCD axion candidate. It seems then fair to
say that, given the present status of the art, there are no sufficient reasons to theoretically disfavour the
QFT axion with respect to their superstring homologues.
8. Concluding remarks and desiderata
Axion physics is witnessing an exponential growth of interest from the particle physics community.
According to the inSPIRE database, during the first lustrum of this millennium less than 250 papers were
published containing the word axion in the title. In the following years, the number of publications has
steadily grown, reaching the stunning number of more than 1,250 papers published in the last quinquennium,
and there is no hint that this growth is going to diminish in the forthcoming years. It is an experimental fact
that particle physicists interests and wishes do not render a theory correct (as LHC results have recently
reconfirmed). However, scientific attention gets naturally focussed by theories that, besides being highly
consistent and remarkably elegant, are able to explain some longstanding theoretical conundrums and are
also particularly promising as far as regards the possibility of experimental verification. Undoubtedly axion
physics belongs to this class of theories. For this reason we are convinced that any effort to develop further
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crucial theoretical issues in axion physics is soundly justified while, at the same time, experimental axion
searches should be pursued along all viable pathways.
A major aim of this Review was that of motivating experimental colleagues to explore all the accessible
regions in the axion parameter space. We have shown how axions can hide in regions that lie well beyond the
boundaries of canonical windows. Axions can, for example, embody the whole DM also for mass values much
larger or much smaller than what it is generally assumed. Axion searches which exploit their couplings to
nucleons and electrons are complementary to traditional experimental searches which exploit their coupling
to photons. As we have stressed, each type of axion couplings to SM particles could be suppressed well
below their benchmark values, while leaving the other couplings substantially unaffected. In particular, it
is possible to decouple the axion from the photon, in which case experimental searches that rely on the
couplings to nucleons and electrons would play a crucial role. It is also conceivable that a strong suppression
would instead occur for the axion-nucleon and axion-electron interactions. This would relax the tightest
astrophysical bounds rendering viable regions in the ma-gaγ parameter space that are generally regarded
as excluded. Conversely, large enhancements of a single type of coupling are also possible. For this reason,
new leading-edge experiments based on novel search techniques, which in many cases are characterised by
limited sensitivities, can still contribute to circumscribe the landscape of phenomenologically viable axion
models.
While the current blossoming of the field of axion physics is certainly driven by experiments, there exist
important calls also for the theory community. We have collected in a (personal) list of desiderata those
theoretical advancements that we consider crucial for further developments of axion physics, and that is
conceivable that could be accomplished in the forthcoming years.
Origin of the Peccei-Quinn symmetry. Undoubtedly the PQ symmetry can be considered the ‘standard
model’ for generating in a QFT the effective axion-gluon interaction needed to solve the strong CP problem.
However, a ‘standard model’ for explaining the origin of the PQ symmetry is still missing. The remarkably
large number of model realisations that have been reviewed in this work provides the best evidence of this
statement. Candidate models should in first place provide a cogent explanation for how a global PQ sym-
metry arises, and should also naturally embed some mechanism to preserve it at an exceptionally good level.
However, they would acquire real credibility if, with no additional or ad hoc theoretical inputs, they could
automatically shed light on some other unsettled issue of the SM, like for example the flavour problem, the
origin of neutrino masses, etc. We believe that any progress in this direction would represent an important
milestone to strengthen the plausibility of the axion hypothesis.
Topological defects. Assessing the axion contribution to the DM arising from axion-related topological
defects (in post-inflationary PQ breaking scenarios, and within NDW = 1 models) is, at the time of writing,
a major unsettled question. Tackling this problem requires extensive numerical simulations of the string
network evolution and an extrapolation through several orders of magnitude between the PQ scale down to
the Hubble scale at the time the axion acquires its mass. Although this appears as a remarkably difficult
task, the importance of converging towards a reliable estimate cannot be overstated, since it would drive
the scanning strategy of axion DM experiments.
Temperature dependence of the axion mass. Lattice studies of the temperature dependence of the axion
mass have made remarkable progresses in the last few years. However, it seems that universal consensus on
the behaviour of the mass function ma(T ) has not yet been reached. A final convergence on this issue is
highly desirable in order to refine estimates of the misalignment contribution to axion DM. We believe that
it is realistic to expect that this goal will be achieved in the not so far future.
Axion emissivity from supernova cores. Our understanding of nuclear matter in the extreme conditions
of proton-neutron stars in the cooling phase, shortly after a SN explosion, is still limited. Also this issue has
recently witnessed important advancements. However, a detailed and reliable treatment of axion emissivity
is, at least in part, still lacking. Any improvement in this direction would be of utmost importance. In fact,
although the bound has been reassessed more than one time since first established, constraints from the
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observed neutrino signal from SN1987A still provide one of the strongest limits for axion models, and this
in spite of the fact that the collected data were very sparse. A new galactic SN explosion would produce an
immensely richer data set, which could be optimally interpreted only if a better understanding of this issue
will be available.
We do not know if the axion exists. What we do know, is that this hypothetical particle has been able
to focus an enormous amount of theoretical and experimental efforts in the attempt of understanding its
properties and arrive at its discovery. It might be deemed surprising that so much commitment is devoted
to prove what remains, admittedly, essentially a theoretical speculation. We believe that the explanation
lies in the beauty and in the elegance of the theoretical construction. Whether these two paradigms can
really provide insight into the way nature works, only future experiments will tell. For the moment axion
physics, in all its aspects, is healthy and frisky. May it remain so until the axion is discovered.
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Appendix: Tables of notations and of acronyms
Symbol Meaning Equation
θ CP violating QCD angle 1
µνρσ Levi-Civita symbol (0123 = −1) 4
N U(1)PQ-SU(3)QCD anomaly coefficient 70
E U(1)PQ-U(1)QED anomaly coefficient 70
Φ axion multiplet Φ(x) = 1√
2
(va + %a(x)) e
i
a(x)
va 79
%a axion multiplet radial mode 79
a axion field: axion multiplet orbital mode 79
va Peccei-Quinn symmetry breaking VEV va =
√
2〈Φ〉 79
fa axion decay constant fa = va/(2N) 72
NDW domain wall number NDW = 2N 88
ma axion mass 108
Caγ axion-photon coupling 110
Cap axion-proton coupling 111
Can axion-neutron coupling 112
Cae axion-electron coupling 114
Capi axion-pion coupling 115
Canγ axion coupling to the neutron EDM 116
gaγ dimensional axion-photon coupling (GeV−1) 118
gaf rescaled axion-fermion coupling 118
gd rescaled axion coupling to the neutron EDM 118
gSaN CP-violating scalar axion-nucleon coupling 127
χ topological susceptibility 131
R cosmological scale factor 139
H Hubble parameter H = R˙/R 140
mPl Planck mass 140
ρ, s energy and entropy density ((ρ, s) ' (ρ, s)rad in rad. domination) 145
g∗ , gS effective energy and entropy degrees of freedom 146
ma(T ) axion mass at temperature T 149
tosc time for the onset of axion oscillations 154
θPQ, θ˙PQ misalignment angle, axion velocity at the PQ scale 155
θi, θ˙i misalignment angle, axion velocity at tosc 158
Ωmisa fractional axion energy density from misalignment 170
ε energy-loss rate per unit mass 208
R ratio of number of stars in Horizontal and Red Giant branches 210
ge12, gγ10 respectively gae/10−12 and gaγ/10−10 GeV−1 240
Table 8: Notations introduced in the text, their meaning, and equations where they are defined.
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Acronym Meaning
ABC Atomic recombination and de-excitation, Bremsstrahlung, Compton
ALP Axion-like Particle
BBN Big-Bang Nucleosynthesis
(C)DM (Cold) Dark Matter
CL Confidence Level
CMB Cosmic Microwave Background
CMD Color Magnitude Diagram
CP Charge Parity
χPT Chiral Perturbation Theory
DFSZ Dine-Fischler-Srednicki-Zhitnitsky
DIGA Dilute Instanton Gas Approximation
DW Domain Wall
EFT Effective Field Theory
FCNC Flavour Changing Neutral Currents
FLRW Friedmann-Lemaître-Robertson-Walker
FV Flavour Violating
GUT Grand Unified Theory
GW Gravitational Waves
HB Horizontal Branch
HDM Hot Dark Matter
HR Hertzsprung-Russell
IR Infrared
KSVZ Kim-Shifman-Vainshtein-Zakharov
LP Landau Pole
LSW Light Shining Through a Wall
MI(D) Model Independent (Dependent)
(n)EDM (neutron) Electric Dipole Moment
(p)NGB (pseudo) Nambu-Goldstone Boson
NMR Nuclear Magnetic Resonance
(N)LO (Next-to) Leading Order
NS Neutron Star
OPE One Pion Exchange
PQ Peccei Quinn
QCD Quantum Chromo Dynamics
QED Quantum Electro Dynamics
QFT Quantum Field Theory
RGB Red Giant Branch
SM Standard Model
SMASH Standard Model–Axion–Seesaw–Higgs inflation portal
SN Supernova
UV Ultraviolet
VEV Vacuum Expectation Value
WD(LF) White Dwarf (Luminosity Function)
WIMP Weakly Interacting Massive Particle
WW Weinberg-Wilczek
Table 9: Acronyms used in the text and their meaning.
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Experiment Meaning
ABRACADABRA [319] A Broadband/Resonant Approach to Cosmic Axion Detection
ADMX [795] Axion Dark Matter Experiment
ALPS (II) [796] Any Light Particle Search (II)
ARGUS [604] A Russian-German-United States-Swedish Collaboration
ARIADNE [482] Axion Resonant InterAction Detection Experiment
ATLAS [797] A Toroidal LHC ApparatuS
AXIOMA [501] AXIOn dark MAtter detection
BEAST [497] Broadband Electric Axion Sensing Technique
BELLE II [597]
CAPP-8TB [463] Center for Axion and Precision Physics
CASPEr [318] Cosmic Axion Spin Precession Experiment
CAST [451] CERN Axion Solar Telescope
CLEO [596]
CMS [798] Compact Muon Solenoid
Crystal Box [600]
CULTASK [799] CAPP’s Ultra Low Temperature Axion Search in Korea
DARWIN [800] Dark Matter WIMP Search With Liquid Xenon
E949+E787 [593]
Fermi LAT [487] Fermi Large Area Telescope
GAIA [419] Global Astrometric Interferometer for Astrophysics
GNOME [503] Global Network of Optical Magnetometers for Exotic Physics
HAYSTACK [464] Haloscope at Yale Sensitive to Axion CDM
HST [801] Hubble Space Telescope
IAXO [802] International Axion Observatory
KLASH [322] KLoe magnet for Axion SearcH
LHC [803] Large Hadron Collider
LIGO [804] Laser Interferometer Gravitational-Wave Observatory
LSST [402] Large Synoptic Survey Telescope
LUX [455] Large Underground Xenon
LZ [455] LUX-ZEPLIN
MADMAX [331] MAgnetized Disc and Mirror Axion eXperiment
ORGAN [465] Oscillating Resonant Group AxioN
ORPHEUS [493]
OSQAR [479] Optical Search for QED vacuum birefringence, Axions, and photon Regeneration
PandaX [456] Particle aND Astrophysical Xenon experiment
PVLAS [480] Polarisation of Vacuum with LASer
QUAX [469] QUaerere AXion
RADES [494] Relic Axion Detector Exploratory Setup
SCSS [805] SuperCOSMOS Sky Survey
SDSS [806] Sloan Digital Sky Survey
SKA [474] Square Kilometer Array
STAX [498] Sub-THz-AXion
TASTE [492] Troitsk Axion Solar Telescope Experiment
TOORAD [468] Topological Resonant Axion Detection
TRIUMF [598] TRI University Meson Facility
VIRGO [807]
VMB@CERN [481] Vacuum Magnetic Birefringence experiment at CERN
WMAP [808] Wilkinson Microwave Anisotropy Probe
XENON100 [454] 100 kg liquid Xenon target
Table 10: Experiment acronyms and their meaning. Blank entries correspond to experiment names that are not acronyms.
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